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HOROSPHERICAL AND HYPERBOLIC DUAL SURFACES OF SPACELIKE
CURVES IN DE SITTER SPACE

SHYUICHI IZUMIYA, ANA CLAUDIA NABARRO, AND ANDREA DE JESUS SACRAMENTO

ABSTRACT. We define two surfaces, the horospherical surface and the hyperbolic dual surface
of a spacelike curve in the de Sitter 3-space, in the Lorentzian-Minkowski 4-space. These
surfaces are, respectively, in the lightcone 3-space and in the hyperbolic 3-space (other pseudo-
spheres). We use techniques from singularity theory to obtain the generic shape of these
surfaces and of their singular point sets. Furthermore, we give a relation between these
surfaces from the viewpoint of the theory of Legendrian dualities between pseudo-spheres.

1. INTRODUCTION

Submanifolds in Lorentz-Minkowski space are investigated from various mathematical view-
points and are of interest also in relativity theory. In recent years, using singularity theory, very
important progress has been made and many investigations have been conducted to classify and
characterize the singularities of submanifolds in Euclidean spaces or in semi-Euclidean spaces
(see, for example, [1]-[9] and [11]). The first author introduced Legendrian dualities between
three kinds of pseudo-spheres in Lorentz-Minkowski space [5, 6]. Curves in the pseudo-spheres
and duality relations between the curves and some surfaces in pseudo-spheres are studied. For
example, in [3, 4, 8], curves in the hyperbolic space H?(—1) in R}, in the de Sitter dual surface
in S, and in the horospherical surface in the lightcone LC*, are investigated. The results in this
paper contribute to the study of the extrinsic geometry of curves in the above different ambient
spaces.

We use Legendrian duality to investigate spacelike curves in the de Sitter space S? C R}
and two special surfaces related by duality. For a curve v : I — S with nowhere vanishing
curvature, we define its associated horospherical surface in the lightcone LC™* and its hyperbolic
dual surface in the hyperbolic space H?(—1). For the study of the generic differential geometry of
these surfaces and of their singular sets, we use singularity theory techniques, and in particular,
classical deformation theory.

Our paper is organized as follows: Section 2 reviews basic definitions for the Minkowski 4-
space and introduces a moving frame along 7 together with Frenet-Serret type formulae. We
also review the definition of the Ag-singularities and their discriminant sets. We define the hy-
perbolic focal surface and the horospherical surface of v. In Sections 3 and 5, we define two
families of height functions on ~y, horospherical height functions and hyperbolic height func-
tions. These functions measure the contact of v with special hyperplanes. Differentiating these
functions yields invariants related to each surface. We show that the horospherical surface of v
is the discriminant set of the family of horospherical height functions (Corollary 3.2) and that
its hyperbolic dual surface is the discriminant set of the family of hyperbolic height functions
(Corollary 5.3).

The second author was supported by FAPESP grant 2013/02794-4. The third author was supported by
FAPESP grant 2010/20301-7.


http://dx.doi.org/10.5427/jsing.2017.16h

DUAL SURFACES OF SPACELIKE CURVES IN DE SITTER SPACE 181

Furthermore, using the theory of deformations, we give a classification and a characterization
of the diffeomorphism-type of these surfaces (Theorems 3.4 and 5.5). It is easy to show that
the discriminant sets of these families on timelike curves in Sj are empty. For this reason, we
consider only spacelike curves in S3.

In Section 4, we investigate the geometric meaning of the invariants discussed in the previous
sections. We prove results that give conditions (related to these invariants) for the curve « to be
on a parabolic de Sitter quadric and we give also conditions for 7 to be part of a T-horoparabola
or an S-horoparabola (Propositions 4.1 and 4.2). In Section 5, we give information about the
geometry of the hyperbolic dual surface and of its singular set. We separate the cases where
has spacelike normal vectors from those where v has timelike normal vectors. We prove that, if
the normal vector is timelike, then the hyperbolic dual surface of v has no singular points. For
this reason, in Section 5, we consider only the case when ~ has spacelike normal vectors.

In Section 6, we show that v can be part of an elliptic de Sitter quadric (Proposition 6.1)
by using an invariant of the curve. When -~ is not part of an elliptic de Sitter quadric, we
characterize the contact of v with an elliptic de Sitter quadric using the singularity types of the
hyperbolic dual surface of « (Proposition 6.2).

Finally, in Section 7, we recall the concepts of Legendrian dualities between pseudo-spheres
in Lorentz-Minkowski space, introduced in [6]. Several duality relationships are presented in
Theorem 7.1. These give a dual relation between the horospherical surface and the hyperbolic
dual surface of ~.

2. PRELIMINARIES

The Minkowski space R} is the vector space R* endowed with the pseudo-scalar product
(z,y) = —2oyo + T1y1 + Tays + x3y3, for any x = (x0, 21,22, 23) and y = (yo,y1, Y2, y3) in R}
(see, e.g., [10]). We say that a non-zero vector x € R} is spacelike if (z,z) > 0, lightlike if
(r,z) = 0 and timelike if (z,x) < 0. We call v : I — R}, with I C R an open interval, a
spacelike (rvesp. timelike) curve if ~/(t) is a spacelike (resp. timelike) vector for any ¢t € I. We
define, for x € R},

1 if = is spacelike,
sign (z) = 0 if z is lightlike,
—1 if z is timelike.

We call sign (z) the signature of x. The norm of a vector z € R} is defined by || z [|= /| (z, z) |.
We now consider the pseudo-spheres in R}. The hyperbolic 3-space is defined by

H?(-1) = {z € R} | (z,2) = ~1},
the de Sitter 3-space by
S3 ={z e R} | (z,2) =1},
and the lightcone by
LC* = {z e R} \ {0} | (z,z) = 0}.
For any r = (.T07$1,$2,I3), Yy = (yanl7y27y3)7 z = (Z07Z15227Z3) € Rél& the pSGU.dO-pI'OdUCt
of z, y and z is defined by:
—€p €1 €9 €3
i) r1 X9 I3

.’B/\y/\ZZ )
Yo Y1 Y2 Y3

20 21 k2 23

where {eg, 1, €2, e3} is the canonical basis of R*.
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For a non-zero vector v € R} and a real number ¢, a hyperplane with pseudo-normal vector v
is defined by

HP(v,c) = {x € R} | (z,v) = c}.

We call HP(v,c) a spacelike, a timelike, or a lightlike hyperplane if v is spacelike, timelike, or
lightlike, respectively.

We have three types of models of quadric surfaces in S}, which are given by intersections of
S3$ with hyperplanes in R}, determined by the type of the hyperplane. A surface S$NHP(v,c) is
called an elliptic de Sitter quadric, a hyperbolic de Sitter quadric or a parabolic de Sitter quadric
if HP(v,c) is spacelike, timelike, or lightlike, respectively. We denote the parabolic de Sitter
quadric by QDP(v,c) and the elliptic de Sitter quadric by QDE(v, ¢).

Let v : I — S} be a smooth and regular spacelike curve in S3. We can parametrise it by
arc length s, and write t(s) = 7/(s) for the unit tangent vector. In this case, we call v a unit
speed spacelike curve. If (t'(s),t'(s)) # 1, then || t/(s) +v(s) ||# 0, and we define the unit vector
I OESTO

[|(s) +~(s) |l
we obtain a pseudo-orthonormal frame {(s),t(s),n(s),e(s)} of R} along 7. The Frenet-Serret
type formulae for that frame are given by

We also define another unit vector by e(s) = y(s) A t(s) A n(s). Then

8)) kg(s) t(s) + 74(s) e(s),
€'(s) = y(s)n(s),

where §((s)) = sign (n(s)) (which we shall write as simply 0), ky(s) =|| t'(s) +~(s) || and

7o(s) = ey e, (8), 61, (5).

The invariant k, is called the geodesic curvature and 1, the geodesic torsion of ~y (see [7]).
Since (t'(s)+v(s),t'(s) +7(s)) = (t'(s),t'(s)) — 1, it follows that (t'(s),¢'(s)) # 1 is equivalent
to ky(s) # 0.
We define the following maps

HSF:IxJ— LC* and HDT :1x.J— H3(-1)
by
+ _ + —
HST (s, 1) = (s) + pun(s) + Ae(s) and HDZ(s,p) = pn(s) + Ae(s),
respectively, where A2 — 2 = §(7(s)).
In other words,
HSE (s, 1) = 1(5) + pn(s) £ /52 + 00 (5))e(s) and HDZ(s, 1) = pn(s) % v/aZ + 502 ())e(s),

with p? +38(y(s)) > 0, i.e., u € J = R for n(s) spacelike and p € J = (—o0, —1] U1, 00) for n(s)
timelike. We call HSiE the horospherical surface of ~v and HDvi the hyperbolic dual surface of
~. We can suppose that A and p are one of cosh and sinh, depending on §(v(s)).

Definition 2.1. Let F : R} — R be a submersion and v : I — S3 be a regular curve. We
say that v and F~1(0) (respectively F~1(0) N S} ) have contact of order k at s, if the function
g(s) = F o~y(s) satisfies g(so) = ¢'(s0) = --- = g®(s9) = 0 and g*+V(s9) # 0, i.e., g has an
Ap-singularity at sg.
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Let G : R x R",(s09,Z) — R be a family of germs of functions. We call G an r-parameter
deformation of f if f(s) = Gz(s). Suppose that f has an Ag-singularity (k > 1) at so. If we

write
n [0G i, .
joY <5rc¢(5’x)) (s0) = ;aﬁ(S - 50)7,

fori=1,...,r, then G is a versal deformation if the k x r matrix of coefficients («;;) has rank
kE (k <r) (see [2]).
The discriminant set of G is the set

Dg = {xe (R", ) ‘ G= aa—f =0 at (s,z) for some s € (R,so)}.

Theorem 2.2. [2] Let G : R X R", (s9,Z) — R be an r-parameter deformation of f, with f
having an Ay-singularity at so. Suppose that G is a versal deformation. Then Dg is locally
diffeomorphic to

(1) C xR"2, if k=2, and

(2) SW xR 3, ifk =3,

where C' = {(z1,%2) | 23 = 23} is the ordinary cusp and
SW = {(x1,72,23) | 1 = 3u* + v?v, 5 = 4u® + 2uv, 23 = v}
is the swallowtail surface.

We use families of height functions on curves in S to study the horospherical surface and the
hyperbolic dual surface. In fact, these surfaces are the discriminant sets of these families.

It is easy to show that the discriminant sets of the family of horospherical height functions
and family of hyperbolic height functions on timelike curves in S5 are empty. For this reason,
we only consider spacelike curves in S3.

3. HOROSPHERICAL HEIGHT FUNCTIONS

In this section, we introduce a family of height functions on a curve that is useful for the
study of the horospherical surface. We prove that the horospherical surface is the discriminant
set of this family.

For a spacelike curve 7 : I — S5, we define a function H : I x LC* — R by

H(s,v) = {v(s),v) — 1.

We call H a family of horospherical height functions on . We denote h,(s) = H(s,v) for any
fixed v € LC*. The family of horospherical height functions measures the contact of v with
lightlike hyperplanes in R. Generically, this contact can be of order k, where k = 1,2, 3.

We obtain equivalent conditions for each Ag-singularity, ¥ = 1,2,3 of h, by the following
result. For example, h, has an As-singularity at s if and only if

0= 9(5) + s £ VI FSOENEs), 1= i

Proposition 3.1. Let v : I — S3 be a unit speed spacelike curve such that k,(s) # 0. Then

and o(s) # 0.

(1) hy(s) =0 if and only if there exist real numbers p, A, n with

n? +0(y(s))u? = 6(7(s)A\* = —1
such that v =v(s) +nt(s) + un(s) + Ae(s).
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(2) hy(s) = hi(s) =0 if and only if there exist real numbers u, A such that
v =(s) + pn(s) + Ae(s)
with A2 — pu? = §(y(s)).

(3) hy(s) = hﬁi(s) = hY(s) = 0 if and only if v = v(s) + pn(s) £ /u? + 5(y(s))e(s) with

M k(967 (s))”
(4) ho(s) =1, 1(8):h”()fhff)’)(s):0ifandonlyifv:v(s)wn(s)i 12+ 5(7(s))e(s),

= ————— and o(s) =0, where
s)0(y(s

o(s) = (K, & kgry(—8)1 /1 + k26)(s).

(1) If n(s) is timelike with kq(s) = 1 then hy(s) = hi,(s) = =l )( ) =0 if and only if

2 - o(s) =0 and k' (s)+712(s) =
v =7(s)+pun(s) £/ 1?4+ 0(v(s))e(s), p = G0 (8) =0 and ky(s)+75(s) = 0.
(i) If n(s) is timelike with kq(s) # 1 or if n(s) is spacelike, then
hu(s) = Hi(s) =+ = B (5) = 0
if and only if
1 oo
v ="(8) + pun(s) £/ u2+0(y(s))e(s), mu= (50301 (5)” and o(s) =o0'(s) =0.
Proof. Since h,(s) = {(7(s),v) — 1, by using the Frenet-Serret type formulae, we have
(a) hy(s) = (t(s), ),
(b) hy(s) = (=7(s) + kg(s)n(s),v),
(c) b (s) = ((—1 = k2(s)d (7(8)))t(8)+k' (s)n(s) + ky(s)9(s)e(s), v), and
(d) AtV (s) = ((L+kg(s)d(v())7(s)~ ( () kg (s)kg(s)t(5) + (—kg(s)+ kg (s) +g(s)77(s) —
kg (s)3(7(5)))n(s) + (2kg(s)74(5) + k()75 (s))e(s), v).
The proof follows by simple calculations using (a)-(d). O

Corollary 3.2. The horospherical surface of v is the discriminant set Dy of the family of
horospherical height functions H.

Proof. The proof follows from the definition of the discriminant set given in Section 2 and by
Proposition 3.1 (2). O

Following Proposition 3.1, we define the invariant

o(s) = (k; + kyry(—0)1/1+ kga) (s)

of the curve . We will study the geometric meaning of this invariant in Section 4.
In the next result, we show that the family of horospherical height functions on a curve in S}
is a versal deformation of an Ag-singularity, k = 2,3, of its members.

Proposition 3.3. With the same assumptions as in Proposition 3.1, let H : I x LC* — R be
the family of horospherical height functions on ~y. If h, has an As-singularity at sg, then H is a
versal deformation of hy. If h, has an As-singularity at sy and n(so) is timelike with kq(so) # 1
(which is a generic condition) or if n(sg) is spacelike, then H is a versal deformation of h.,.



DUAL SURFACES OF SPACELIKE CURVES IN DE SITTER SPACE 185

Proof. The family of horospherical height functions is given by
H(s,v) = —vgzo(s) + v121(8) + vaza(s) + vszs(s) — 1,

where v = (vo,vl,vg,vg) 'y(s) = (xo( ), x21(8), x22(8), xg( )) is the curve parametrised by arc

length, vy = /07 +v3 + 02 and z¢(s) = /23(s) + 23(s) + 23(s) — 1.
Writing H(s,v) = H(s, Ul,’UQ,’Ug) we have

OH _ i(s) - Zao(s),

0 (% Vo

H
for ¢+ = 1,2, 3. Therefore, the 2-jet of g
v;

i(on) = Zaa(s0) + (o1(o0) = Za(s0) ) 5= s0) + 5 (alo0) = Zafon) ) s - so)”

We assume first that h, has an As-singularity at s = sg, and we show that the determinant
of the 3 x 3 matrix

at sg, is given by

V1 V2 U3
z1(s0) — %xo(so) r2(s0) — U*Offo(so) x3(s0) — %xo(SO)
U1 V2 U3
A= | #h(s0) = ablso) whlso) — ah(s) hs0) — wh(so)
0 0 0
U1 v2 U3
z7(s0) — —xg(s0) x5(s0) — —xg(s0) 25(s0) — —xg(s0)
o Vo Vo
is nonzero. Denote
7o(s0) i(50)
a= | wzp(s0) |, 0i=| i(s0) |,
25 (s0) 7/ (s0)

for i =1,2,3. Then

det A = 22 det(by by bs) — L det(a by bs) — -2 det(br a bs) — -2 det(by by a).
Vo Vo Vo Vo

On the other hand,

(Y AY Ay")(s0) = (—det(by by bg), —det(a by b3), —det(by a b3), —det(by b2 a)).

Therefore,

det A = <(”° oot U‘°’> (YA A v”)(30)>

Vo Vo Vo Yo

- U%(V(so) + un(so) £ /p2 + de(so), ky(so)e(so))
1

=t (=0) K (s0)0 + 1.

1
In the case where n(sp) is a spacelike vector, we have det A = F—, /kZ(so) + 1 # 0 and therefore
Vo
H is a versal deformation of h, at s = so. If n(sg) is a timelike vector, then we have
1
det A=+—,/1—k2
e " g(so)

and therefore det A # 0 under the condition that k,(sg) # 1, so H is a versal deformation of h,
at s = sg.
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When k = 2, we require the rank of B to equal 2, where B is the matrix

v v v
1‘1(50) — ;11‘0(80) 3?2(80) — 5330(80) .Tg(S()) — f&)‘o(So)

0 0 0

v v v
i (s0) — —h(s0) @h(s0) — —wh(s0) wh(s0) — —wp(s0)

Vo Vo Vo
Since B consists of the first and second lines of A, we have that if n(sg) is a spacelike vector, then
rank of B is 2 because det A # 0. If n(so) is a timelike vector, the rank of B is 2 if k,(sg) # 1.

9 _
For the case k4(sg) = 1, the rank of B is 2 if Hzo(s0) = v0) # 0. Then it is enough to show that
Ug
x0(S0) # vo. As kg(sg) =1, we have by Proposition 3.1 (2) that
v(so) = ¥(s0) — n(so).

Therefore vy = xo(s0) — no(s0), where n(sg) = (no(so),n1(s0), n2(s0),n3(s0)). Without loss of
generality, we can suppose ng(sp) # 0, so the rank of B is 2. O

Using Theorem 2.2 and Proposition 3.3, we can obtain the diffeomorphism type of the horo-
spherical surface.

Theorem 3.4. With the same assumptions as in Proposition 3.1, let HSiE be the horospherical
surface of v. Then we have the following:

(1) The singular values of HS,% are given by
1 1

hES(s) =~(s) + —————n(s) £ [ —— + 6(7(s))e(s).
(2) HSAYjE is, at (so, po), locally diffeomorphic to a cuspidal edge if and only if
1

1o = m and o(sg) # 0.

(3) HS’Wi is, at (so, po), locally diffeomorphic to a swallowtail surface if and only if
B 1

H0 = Ty (50)5(1(50))

for n(sg) timelike with ky(so) # 1, or for n(so) spacelike.

o(s9) =0, and o'(sg) #0,

Proof. Consider the horospherical surface given by HSF (s, 1) = v(s)+un(s)/u? + 0(7(s))e(s).
Then

OHS*

s (5 1) = (1= pd(7(s)kg(s))t(s) £ V2 + 6((5))7g(s)n(s) + p7y(s)e(s) and
OHS* B [

B (s, 1) = n(s) + NSO +5(7(s))e(é’)-

The vectors

+ +
{ag?(sovﬂo)’ 31;57 (507/10)}
are linearly dependent if and only if
_ 1
"0 kg (50)8(1(s0))

Then the singular values of HS?,E are given by hi} Sy (s0) = HSvi(sO, o) and assertion (1) follows.
By Corollary 3.2, the discriminant set Dy of the family of horospherical height functions H of
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«v is the horospherical surface of 7. It also follows from assertions (3) and (4) of Proposition 3.1
that h, has an As-singularity (respectively, an As-singularity) at s = s if and only if
1

M= oy 4 o) 20

(respectively,
1
g = —————————, 0(s9) =0, and o'(s9)#0).
A PATICE M (o) 70)
By Theorem 2.2 and Proposition 3.3, we have assertions (2) and (3). We observe that, in (3),
if n(sg) is timelike, it is necessary to suppose that k,(so) # 1 in order to obtain Proposition
3.3. O

4. INVARIANTS AND SPECIAL GEOMETRY OF THE HOROSPHE-RICAL SURFACE

We study the geometric meaning of the invariant o(s) defined in the previous section. Let
v be a lightlike vector, w be a spacelike vector, and z be a timelike vector. We call the de
Sitter space curve, given by the intersections of the parabolic de Sitter quadric QDP(v, 1) with
HP(w,0) (resp. HP(z,0)), T-horoparabolas (resp. S-horoparabolas).

Given a unit speed spacelike curve v in S, the unit normal vector n can be a timelike vector
or a spacelike vector. We prove the following results that give conditions depending on the
invariants, for the curve v to be in a parabolic de Sitter quadric. In addition, we also give
conditions for v to be part of a T-horoparabola or a S-horoparabola. These facts are related to
the invariants o(s) and 74(s). It is convenient to divide the discussion into two cases: n(s) is
timelike (Proposition 4.1) and n(s) is spacelike (Proposition 4.2).

We observe that for a curve in hyperbolic 3-space (see [8]), there is only one case because n(s)
is always spacelike.

Proposition 4.1. Let v : I — S} be a unit speed spacelike curve such that n(s) is a timelike
vector field along v, kq(s) < 1, and ky(s) # 0. Consider the singular values hffSn,(s) of the
horospherical surface.

(1) Suppose that ky(s) = 1. Then the following conditions are equivalent:
(a) hifS,(s) is a constant vector,
(b) 4(s) =0,
(¢) v is a part of a T-horoparabola.
(2) Suppose that the set {s € I | ky(s) = 1} consists of isolated points. The following
conditions are equivalent:
(a) hfS,y(s) is a constant vector vy € LC*,
(b) o(s) =0,
(c) v is located on a parabolic de Sitter quadric QDP(vg,1).

Proof. The proof is similar to that for a curve in hyperbolic space in [8]. Consider the singular
values h/“fS,y (s) of the surface that we denote by
1

kg(s)

Suppose that ky(s) = 1. Then v(s) = v(s) — n(s), and v'(s) = —74(s)e(s). Therefore, v(s)
is constant if and only if 7,(s) = 0, so statements (a) and (b) of (1) are equivalent. If v(s)
is constant, then 7,(s) = 0 and, as €/(s) = 74(s)n(s), this means that e(s) is constant. Thus,
the hyperplane HP(e(s),0) generated by «(s), t(s) and n(s), is constant. In this case, the
parabolic de Sitter quadric QDP(v(s), 1) is also constant. Thus, the image of «y is a part of a
horoparabola given by QDP(v(s),1) N HP(e(s),0). Therefore, (a) implies (c). If v is a part of a

v(s) = y(s) + pn(s) £ /u2 — le(s) with pu=—
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T-horoparabola, then it is a de Sitter plane curve and, hence, 74(s) = 0; so (c) implies (b). This
completes the proof of (1).

Suppose now that ky(s) # 1. Since p(s) = — , we have

S
kg(s)
v(s) = y(s) — kg(s)n(s) + ™0 e(s).

K, & kgTgy /1 — k2 J1— k2kgry £ K

v (S) = k,g (s)n(s) - kgm

Therefore, v'(s) = 0 if and only if o(s) = 0, so the statements (a) and (b) of (2) are equivalent
at any point s € I.

We now consider the family of horospherical height functions H(s,v) on ~. If v is located
on the parabolic de Sitter quadric QDP(vg, 1), then H(s,v9) = 0. By Proposition 3.1 (4), we
have (kj, + kg7y4/1 —k2)(s) = 0. Therefore, (c) implies (b). If v is a constant vector vy, then

(v(s),v0) =1 for all s € I and thus v(s) € QDP(uvo, 1) for all s € I. Therefore, + is located on
a parabolic de Sitter quadric. O

Thus

(s)e(s)-

Proposition 4.2. Let vy : I — S} be a unit speed spacelike curve such that n(s) is a spacelike
vector field along v and kq¢(s) # 0. Consider the singular values hlﬂfS,Y(S) of the horospherical
surface. The following conditions are equivalent:

(a) hlﬂfS.y(s) is a constant vector vg € LC*,
(b) o(s) =0,
(¢c) = is located on a parabolic de Sitter quadric QDP(vg, 1) for some vg.

Furthermore, if v C QDP (v, 1) and 74(s) =0, then v is part of a S-horoparabola.

Proof. The proof is analogous to that of Proposition 4.1 (2). O

5. HYPERBOLIC HEIGHT FUNCTIONS

We introduce here a family of functions on a curve which is useful to study the singularities
of the hyperbolic dual surface of a spacelike unit speed curve «. First, we explain why we
consider only spacelike curves with spacelike normal vector fields. Let v : I — S3 be a unit
speed spacelike curve. We suppose, as we did previously, (t'(s),t'(s)) # 1 (generic condition),

. . t'(s) + . .
equivalently ky(s) # 0, in order to define n(s) = m Then n(s) is a spacelike

s)+ (s
normal vector field or a timelike normal vector field along ~.

Proposition 5.1. Let v : I — S} be a unit speed spacelike curve such that ky(s) # 0 for all
sel.

(1) Suppose that n(s) is a spacelike normal vector field along . Then the hyperbolic dual
surface HD$ of v is singular at (so, o) if and only if po = 0. That is, the singular
values of the hyperbolic dual surface are given by hi’D,y(s) = HD,jyE (s,0) with s € I and
po = 0.

(2) If n(s) is a timelike normal vector field along ~y, then the hyperbolic dual surface HD,?
of v does not have singular points.
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Proof. Consider the hyperbolic dual surface of +,

HDZ(s, 1) = pn(s) & \/u® + 6(y

Then, we have

OHDZ
5 (5 1) = —0(v(s))uky(s)t(s) £ v u? +8(v(5))7g(s)n(s) + p7g(s)e(s) and
(‘3HD$ 1

s, 1) = n(s) £ ————=e€(s)
o T 3((s)) (

If n(s) is a spacelike normal vector field, the proof of (1) is similar to that of Theorem 3.4
(1). However, if n(s) is a timelike normal vector field, the hyperbolic dual surface is not defined
for 119 = 0. Therefore assertion (2) holds. O

Since we are interested in studying the singularities of the hyperbolic dual surface of a spacelike
curve, then it follows from Proposition 5.1 (2) that we need only to consider spacelike curves
with spacelike normal vector fields n(s).

We define a family of functions H : I x H3(—1) — R on v given by H(s,v) = (y(s),v). We
call H the family of hyperbolic height functions on v and denote h,(s) = H(s,v) for any fixed
v € H3(—1). By Definition 2.1, the hyperbolic height function measures the contact of v with
spacelike hyperplanes. Generically, the order of this contact can be k, k = 1,2, 3.

We have the following result about the singularities of h,,.

Proposition 5.2. Let v : [ — S} be a unit speed spacelike curve such that n(s) is a spacelike
vector field along v and kg(s) # 0 for all s € I. Then we have the following:
(1) hy(s) = 0 if and only if there exist real numbers p, A\, n with n* + u? — A2 = —1 such
that v = nt(s) + un(s) + Ae(s).
(2) hy(s) = hi(s) =0 if and only if there exist real numbers p, A such that v = un(s)+ Ae(s)
with A2 — p? = 1.
(3) hy(s) =hi(s)=hl(s) =0 if and only if v = Le(s).
(4) hy(s) =hl(s) = h;(s) = hq(jg)(s) =0 if and only if v = +e(s) and 74(s) = 0.

(5) hyo(s) =hi(s)=---= h5,4)(s) =0 if and only if v = +e(s) and T4(s) =7,(s) = 0.

Proof. Since h,(s) = (v(s),v), we have
(a) hy,(s) = (t(s),v),
(b) hJ(s) = (~(s) + ky(s)n(s),v),
(©) AP (s) = (=1 — K2(s))t(s) + K (5)n(s) + kg (5)7a (5)e(5), o),
(@) B (5) = ((1+K2(5))v(5) — 3K (3)kg (5)2(5) + (— iy () + 1 (5) + Ky (3)72(5) — K () (s) +
(2K (5)79(s) + 9(8)7/(8))6(8)7@-

The proof follows by simple calculations using (a)-(d). O

Corollary 5.3. The hyperbolic dual surface of v is the discriminant set Dy of the family of
hyperbolic height functions H.

Proof. The proof follows from the definition of the discriminant set given in Section 2 and
Proposition 5.2 (2). O

Proposition 5.4. Let v : I — S} be a unit speed spacelike curve such that n(s) is a spacelike
vector field along v, kg # 0. Then the family H of hyperbolic height functions on v is a versal
deformation of the Ay and As-singularities of h,,.

Proof. The method of the proof is similar to that of Proposition 3.3. O
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We can now obtain the diffeomorphism-type of the hyperbolic dual surface.

Theorem 5.5. Lety: I — S be a unit speed spacelike curve such that n(s) is a spacelike vector
field along v and ky(s) # 0 for all s € I. Consider the hyperbolic dual surface HDWi of .
(1) The singular values of Hfo are given by hfLDv(s) = +e(s).
(2) HD$ is, at (o, pto), locally diffeomorphic to a cuspidal edge if and only if 1o = 0 and
T4(s0) # 0.
(3) HDZY—L is, at (S0, o), locally diffeomorphic to a swallowtail surface if and only if po =0,
74(s0) = 0 and 7,(s0) # 0.

Proof. By Corollary 5.3, the discriminant set Dp of the family of hyperbolic height functions
H on ~ is the hyperbolic dual surface of . It follows from Proposition 5.2 (3) and (4) that h,
has an Ag-singularity (respectively, an As-singularity) at s if and only if gy = 0 and 74(sg) # 0
(respectively, g = 0, 74(s0) = 0 and 7,(so) # 0). By Theorem 2.2 and Proposition 5.4, this
completes the proof. O

6. INVARIANT AND SPECIAL GEOMETRY OF THE HYPERBOLIC DUAL SURFACE

In this section, we investigate the geometric properties of a hyperbolic dual surface H fo at
its singularities by using the invariant 7, of . The de Sitter focal surfaces of hyperbolic space

curves are studied in [3].

Proposition 6.1. Let v : [ — S} be a unit speed spacelike curve such that n(s) is a spacelike
vector field along v and kg(s) # 0 for all s € I. Consider the singular values thﬂ,(s) of the
hyperbolic dual surface. The following conditions are equivalent:

(a) hfva(s) is a constant vector vy € H3(—1),

(b) 14(s) =0,
(c) 7 is part of the elliptic de Sitter quadric QDE (v, 0).

Proof. If the hyperbolic dual surface is singular at (s, ), then p = 0. Therefore,

+ + OH D3 —
hi; D+ (s) = HDZ (s, p) = *e(s) and s (s,p) = £74(s)n(s) =0

if and only if 74(s) = 0. This means that assertion (a) is equivalent to assertion (b). Suppose
that 74(s) = 0 then hfwa(s) = =e(s) = =g is constant. Since (y(s),+e(s)) = 0, then
v(s) € S§ N HP(e(s),0), where vy = e(s) that is a timelike vector. Therefore, assertion (b)
implies assertion (c).

On the other hand, suppose that Imy C QDE(v,0) = S? N HP(v,0), where v is a timelike
fixed vector. Then we have h,(s) = (y(s),v) = 0 for all s € I. By Proposition 5.2, (4), 74(s) = 0.
This completes the proof. (I

Proposition 6.1 characterizes the case when ~ is contained in the elliptic de Sitter quadric:
T4(s) = 0. If 74(s) # 0 the result below shows that the degeneracy of the singularities of HD,f
characterize the contact of the v with elliptic de Sitter quadrics.

Theorem 6.2. Let~y: I — S be a unit speed spacelike curve such that n(s) is a spacelike vector
field along v, kg #0 and 7, Z0. For vy = HD,:\ﬁ:(So,Mo), we have the following:
(1) v has at least 2-point contact with QDFE(vg,0) at so if and only if uo = 0, equivalently,
the hyperbolic dual surface of v is singular at (so, fo).
(2) v has 2-point contact with QDE(vo,0) at so if and only if po = 0 and 74(sp) # 0,
equivalently, the hyperbolic dual surface of v is locally diffeomorphic to a cuspidal edge.
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(3) v has 3-point contact with QDE(vy,0) at so if and only if po = 0, 74(so) = 0 and

Té(So) # 0, equivalently, the hyperbolic dual surface of v is locally diffeomorphic to a

swallowtail surface.

Proof. For vy = HDZ (s, 1), we define a map oy : 53 = R by hy, () = (x,v0). Thus, we have

~ -1 ~
(hyy) (0) = QDE(vg,0). In this case, g(s) = hy, © ¥(s) = hy,(s) and then the proof follows
from Definition 2.1, Proposition 5.2 and Theorem 5.5.

O

7. DUAL RELATIONS ON HOROSPHERICAL AND HYPERBOLIC DUAL SURFACES

We require some properties of contact manifolds and Legendrian submanifolds for the duality
results in this section, and we now review these concepts (for more details see, for example, [1]).

Let N be a (2m + 1)-dimensional smooth manifold and K be a field of tangent hyperplanes
on N. Locally, K is defined as the kernel of a 1-form 6. We say that the tangent hyperplane
field K is non-degenerate if A (df)™ # 0 at any point on N. The pair (N, K) is called a contact
manifold if K is a non-degenerate hyperplane field. In this case, we call K a contact structure
and 6 a contact form. A submanifold i : L C N of a contact manifold (N, K) is Legendrian if
dim L = m and di, (T, L) C K;(;) at any 2 € L, where i is an immersion. A smooth fibre bundle
w: E — M is a Legendrian fibration if its total space E is furnished with a contact structure
and the fibers of 7w are Legendrian submanifolds. For a Legendrian submanifold i : L C F,
moi: L — M is called a Legendrian map. We call the image of the Legendrian map wo i a
wavefront set of ¢, which is denoted by W (7).

The duality concepts we use here are those introduced in [6] and [5] (the Legendrian dualities
between pseudo-spheres in Lorentz-Minkowski space), where five Legendrian double fibrations
are considered on the subsets A;, i = 1,...,5 of the product of two of the pseudo-spheres H"(—1),
S7 and LC*. Here we use only i = 1,2,3. We define one-forms (dv,w) = wodvg + Y., widv;,
(v,dw) = vodwoy + S5, vidw; on RIT x RIM and consider the following three Legendrian
double fibrations.

(1) (a) H*(=1) x ST > Ay = {(v,w) | (v,w) =0},
(b) m1: Ay — H"(-1), m2: Ay — ST,
(¢) 611 = {(dv,w) |a,, 012 = (v,dw) |a, -

(2) (@) H*(=1) x LC* > Ay = {(v,w) | (v, w) = —1},
(b) o1 AQ — Hn(—l), 29 Az — LO*,
(C) b1 = (dv,w> |A2a b2 = <v,dw> ‘A2 :

(3) (a) LC* x ST D Az ={(v,w) | (v,w) =1},
(b) T3] - A3 — LC*, 32 - A3 — 5?7
(¢) O51 = {dv,w) |as, 032 = (v,dw) |, -
Here, 71 (v, w) = v, m2(v,w) = w are the canonical projections. We remark that 6;;'(0) and
05" (0) define the same tangent hyperplane field over A; which is denoted by K;, (i = 1,2,3).
It has been shown in [6] that each (A;, K;) (¢ = 1,2,3) is a contact manifold and m;; and ;2

(1 =1,2,3) are Legendrian fibrations. Moreover, the contact manifolds (Aq, K7), (Ag, K3) and
(A3, K3) are contact-diffeomorphic to each other.
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For a given Legendrian embedding £; : U — A;, i = 1,2,3, we say that m;;(L£;(U)) is the A;-
dual of 2(L;(U)) and vice-versa (see [4]). In the next result, to show duality, we have to show
that the immersion £; : U — A;, ¢ = 1,2,3 is a Legendrian immersion , i.e., dimU = m and
(dLi)2(To(U)) C Kg,(a) for all x € L (see also [6]). Equivalently, £; is a Legendrian immersion
if dimU = m and £;"0;7 = 0 (see, e.g., [9]). Therefore, we can show that a submanifold is
Legendrian using the second definition.

We have the following relations on horospherical and hyperbolic dual surfaces. We observe
that here n = 3, m = 2 and dimA; = 5, i = 1,2,3. (For hyperbolic curves +, the are duality
results in [4] for hyperbolic focal surface and de Sitter focal surface of ).

Theorem 7.1. Let v : 1 — S} be a unit speed spacelike curve such that ky(s) # 0 for all s € I.
Then

(1) v is Aq-dual of HD,?.
(2) v is As-dual of HSZ.
(3) HD$ is Ag-dual of HSi':.

Proof. (1) Define the mapping £ : I x J — Ay by L41(s,p) = (HDi[(S,,u)ﬁ(s)), where
M = my (£4(I x J)) = HDE (s, ) = pn(s) + /62 + 5(2())e(s)

and
M* = 7T12(£1(I X J)) = ’Y(S)

Then (HDf(s,u)gy(s)) = 0, so the mapping is well-defined, i.e., £1(s, 1) € Ay. We have

%(S, p) = (=0(v(s))pkg(s)t(s) & /2 + 6(v(s))14(s)n(s) + pry(s)e(s), t(s))
oL 5,18) = (n(s) + ———t——e(s
au(”“‘) (n(s) £ 00 (5),0),

and so £ is an immersion. Since L3612 = (HDZ(s, 1), t(s))ds = 0, then, by definition, £1(I x .J)
is a Legendrian submanifold in A;.

(2) We also define the mapping L3 : I x J — Az by Ls(s, ) = (HSE(s,p1),7(s)), where
HSE(s, ) = ~(s) +pn(s) £ /p2 + 0(y(s))e(s). Thus, (HSE(s,1),~(s)) =1, i.e., L3(s, 1) € As
and the proof follows as in (1).

(3) We now define the mapping Lo : I x J — Ay by Lao(s,p) = (HDiE(s,u),HSvi(s,u)).
Then we have

(HD (s, 1), HS (5, 1)) = 18(3(s)) + (12 + 6(7(5)))(=0(7(5))) = ~1.

Thus, £o(s, 1) € As, so the mapping is well-defined. Since

%W) = (=0(y(5))uky (3)t(5) & /a2 + 0(y(5))7(5)n(5) + 7 (s)e(s),
(1= 6(y(8))pky (5))E(s) £ /12 +5(3(8))7y (s)n(s) + 7y (s)e(s))
L,

au(’“)_(()i u2+5(7(8))() (s) £ u2+5(v(s))())
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is an immersion, because —0(y(s))ukq(s) # 0 or 1 — §(y(s))pky(s) # 0. Moreover,
‘63921 = <d(HD$(S>M))’ HS’yi(Snu’)>
OHD* OHDZ
= (S s + T s S ) )
= (0 ()ky(1(5) v/ T Dy (s)n(s) + pros)e(s). 7(s) ) ds

<Tg(5)(ue(8) £ V12 +0(v(s)) n(s)) — ud((5))kg(s)t(s), pnls) £ v/ 12 + 5(7(8))6(5)> ds

H _
+ ( n(s) £ me(s)77(s) + pn(s) £/ p® +6((s))e(s) ) dp = 0.

Therefore, Lo(I x J) is a Legendrian submanifold in As.

O
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