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SOME CONJECTURES ON STRATIFIED-ALGEBRAIC VECTOR BUNDLES

WOJCIECH KUCHARZ

ABSTRACT. We investigate relationships between topological and stratified-algebraic vector
bundles on real algebraic varieties. We propose some conjectures and prove them in special
cases.

1. INTRODUCTION

In the recent joint paper with K. Kurdyka [23], we introduced and investigated stratified-
algebraic vector bundles on real algebraic varieties. They occupy an intermediate position be-
tween algebraic and topological vector bundles. A challenging problem is to find a character-
ization of topological vector bundles admitting a stratified-algebraic structure. In the present
paper, we propose Conjecture A, whose proof would provide a complete solution of this problem.
Conjecture B and Conjecture C, which also are concerned with relationships between stratified-
algebraic and topological vector bundles, easily follow from Conjecture A. We prove these three
conjectures in some special cases. Furthermore, we show that they are connected with certain
problems involving transformation of compact smooth (of class C*°) submanifolds of nonsingu-
lar real algebraic varieties onto subvarieties. All results announced in this section are proved in
Section 2.

In the present paper, we develop the same new direction of research in real algebraic geometry
as the authors of [5, 16, 20, 21, 22, 23].

Throughout this paper the term real algebraic variety designates a locally ringed space iso-
morphic to an algebraic subset of RY, for some N, endowed with the Zariski topology and the
sheaf of real-valued regular functions (such an object is called an affine real algebraic variety
in [7]). The class of real algebraic varieties is identical with the class of quasi-projective real
varieties, cf. [7, Proposition 3.2.10, Theorem 3.4.4]. Morphisms of real algebraic varieties are
called regular maps. Each real algebraic variety carries also the Euclidean topology, which is
induced by the usual metric on R. Unless explicitly stated otherwise, all topological notions
relating to real algebraic varieties refer to the Euclidean topology.

Let X be a real algebraic variety. By a stratification of X we mean a finite collection S
of pairwise disjoint Zariski locally closed subvarieties whose union is X. Each subvariety in &
is called a stratum of S. A map f: X — Y, where Y is a real algebraic variety, is said to be
stratified-regular if it is continuous and for some stratification S of X, the restriction f|s: S — Y
of f to each stratum S in S is a regular map, cf. [23]. The notion of stratified-regular map is
closely related to those of hereditarily rational function [20] and fonction régulue [16].

Let F stand for R, C or H (the quaternions). All F-vector spaces will be left F-vector spaces.
When convenient, F will be identified with R*®) | where
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For any nonnegative integer n, let €% (F) denote the standard trivial F-vector bundle on X with
total space X x F", where X x F"™ is regarded as a real algebraic variety.

An algebraic F-vector bundle on X is an algebraic F-vector subbundle of ¢ (F) for some n
(cf. [7, Chapters 12 and 13] for various characterizations of algebraic F-vector bundles).

We now recall the fundamental notion introduced in [23]. A stratified-algebraic F-vector bundle
on X is a topological F-vector subbundle ¢ of €% (F), for some n, such that for some stratification
S of X, the restriction £|s of £ to each stratum S of S is an algebraic F-vector subbundle of
e%(F).

A topological F-vector bundle n on X is said to admit an algebraic structure if it is isomorphic
to an algebraic F-vector bundle on X. Similarly, n is said to admit a stratified-algebraic structure
if it is isomorphic to a stratified-algebraic F-vector bundle on X. These two classes of F-vector
bundles have been extensively investigated in [3, 4, 6, 7, 8, 9, 10, 13] and [23], respectively. In
general, their behaviors are quite different, cf. [23, Example 1.11]. The F-vector bundle 1 can
be regarded as an R-vector bundle, which is indicated by ng. If n admits an algebraic structure
or a stratified-algebraic structure, then so does ng.

Some preparation is necessary to formulate a conjectural characterization of topological F-
vector bundles admitting a stratified-algebraic structure.

Let V be a compact nonsingular real algebraic variety. A cohomology class in H*(V;Z/2) is
said to be algebraic if the homology class Poincaré dual to it can be represented by a Zariski
closed subvariety of V' of codimension k. The set H, ,flg(V; Z/2) of all algebraic cohomology classes
in H*(V';Z/2) forms a subgroup. The groups Hflg(—; Z/2) have been studied by many authors.
Their basic properties can be found in [4, 7, 11, 14].

The following notion was introduced and investigated in [23]. A cohomology class u in
H*(X;7/2) is said to be stratified-algebraic if there exists a stratified-regular map ¢: X — V,
into a compact nonsingular real algebraic variety V, such that u = ¢*(v) for some algebraic
cohomology class v in H¥(V;Z/2). The set HE (X;Z/2) of all stratified-algebraic cohomology
classes in H*(X;Z/2) forms a subgroup. The groups HE (—;Z/2) have many expected, “good”
properties. In particular, if £ is a stratified-algebraic F-vector bundle on X, then the kth Stiefel—
Whitney class wy,(£r) of the R-vector bundle &g is in HE (X;7Z/2) for every nonnegative integer
k. Furthermore, a topological R-line bundle A on X admits a stratified-algebraic structure if
and only if wy()\) is in HY (X;7Z/2).

str
Convention. Henceforth, we assume for simplicity that all vector bundles are of constant rank.

If X is a compact real algebraic variety with dim X < d(F), then each topological F-vector
bundle on X admits a stratified-algebraic structure, cf. [23, Corollary 3.6]. Without any restric-
tions on the dimension of X, we propose the following.

Conjecture A. Let X be a compact real algebraic variety and let & be a topological F-vector
bundle on X. If the Stiefel-Whitney class wy (&) is in HE (X;7/2) for every positive integer
k < dim X, then & admits a stratified-algebraic structure.

Any compact real algebraic variety X is traingulable [7, Theorem 9.2.1]. In particular,
H*(X;7/2) = 0 for every k > dim X. Furthermore, by Hopf’s theorem and [23, Theorem 2.5],
HE (X;7/2) = H*(X;7/2) for k = dim X.

str

This explains why the condition “wy(&g) is in HE (X;7/2)” in Conjecture A is imposed only
for k < dim X.
One may argue that Conjecture A is unlikely to be true since the Stiefel-Whitney classes

wi(&r) carry only limited information on the F-vector bundle £, especially when F = C or
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F = H. However, according to [23, Theorem 1.7], the F-vector bundle £ admits a stratified-
algebraic structure if and only if the R-vector bundle g admits a stratified-algebraic structure.
For R-vector bundles, we have the following.

Theorem 1.1. Let X be a compact real algebraic variety and let & be a topological R-vector
bundle on X. If dim X < 3 and the Stiefel-Whitney class wy,(€) is in HE (X;7/2) for k = 1,2,
then & admits a stratified-algebraic structure.

This result cannot be regarded as a strong evidence for Conjecture A since the assumption
dim X < 3 is very restrictive.
We also prove Conjecture A in another special case.

Theorem 1.2. Let X be a compact real algebraic variety and let £ be a topological F-vector
bundle on X. If dim X < d(F) + 1 and the Stiefel-Whitney class wqer)({r) s in Hgt(rF)(X;Zﬂ),

then & admits a stratified-algebraic structure.

Even if Conjecture A does not hold in general, it may be true, with no restrictions on dim X,
for F-vector bundles of low rank. In particular, it remains open for R-vector bundles of rank 2
and F-line bundles with F = C or F = H.

We now concentrate our attention on C-line bundles. For any C-line bundle A and any positive
integer r, let A®” denote the rth tensor power of A. Note that

wi(A*?)r) =0
for every positive integer k, cf. [24, p. 171]. Consequently, Conjecture A implies

Conjecture B. For any compact real algebraic variety X and any topological C-line bundle A
on X, the C-line bundle \®2 admits a stratified-algebraic structure.

We can reformulate Conjecture B as follows. Let VB{(X) be the group of isomorphism
classes of topological C-line bundles on X (with operation induced by tensor product). Denote
by VB, (X) the subgroup of VBE(X) consisting of the isomorphism classes of C-line bundles
admitting a stratified-algebraic structure. Conjecture B is equivalent to the assertion that every
element of the quotient group VBE(X)/ VBE. 4, (X) is of order at most 2.

According to Theorem 1.2, Conjecture B holds if dim X < 3. We can however prove a little
more.

Theorem 1.3. Let X be a compact real algebraic variety of dimension at most 4. For any
topological C-line bundle A on X, the C-line bundle A®? admits a stratified-algebraic structure.

Furthermore, we have the following result.

Theorem 1.4. Let X be a compact real algebraic variety of dimension 5. For any topological
C-line bundle X on X, the C-line bundle A®* admits a stratified-algebraic structure.

Conjecture B is related to seemingly quite different problems. Let V' be a nonsingular real
algebraic variety. A bordism class in the nth unoriented bordism group N, (V') of V is said to be
algebraic if it can be represented by a regular map from an n-dimensional compact nonsingular
real algebraic variety into V, cf. [1, 2]. The set M218(V') of all algebraic bordism classes in 9, (V)
forms a subgroup.

Approximation Conjecture. For any nonsingular real algebraic variety V , the following con-
dition is satisfied: If M is a compact smooth submanifold of V' and the unoriented bordism class
of the inclusion map M — V is algebraic, then M is e-isotopic to a nonsingular Zariski locally
closed subvariety of V.
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Here “s-isotopic” means isotopic via a smooth isotopy that can be chosen arbitrarily close, in
the C* topology, to the inclusion map M <— V. A sightly weaker assertion than the one in the
Approximation Conjecture is known to be true: If the unoriented bordism class of the inclusion
map M < V is algebraic, then the smooth submanifold M x {0} of V' x R is e-isotopic to a
nonsingular Zariski locally closed subvariety of V' x R, cf. [1, Theorem F].

The following is a special case of the Approximation Conjecture.

Conjecture B(k). For any compact nonsingular real algebraic variety V', the following condition
is satisfied: If M is a compact smooth codimension k submanifold of V and the unoriented
bordism class of the inclusion map M — V is zero, then M is isotopic to a nonsingular Zariski
locally closed subvariety of V.

In the context of this paper, Conjecture B(2) is of particular interest.
Proposition 1.5. Conjecture B(2) implies Conjecture B.
Denote by e(F) the integer satisfying d(F) = 2¢), that is,

0 fF=R
e(F)=q¢1 ifF=C
2 ifF=H.

Given a nonnegative integer n, set
a(n) =min{l € Z |1>0,2" > n},
a(n,F) = max{0,a(n) — e(F)}.
For any topological F-vector bundle £ and any positive integer r, let

()=
be the r-fold direct sum.

Conjecture C. For any compact real algebraic variety X and any topological F-vector bundle
& on X, the F-vector bundle 5(2“(dim X’F)) admits a stratified-algebraic structure.

Equivalently, Conjecture C can be stated as follows. Let Kp(X) be the Grothendieck group
of topological F-vector bundles (of constant rank) on X. Denote by Ky s, (X) the subgroup of
Kr(X) generated by the classes of F-vector bundles admitting a stratified-algebraic structure.
Conjecture C implies the inclusion

2a(dim X,]F)KIF(X) g K]F—Str (X)
Conversely, according to [23, Corollary 3.14], this inclusion implies Conjecture C.
With notation as in Conjecture C, we have
wy, (f(2a(dim X,F))R) =0

for every positive integer k£ < dim X. Indeed, this assertion follows from the Whitney formula
for Stiefel-Whitney classes. Consequently, Conjecture A implies Conjecture C. In particular, by
Theorems 1.1 and 1.2, Conjecture C holds if dim X < 3 or if dim X < 5 and F = H. This can
be generalized as follows.

Theorem 1.6. Let X be a compact real algebraic variety of dimensionn < 5. For any topological
F-vector bundle & on X, the F-vector bundle £(2°"F)) admits a stratified-algebraic structure.

Theorem 1.6 is in some sense optimal. This is made precise in Theorem 1.7 below.
Any topological R-vector bundle & gives rise to an F-vector bundle F ® £&. Here R® £ = ¢,
C ® € is the complexification of £, and H ® £ is the quaternionization of €.
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Theorem 1.7. Let n be an integer satisfying 0 < n < 5. Then there exist an n-dimensional
compact irreducible nonsingular real algebraic variety X and a topological R-line bundle X on X
with the following property: For a positive integer r, the F-vector bundle (F ® N\)(r) admits a
stratified-algebraic structure if and only if r is divisible by 2¢(WF) .

Other results related to the conjectures above are contained in Section 2, cf. Theorems 2.3
and 2.8.

2. PROOFS AND FURTHER RESULTS

To begin with, we recall some properties of stratified-algebraic cohomology classes. For any
real algebraic variety X, the direct sum

Hs*tr X Z/2 @ str X Z/2
k>0
is a subring of the cohomology ring H*(X;Z/2). The rings H}, (—;Z/2) have the following
functorial property: If f: X — Y is a stratified-regular map between real algebraic varieties,
then
fr(Hg (Y3 Z2/2) € Hy

ar(X52/2).
For the proofs, the reader can refer to [23].

By a multiblowup of a real algebraic variety X we mean a regular map 7: X’ — X which is
the composition of a finite collection of blowups with nonsingular centers. If C' is a Zariski closed
subvariety of X and the restriction m¢: X'\ 771(C) — X \ C of 7 is a biregular isomorphism,
then we say that the multiblowup = is over C.

A filtration of X is a finite sequence F = (X_1, Xo,...,X,,) of Zariski closed subvarieties
satisfying

g=X_1CXoC---CX,,=X.

The following result will be frequently referred to.

Theorem 2.1 (|23, Theorem 5.4]). Let X be a compact real algebraic variety. For a topological
F-vector bundle & on X, the following conditions are equivalent:
(a) The F-vector bundle £ admits a stratified-algebraic structure.
(b) There exists a filtration F = (X_1, Xo,...,Xm) of X, and for each i =0,...,m, there
exists a multiblowup m;: X! — X; over X;_1 such that the pullback F-vector bundle
w5 (€lx,) on X| admits a stratified-algebraic structure.

In applications, Theorem 2.1 will often be combined with the following observation.

Remark 2.2. Any real algebraic variety X has a filtration F = (X_1, Xo, ..., X,,) such that
dim X; 1 < dim X; and X; \ X;_; is a nonsingular variety of pure dimension for 0 < i < m.
Furthermore, according to Hironaka’s theorem on resolution of singularities [17] (cf. also [19] for
a very readable exposition), for each i = 0,...,m, there exists a multiblowup 7;: X/ — X, over
X;—1 with X/ nonsingular.

We are ready to prove the first result announced in Section 1.

Proof of Theorem 1.1. In view of the functoriality of HZ (—;Z/2), Theorem 2.1 and Remark 2.2,
we may assume without loss of generality that the variety X is nonsingular. Then

Hsktr(X; Z/2) = alg(X Z/Q)
for every nonnegative integer k, cf. [23, Proposition 7.7]. Now it suffices to make use of [8,

Theorem 1.6]. Indeed, since dim X < 3 and wy(€) is in H;“lg(X;Z/Q) for k =1, 2, it follows that
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the R-vector bundle ¢ admits an algebraic structure. We obtained this stronger conclusion, but
only for X nonsingular. (I

As usual, the kth Chern class of a C-vector bundle n will be denoted by cx(n). In [23],
we defined for any real algebraic variety X a subgroup Héitr(X ;Z) of the cohomology group
H?(X:7). Here we only need the group Hé_scr(X ; Z), which consists of all cohomology classes
in H?(X;Z) of the form ¢;()\) for some stratified-algebraic C-line bundle A on X. Thus a
topological C-line bundle 1 on X admits a stratified-algebraic structure if and only if ¢; () is in
HZ . (X;Z). Furthermore, if ¢ is a stratified-algebraic C-vector bundle on X, then ¢;(£) is in
HZ . .(X;Z). The groups HZ , (—;Z) have the following functorial property: If f: X — Y is a
stratified-regular map between real algebraic varieties, then

f* (H((2Z—str (Y5 Z)) g Hé-str (X7 Z)
The proofs of these facts are contained in [23].

Theorem 2.3. Let X be a compact real algebraic variety and let £ be a topological C-vector
bundle on X. Then £ admits a stratified-algebraic structure, provided that one of the following
two conditions is satisfied:

(i) dim X <4 and ¢;(€) is in HZ (X Z);

(i) dim X =5, ¢1(€) is in HZ ,, (X;Z) and wa(&r) is in Hy

str(X; Z/2)
Proof. In view of the functoriality of HZ  (—;Z/2) and H},(—;Z/2), Theorem 2.1 and Re-

mark 2.2, we may assume without loss of generality that the variety X is nonsingular.
Suppose that dim X < 5, rank¢ > 1 and ¢;(€) is in HZ,(X;Z). Let X be a stratified-
algebraic C-line bundle on X with
c1(A) = —c1(§).
Since dim X < 5, we have
EDA=nDe,
where 1 and e are topological C-vector bundles on X, rankn = 2 and ¢ is trivial, cf. [18,
p. 99]. According to [23, Corollary 3.14], it suffices to prove that the C-vector bundle n admits
a stratified-algebraic structure if either (i) or (ii) is satisfied.
Since the variety X is nonsingular, we may assume that the C-vector bundle 7 is smooth.

Assertion 1. The C-line bundle det 7, where det n is the second exterior power of 7, is trivial.

It suffices to prove that ¢;(det ) = 0. The last equality holds since ¢;(detn) = ¢1(n) and
ci(n) = (S A) = ar(§) +ar(A) = 0.

The proof of Assertion 1 is complete.
Let s: X — n be a smooth section transverse to the zero section. The zero locus

Z(s) ={x e X |s(z) =0}
of s is a smooth submanifold (possibly empty) of X of codimension 4.

Assertion 2. The smooth submanifold Z(s) is isotopic to a nonsingular Zariski locally closed
subvariety of X.

If condition (i) is satisfied, then Z(s) is a finite set, and hence Assertion 2 holds.

Now suppose that condition (ii) is satisfied. Then Z(s) is a smooth curve in X. Since
the R-vector bundle ng is orientable, the restriction nr|z(s) is a trivial vector bundle on Z(s).
Consequently, the normal bundle to Z(s) in X is trivial, being isomorphic to 7r|z(s). Suppose
that the homology class [Z(s)]x in H1(X;Z/2) represented by Z(s) can also be represented by
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an algebraic (possibly singular) curve B in X. Moving Z(s) by an isotopy, we may assume that
Z(s)N B = &. Now Assertion 2 follows from the argument used in the proof of Theorem 1.5 in
[21].

The existence of B can be proved as follows. Since

ca(n) = ca(§ D A) = ca(§) + cr(§) Ucer(A) = ca(§) — c1(A) Uer(N),

we get

wa(nr) = wa(§r) — w2 (Ar) U w2(AR),
cf. [24, p. 171]. Consequently, wy(ng) is in HA (X;7Z/2). Furthermore,
HA

w(X3Z/2) = H} (X Z/2),

alg

the variety X being compact and nonsingular, cf. [23, Proposition 7.7]. In conclusion, the

cohomology class w4(nr) is algebraic. On the other hand, the Stiefel-Whitney class w4(nr) is

Poincaré dual to the homology class [Z(s)]x in Hy(X;Z/2). Hence there exists an algebraic

curve B in X satisfying the required condition. The proof of Assertion 2 is complete.
According to [23, Theorem 1.9], Assertions 1 and 2 imply that the C-vector bundle 1 admits

a stratified-algebraic structure.

O

For the convenience of the reader, we recall the following result.

Theorem 2.4 ([23, Theorem 1.7]). Let X be a compact real algebraic variety. A topological
F-vector bundle & on X admits a stratified-algebraic structure if and only if the R-vector bundle
&r admits a stratified-algebraic structure.

We can now easily derive Theorem 1.2.

Proof of Thorem 1.2. If dim X < 3, it suffices to make use of Theorems 1.1 and 2.4.

Since dim X < d(F) + 1, it remains to consider the case F = H. Denote by & the H-
vector bundle £ regarded as a C-vector bundle. Then ¢;(¢c) = 0 and the Stiefel-Whitney class
wa((€c)r) = wa(&g) is in HE (X;Z/2). Hence, according to Theorem 2.3, the C-vector bundle
&c admits a stratified-algebraic structure. Consequently, the R-vector bundle ({¢)r = £r admits
a stratified-algebraic structure. The proof is complete in view of Theorem 2.4. O

For any topological C—veftor bundle &, let £ denote the conjugate vector bundle, cf. [24].
Recall that &g = &g and ¢ (€) = (—1)Fc(€) for each nonnegative integer k.

Corollary 2.5. Let X be a compact real algebraic variety of dimension at most 4. For any topo-
logical C-vector bundle & on X, the C-vector bundle £(2) admits a stratified-algebraic structure.

Proof. Since

(B E) = () +ea(§) =0,
according to Theorem 2.3, the C-vector bundle ¢ @ ¢ admits a stratified-algebraic structure.
Consequently, the R-vector bundle

EDOr=(ErDPER=Er DR =E(2)r

admits a stratified-algebraic structure. The proof is complete in view of Theorem 2.4. [l
In a similar way, we obtain

Corollary 2.6. Let X be a compact real algebraic variety of dimension 5. For any topological
C-vector bundle & on X, the C-vector bundle £(4) admits a stratified-algebraic structure.
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Proof. We have
a(®deEad) =0,
(B E B (EDE)) =226 D E).

The last equality implies B B

wa(((€DE D (EDE)r) =0,
cf. [24, p. 171]. Hence, according to Theorem 2.3, the C-vector bundle (¢ ® &) @ (&€ @ €) admits
a stratified-algebraic structure. Consequently, the R-vector bundle

(o Eod)r=E@)r
admits a stratified-algebraic structure. The proof is complete in view of Theorem 2.4. [l
Proof of Theorem 1.3. 1t suffices to prove that the Chern class ¢1(A\®?) is in HZ , (X;Z). We
have

c1(A®?) = 2¢1(\) = 1 (M (2)).
By Corollary 2.5, the C-vector bundle A(2) admits a stratified-algebraic structure, and hence the
Chern class ¢1(A\(2)) is in HZ ., (X;Z). O

Proof of Theorem 1.4. It suffices to prove that the Chern class ¢;(A®4) is in HZ , (X;Z). We
have
Cl(/\®4) = 401(/\) =C1 ()\(4))
By Corollary 2.6, the C-vector bundle A(4) admits a stratified-algebraic structure, and hence the
Chern class ¢1(A\(4)) is in HZ  (X;7Z). O
For the proof of Proposition 1.5, we need the following observation.

Lemma 2.7. Let M be a compact smooth manifold and let & be a rank k smooth R-vector bundle
on M with wi(§) =0. Let s: M — & be a smooth section transverse to the zero section and let
N={zxeM]|s(x)=0}
be the zero locus of s. Then N is a codimension k smooth submanifold of M (possibly empty)

and the unoriented bordism class of the inclusion map e: N — M is zero.

Proof. For any smooth manifold P, we denote by 7p its tangent bundle and set w;(P) = w;(7p)
for each nonnegative integer j.

The smooth manifold N is of dimension n = dim M — k. Denote by [N] the fundamental class
of N in the homology group H,(N;Z/2). According to [15, (17.3)], it suffices to prove that for
any nonnegative integer [ and any cohomology class v in H'(M;Z/2), the equality
(t) (wi, (N)U...Uw;, (N)Ue™(v),[N]) =0

holds for all nonnegative integers i1, ...,1%, satisfying i1 + --- + 4, = n — [. This can be done as
follows. Since the normal bundle to N in M is isomorphic to the pullback e*¢ (recall that s is
transverse to the zero section), we have

TN DeE ety

It follows that for each nonnegative integer ¢, the Stiefel-Whitney class w;(N) belongs to the
image of the homomorphism

e’ H'(M;7/2) — H'(N;7/2),
cf. [24, p. 10]. Consequently,
wi, (N)U...Uw; (N)Ue*(v) =e*(u)
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for some cohomology class w in H™(M;7Z/2). Since

(e*(w), [N]) = (u, e~ ([N])),
equality () holds if e.([N]) = 0 in H,(M;Z/2). The cohomology class wg(£) is Poincaré dual
to the homology class e, ([N]). By assumption, wi(§) = 0, and hence e, ([N]) = 0. O

Proof of Proposition 1.5. Suppose that Conjecture B(2) holds. In view of Theorem 2.1, we may
assume without loss of generality that the variety X is nonsingular. Therefore we may also
assume that the C-line bundle \ is smooth. Let s: X — A®2 be a smooth section transverse to
the zero section and let Z(s) be the zero locus of s. According to [23, Theorem 1.8], it suffices
to prove that the smooth submanifold Z(s) is isotopic to a nonsingular Zariski locally closed
subvariety of X. Since ¢;(A®?) = 2¢;()\), we have

w2 (A*?)r) = 0,
cf. [24, p. 171]. By Lemma 2.7, the submanifold Z(s) has the required property. O

Proof of Theorem 1.6. If dim X < d(FF), then the F-vector bundle £ = £(1) admits a stratified-
algebraic structure, cf. [23, Corollary 3.6]. Henceforth, we assume that

d(F)+1<dimX <5.
The rest of the proof is divided into three steps.
Case 1. Suppose that F = C.
Since 3 < dim X < 5, Case 1 follows from Corollaries 2.5 and 2.6.
Case 2. Suppose that F = R.

For any nonnegative integer a, the R-vector bundles £(2411) and ((C®€)(2%))g are isomorphic.
Since 2 < dim X < 5, it suffices to make use of Case 1.

Case 3. Suppose that F = H.

Now dim X = 5. Denote by &c the H-vector bundle £ regarded as a C-vector bundle. Since

c1(éc) =0, we get
c1(§c @ &c) = 0 and c2(§c @ &c) = 2¢2(&c)-
The last equality implies
wa((€c ® &c)r) =0,

cf. [24, p. 171]. According to Theorem 2.3, the C-vector bundle {¢ @ ¢ admits a stratified-
algebraic structure. Consequently, the R-vector bundle (& @ &c)r = £(2)r admits a stratified-
algebraic structure. In view of Theorem 2.4, the H-vector bundle £(2) admits a stratified-
algebraic structure. The proof of Case 3 is complete. (|

We give one more result related to Conjectures A and C.

Theorem 2.8. Let X be a compact real algebraic variety of dimension at most 5. Let £ be a
topological F-vector bundle on X such that the Stiefel-Whitney class wy(&g) is in HE (X;7Z/2)
for k =1,2. Then the F-vector bundle £(2) admits a stratified-algebraic structure.

Proof. In view of Theorem 2.4, we may assume that F = R, and hence £ = £g. Since w;(£) is
in HL (X;Z/2), there exists a stratified-algebraic R-line bundle A\ on X with wy(\) = wy(€).
Consider the R-vector bundle

n=6D A
Since the R-vector bundles 7(2) and £(2) @ A(2) are isomorphic, in view of [23, Corollary 3.14], it
suffices to prove that 1(2) admits a stratified-algebraic structure. Actually, n(2) = (C®n)r and
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hence it remains to show that the C-vector bundle C ®  admits a stratified-algebraic structure.
This can be done as follows. We have

wi(n) = wi(n) +wi(n) =0,
which implies the equality
(%) a(C®n) =0,
cf. [24, p. 182]. Furthermore,
wa(n) = w2(§) + w1 (§) Ywi(A) = wz(§) + wi(§) Uwi(§).

Since HY,(X;7Z/2) is a ring, the Stiefel-Whitney class

() wi((C@n)r) = wa(n ©n) = wa(n) U wa(n)

is in H% (X;Z/2). The C-vector bundle C ® n admits a stratified-algebraic structure in view of
(%), (x*) and Theorem 2.3. d

For any positive integer m, let S™ and P™(R) denote the unit m-sphere and real projective
m-space, respectively.

Proof of Theorem 1.7. If n < d(F), then for any n-dimensional real algebraic variety X, each
topological F-vector bundle on X admits a stratified-algebraic structure, cf. [23, Corollary 3.6].
The proof is complete in this case since a(n,F) = 0. Henceforth, we assume that d(F)+1 <n <5.
The rest of the proof is divided into two steps.

Step 1. First we consider F = R, in which case 2 <n < 5.

For any positive integer k, let N* be the disjoint union of two copies of P¥(R), that is,
N* = N} U N},
where N} = {0} x P¥(R) and Nf = {1} x P*(R). Let u; be the R-line bundle on N* whose

restriction to NF corresponds to the tautological R-line bundle on P*(R) and whose restriction
to NF is the standard trivial R-line bundle. By construction,

(c1) (w1 ()", [NF]) # 0,

where [N*] is the fundamental class of N* in Hy(N*;7Z/2).
We define a smooth manifold M™ by

M" = Nk:(n) % Sd(n)’

where

(k(n),d(n)) =

(n—1,1) ifn=23>5
(2,2) if n = 4.

Denote by
Top: M™ — N*™)

the canonical projection. Let y4(,) be a point in SU™) and let a, be the homology class in
Hyn)(M™;Z/2) represented by the smooth submanifold

RO = NFO) 5 fyg0)

of M™. Set
A(n) = {u € H*™(M;Z/2) | (u,a,) = 0}.
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Since the normal bundle to K*(™ in M™ is trivial and K*(") is the boundary of a compact smooth
manifold with boundary, it follows form [12, Proposition 2.5, Thoerem 2.6] that there exist an
irreducible nonsingular real algebraic variety X and a smooth diffeomorphism ¢: X — M with

HY(X;72/2) C o* (A(n)).

alg
Recall that H},(X;Z/2) = HY,(X;Z/2), the variety X being compact and nonsingular, cf. [23,

str

Proposition 7.7]. Consequently,
(c2) HL (X52/2) € ¢ (A(n)).

str

We define a topological R-line bundle A on X by
A= (7Tn o @)*Mk(n)
Assertion 3. If k(n) is divisible by a positive integer [, then
wi(\)' ¢ Hy, (X32/2).
Indeed, setting v = w1 (L(n)), we get
wi(A) = ¢" (7, (v))
and hence
wi(WF) = o (s (v*)).
Furthermore,
(mn (0* ), ) = (M, (1) ().
Since (7,)x () = [N¥(™], condition (c;) implies that
(m (V") ) # 0.

In other words,

(cs) mn (0*0V) & A(n).

In view of (c2) and (c3), we get

(c) w (W) ¢ B (X:2/2).
If k(n) = lp, then

(c5) wi(AM = (wi (V)P

Assertion 3 follows from (c4) and (cs) since Hj,

(X;2Z/2) is a ring.

Assertion 4. If r is a positive integer satisfying r < 2%(") then the R-vector bundle A(r) does
not admit a stratified-algebraic structure.

First note that for any odd positive integer ¢, we have

(ce) wl()‘(Q)) = qwl(/\) = wl(/\),
(c7) wz(A(29)) = wa(A(q) © A(g)) = w1(Mg))* = wi(N)?,
(cs) wa(A(4q)) = wa(A(29) ® A(29)) = wa(M(29))* = wi(N)".

Observe that k(n) = 2", where i(n) is an integer satisfying 0 < i(n) < 2. Furthermore, if
1 <7 < 29" then r = 2/¢, where ¢ is an odd positive integer and j is an integer satisfying
0 < j <i(n). In particular, k(n) is divisible by 27. According to (cs), (c7), (cg) and Assertion 3,

wi(\(r)) ¢ Hy, (X32/2) for | =27,

and hence Assertion 4 follows.



SOME CONJECTURES ON STRATIFIED-ALGEBRAIC VECTOR BUNDLES 103

Now let r be an arbitrary integer. In view of Theorem 1.6 and Assertion 4, the R-vector
bundle A(r) admits a stratified-algebraic structure if and only if r is divisible by 2¢(") = 2a(nR),
This completes the proof of Step 1.

Step 2. General case.

Now d(F) + 1 < n < 5. In particular,

(co)

a(n,R) = a(n,F) + e(F).

Furthermore,

and

(F @ \g 22 Md(F)) = A\(2°®),
hence
(F@ N (r)r = (F@ Nr(r) = X256 (r) 2 A2 ).

By Step 1, the R-vector bundle ((F ® A\)(r))r admits a stratified-algebraic structure if and only
if the integer 2¢®r is divisible by 2% In view of (cy), the latter condition is equivalent to
the divisibility of » by 2¢"F). Finally, according to Theorem 2.4, the F-vector bundle (F & \)(r)
admits a stratified-algebraic structure if and only if 7 is divisible by 2¢(™F) . The proof is complete.
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