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EXTRINSIC GEOMETRY AND HIGHER ORDER CONTACTS OF
SURFACES IN RS

PIERRE BAYARD, FELIPE MENDEZ VARELA, AND FEDERICO SANCHEZ-BRINGAS

ABSTRACT. We study the extrinsic geometry of a surface in R® in relation to contact theory.
We first completely determine the numerical invariants of the second fundamental form and
describe the corresponding curvature ellipse. We then introduce and study a new quadratic
map closely related to the degenerate directions of the surface, we characterize inflection and
umbilic points of the surface in terms of the invariants, and we obtain an intrinsic equation
of the asymptotic lines. Finally, we give a simple condition which guarantees the existence of
an isometric reduction of codimension of the surface into R%.

INTRODUCTION

The purpose of the paper is to study the extrinsic geometry of a surface immersed in R?, in
relation to the contact theory. Since the second fundamental form determines the second order
properties of the surface, it is important to have a systematic method to study the numerical
invariants of a quadratic map from a plane into a 3-dimensional space: this is the aim of the
first part of the paper. We also completely describe the associated curvature ellipse in terms
of the invariants. Using the Gauss map of the surface, we interpret these invariants as angular
velocities of rotations of the tangent planes of the surface. Some notions then appear naturally:
we introduce the azial directions of a surface M in R®, we relate invariants with the pull-
back by the Gauss map G of the Lie bracket in A2R%, and we introduce a new quadratic map
6: TM — NM from the tangent to the normal bundle of M which measures the complexity of
dG. This object is a natural generalization to the dimension 5 of a classical quadratic differential
used in the contact theory of surfaces in R* [9], and also appears to be fundamental for the
study of surfaces in R® from the contact viewpoint. We then study the invariants and the ellipse
attached to § and apply these constructions to study contact properties of a surface in R® : we
first relate § and its ellipse to the degenerate directions of the surface and especially characterize
inflection and umbilic points of the surface by the vanishing of some of the invariants, we then use
0 to give an intrinsic equation for the asymptotic lines on the surface (a quintic form introduced
and studied in local coordinates in [12] and [13]), we characterize the points where the Gauss
map is not regular in terms of contact in the Grassmannian of 2-planes in R®, and we finally state
a result of reduction of codimension: if u is a tangent vector field such that §(u)/|0(u)| is parallel
in the direction u, then there exists an isometric reduction of codimension of M into R*, and
the vector field u determines asymptotic directions on M in both ambient spaces. We end the
paper with an explicit example, for which we compute the invariants of the second fundamental
form and apply the reduction of codimension.

Surfaces in R* and R® from the contact point of view have been studied by many authors;
see e.g. [7] and the references therein.

The outline of the paper is as follows. In the first section we describe the invariants of a
quadratic map R? — R3 and study the properties of its associated ellipse: this description
naturally leads to a classification of the quadratic maps from R? to R?, up to the actions of


http://dx.doi.org/10.5427/jsing.2018.17h

194 PIERRE BAYARD, FELIPE MENDEZ VARELA, AND FEDERICO SANCHEZ-BRINGAS

the linear isometries on R? and R3. In Section 2 we study the invariants of a surface in R®, we
interpret these invariants in terms of the Gauss map and we define the axial directions of the
surface. We then introduce in Section 3 the quadratic map § and study its invariants together
with its associated ellipse. In Section 4, we study degenerate directions, inflection and umbilic
points on a surface in R®, give an intrinsic equation for the asymptotic lines and characterize
the points where the Gauss map is not regular. We finally study in Section 5 a reduction of
codimension of a surface in R®.

1. QUADRATIC MAPS R? — R?

We study here the quadratic maps R? — R3 : we first determine their numerical invariants
and obtain their classification up to the linear isometries of R? and R3; we then study their
associated ellipses.

1.1. Forms associated to a quadratic map. Consider ¢ : R? — R?® a quadratic map. If
v belongs to R?, let us denote by S, the symmetric endomorphism of R? associated to the
quadratic form ¢, := (g, v), which is such that

(q(u),v) = (S, (u),u), Yu € R2.
We define, for v, vy, 15 € R3,

1 1
L,(v):= 5‘51"5’1,, Q) :=detS, and A (v1,12):= 5[5,,1,51,2]7

where [Sy,, Sy,]| denotes the skew-symmetric operator S,, oS, —S,, 0S5, which identifies with
the real number

<[SV1?SV2](62)7 €1>,

where (eq, e5) stands here for the canonical basis of R2. Thus L is a linear form, @), is a quadratic
form and A, is a bilinear skew-symmetric form defined on R3. These forms are connected by
the following lemma, which may be obtained by a straightforward computation.

Lemma 1.1. The quadratic form &, := Lg — Qg is non-negative and the following equation
holds: for all v1,vs € R3

(1) 0 (v2) = By (01, 12)° + Ag(v1,12)%, (1.1)
where &)q denotes the polar form of ®,.
The forms L,, ®,, A, are invariant by the right-action of SO on ¢ : for all g € SO,
Lyog = Lyg, Pgog = P4 and Agg = Ay
Conversely, Lq, ®, and A, determine ¢ modulo this action:

Lemma 1.2. There is a positively oriented orthonormal basis (e1, e2) of R? and a vector vy € R?
such that, for all v € R3,

S, = L) + ®(vo, v) ( - >+A(yo,z/)< - ) (1.2)

in the basis (e1,e2).

The proof of this lemma is analogous to that presented in [3] for the case of quadratic maps
from R? into R?, so we omit it.
Setting
P={(L,®,A): @ is non-negative, and (1.1) holds},
where L, ® and A are respectively linear, bilinear symmetric and bilinear skew-symmetric forms
on R2, the following result holds:
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Lemma 1.3. Let us denote by Q(R?,R?) the set of quadratic maps R?> — R3. The map
0: QR%LR*»/SO, — P
gl = (L, P Alg)
is bijective.
Proof. The representation of S, provided in (1.2) directly implies that © is injective. For the
surjectivity, if L, ® and A are given, choose first v, such that ®(v,) = 1 (if ® # 0) and then

define S, in the canonical basis of R? by (1.2) (if ® = 0, A has to vanish and [g] is determined
by L). O

By the natural left-action of SOz on Q(R? R3)/S0,, the forms Lig), ®q) transform as

al
Log=Ligeg s g =Pgog
whereas the form A, is invariant. Thus, if SO3 acts on P by

g-(L,®,A):=(Log ', ®0g™ ', A), (1.3)
the map © is SOs-equivariant and thus induces a bijective map
0: SO05\Q(R* R?) /SO, — SO3 \ P. (1.4)

Since the formula (1.1) permits to recover A (up to sign) from ®, the description of the quotient
set SO3\Q(R? R?)/SO, will be achieved with the simultaneous reduction of the forms Lig and
(b[q] n RS.

1.2. Invariants on the quotient set. We introduce the classical invariants on the quotient
space SO3\Q(R? R?)/SO, associated to the forms L,, ®,, and A,.
Definition 1.4. We consider:
(1) the vector H € R3 such that (H,v) = Lig(v) for all v € R?, and the square of its norm
H[* = (H, H);
(2) the skew-symmetric operator Uya : R® — R? associated to Apg and the number

1
|Ual? = itr(UAUZ),

where U} : R? — R? is its adjoint map;
(3) the symmetric operator Ug : R® — R3 associated to @ and the three elementary sym-
metric functions of its eigenvalues

K :=01(Ug), A:=o09(Ug) and I?:=03(Ug).

We will see below that the last invariant I'? is always non-negative.

The numbers [H |2, |U4|?, K, A and I'? are invariant by the left action of SO3 on Q(R2,R3) /505,
and thus define invariants on SO3\Q(R? R?)/SO,.

Remark 1.5. i) Since U, is skew-symmetric, there exists a unique vector N € R3 such that
Us(v)=N xv, VveR? (1.5)

where x stands for the usual cross product in R3. Observe that N =0 if and only if U4 = 0,
i.e. if and only if A, = 0. On the other hand, if N # 0 then A, # 0 and (1.1) shows that
Ker A; = Ker ®,, which in turn implies that N belongs to the kernel of Ug, the symmetric
operator on R? associated to ®4)- Therefore, there exists a positively oriented orthonormal basis



196 PIERRE BAYARD, FELIPE MENDEZ VARELA, AND FEDERICO SANCHEZ-BRINGAS

(Nl,NQ,Ng) of eigenvectors of Ug such that 1\73 = AN € Ker Ugp, X > 0. In this basis the
matrix of @, which coincides with that of Usg is of the form

a2 0 0
Us=[ 0 v 0 (1.6)
0 0 0

for some numbers a,b > 0. We will moreover consider below the real numbers «, 8 and  such
that

]‘_j = O[]\_'/vl + ﬂﬁg + ’yﬁg (17)
ii) The expression (1.6) implies that the dimension of Ker(Us) is larger than or equal to 1,

with equality if and only if A4 # 0.

We provide a geometric interpretation of the invariants |U4|? and T' as follows. We first
compute

Ual> = Aq(N1»N2)2+Aq(N27]\73)2+Aq(1\73,J\712
= (Ua(N1), No)? + (Ua(Na), N3)? + (Ua(N3), Ny)?
V + (N x ﬂ3, 1>2

= <N X ]\717]\72>2 + <J\7 X NQ,N3>2
|N . (1.8)

On the other hand, by the very definition of L, and Q[, have the following expressions in
(Nla N27 NS) :

o> af ay a? —a? af ay
Ur2 = aB B2 By |, Ug = af B2—-v By |. (1.9)
ay By A ay By P

A straightforward computation using (1.6) and (1.9) then provides the invariants of the qua-
dratic form @, in terms of those of [g] :

Lemma 1.6. Let Ug be the symmetric operator on R3 associated to the quadratic form Dy
Then

. 1 .
trlp = |H? ~K and  detUs z. = 7|NJ. (1.10)

So, by (1.6) we get that |N| = 2ab. We compute moreover from (1.9) the determinant of Ug
and get

I'? = ~%a%b?. (1.11)
Now, since (1.7) and the second equality in (1.10) imply that
- N -
2: H,T2 and a2b2:*N2,
v = U, ) i

we deduce that

and thus naturally set

I:= %(ﬁ,]\?). (1.12)
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1.3. Classification on the quotient set. By substituting expressions (1.10) in the character-
istic polynomial of the endomorphism Ug we obtain the following:

Lemma 1.7. There is an orthogonal basis of unit eigenvectors (Nl, Ng, Ng) of Ug in which the
matriz of ® is diagonal with diagonal entries (a®,b,0), where

= % ((|ﬁ|2 - K) + \/(|ﬁ2 - K)2 - |N'|2> (1.13)

and

b2 — % <(|H|2 ~K) - \/(|ﬁ|2 - K)2 - |J\7|2> . (1.14)

Moreover, assuming that N # 0 and \ﬁ|2—K + |Z\7|7 the components a, 8,7 of H in (Z\?hﬁg, Ns)
are given by the following formulas:

1 - 4?1, 2
o = - (A +a?|H|? + b i 4|N|2> : (1.15)
(e - ) 1
1 - 412 1, 2
B2 = - (A +b?|H|? + o? T 4|N|2> (1.16)
\/ (112 - &)~ NP2
and
or
IN|

We point out that the basis (Nl, ]\72, Ng) of the lemma is not uniquely determined.
Instead of the set of invariants |H|?,|N|?, K, A,T" we may consider the (almost) equivalent
set of invariants a, b, «, B, v (o and § are defined up to sign) to prove the following:

Theorem 1.8. Let [q] € SO3\Q(R?,R3)/S0O,. The invariants a,b, o, 3,7 determine [q] up to
the natural left action of the subgroup of reflections with respect to the lines RN; and RN, in
R3.

We finally describe the first set of invariants in terms of the second one: we have

|H|? = a® + 8% +72, (1.18)
K=a*+p*+~*—a* - b (1.19)
IN|? = 4a2b?, (1.20)
A = a®b? — a?b? — ¥ — a?B% — a?y? (1.21)
and
I = aby. (1.22)

Details are given in [11].
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1.4. The ellipse of a quadratic map. Let ¢ € Q(R?,R?). We define the ellipse of ¢ as the set
E:={qu) eR®:u e R? |u|=1} CR>
This is an ellipse in R3. We consider ¢° € Q(R?, R3) such that
alw) = A +¢°(w) (1.23)

for all u € R?, |u| = 1: the ellipse £ of ¢ is the translation defined by the vector H of the ellipse
£° of ¢°. Let us fix an arbitrary orthonormal and positively oriented basis (u,u") of R%. By a
direct computation relying on the equation ¢°(u,u’) = q(u,ut), we easily get

04(v) = (¢°(uw), 1) + (¢°(u,ut),v)?, Vv e R (1.24)
Proposition 1.9. The ellipse £ is degenerate if and only zfﬁ =0.

Proof. If N =0, Remark 1.5 i) and ii) imply that A, = 0, and dim(Ker Us) > 2, respectively.
So, there exist two linearly independent vectors v1,v, € Ker ®,, and, for any orthonormal basis
(u,ut) of R? the following equations hold
0=&,(vi) = (¢°(w), ;) + (¢°(u,ut), )%, i=1,2.
On the other hand, if w = zu + yu’ € R? is unitary, then
¢°(w) = (2% = y*)¢°(u) + 2ayq° (u, u™),

which implies that ¢°(w) = A(w)¥ for some T € {v1,15}+ and A(w) € R. This implies that & is
degenerate.

Assume now that & is degenerate, that is that ¢(w) = H + A(w)¥ for all unit w € R?. Then,

{q°(w),v) =0 for all v € ¥-. Since ¢°(w,wt) = q (M) is also colinear to U, we get that

(I)q(’/) = <q0(’UJ), V>2 + <q (’UJ, wJ_)7 V>2 = O
for all v € ¥+, Because dim - = 2 we get that dim Ker Up = 2, and Remark 1.5 ii) implies
that A, =0, and Remark 1.5 i) then guarantees that N = 0. (]

If N # 0 we can choose an orthonormal and positively oriented basis (eg, e2) of R? such that
q°(e1) and ¢°(e1, e3) are tangent to the semi-axes of £°. By defining
1\71 _4q (e1) and N q°(e1, e2)
lq°(e1)] Iq (e1,e2)]’

Equation (1.24) implies that
04(v) = 1g°(e1) (N1, 1) + [q°(e1, e2)[*(Na, v)? (1.25)

for all v € R3. We then Complete the set (Nl, NQ) to a positively oriented and orthonormal basis
(Nl,NQ,Ng) of R3: for v = 2Ny + yNg + ZN?,, we get

Dy(x,y,2) = |g°(er) Pa® + g% (e1, €2) [Py, (1.26)
and the matrix of U in (]\71, NQ,N;;) is
lq°(e1)]? 0 0
Up = 0 lg°(e1,e2)*> 0 |, (1.27)
0 0 0

which implies that |¢°(e1)|? and |¢°(e1,eq)|? are eigenvalues of Us. We may assume that
lg°(e1)|? = a® and |¢°(e1,e2)|? = b2, where a? and b? are respectively given by (1.13) and
(1.14). Let us note that the basis constructed here is in fact the basis mentioned in Remark 1.5,
especially, that N is colinear to N. We then consider the restriction ®| ., of &4 to the plane
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NL. The symmetric operator associated to (I)|NJ- is Us, L Since det Us, = a’b® # 0, we
N N

may define

() = U ().0) (1.28)

for all v € N+. This quadratic form gives an intrinsic equation for the ellipse £° :

Proposition 1.10. Let ¢ € Q(R?,R?) such that N # 0. Then the ellipse £° belongs to Nt and

we have: v € £° if and only if ®3(v) = 1.

Proof. Let us consider the basis (e, e2) of R? introduced above and, for w = wye; + woey € R
compute

¢°(w) = (w—wi)g’(er) + 2wiwag’(er, e2)
= (w? — w?)aN; + 2w wsbNo. (1.29)
The ellipse £° thus belongs to Ng- =N +, and we have
0, (¢°(w)) = <U¢T‘;L(qo(w)),qo(w»
1 2 2
_ =z 0 (wi —w3)a 2 2
= <( s b% ) ( Swiwsb , (w] — w3)a, 2wiwabd)
= (w?+ w3 (1.30)
Consequently, ®7(¢°(w)) = 1 if and only if |w|* = wi + w3 = 1. O
By writing ¢°(w) = 2N + yN, we have that £° is defined by
2?2
2tp=l

in the basis (Nl, 1\72) of N+. This implies that the positive square roots a and b of the non-zero
eigenvalues of U are the lengths of the semi-axes of £°, and thus also those of £. Therefore,
using (1.20), the area of £ is

A(E) = mab = %wu\ﬂ. (1.31)

Moreover, since £° lies in the plane N L. the ellipse & lies in the affine plane Affe := H+ Nt
Consequently, the invariant I' = %(H ,N) is zero if and only if the plane Affe goes through the
origin of R3.

N3
Ny

T T

« Ny

N,
6]

(a) If " # 0 then O ¢ Aff¢ (b) If ' = 0 then O € Affg
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2. INVARIANTS AND GAUSS MAP OF A SURFACE IN R?

The method of reduction developed in Section 1 can be applied to an arbitrary quadratic map
defined on the tangent plane of a surface in R® and with values in the corresponding normal
space. We first apply it below to the second fundamental form I7 of the surface.

2.1. An adapted basis at a point such that 7I7° # 0. For sake of simplicity we keep the
notation used in the previous section for the invariants of a general quadratic map to denote the
corresponding invariants of the second fundamental form. Denote by

I1°:=I1—H(.,.),
the traceless part of I, and assume that 17° # 0 (equivalently, a # 0). We consider in this
setting the basis (e1,ez) of T,M introduced in Section 1.4: we choose first a unit vector e;
of T,M such that II°(e;) = alNy; since the map II° increases the angle two times, the unit

vector eg such that (e, es) is a positively oriented orthogonal basis satisfies 17°(eq) = —a]\71.
Therefore,

IT°(ey,e0) = 11° (?(61 + 62)) = bN,,

V2

where the last equality holds because the unit vector 5

Thus, setting u = x1e1 + x2e2, wWe get

(e1 + e2) makes an angle of 7 with e;.

I1°(u) = a(z? — 23) Ny + 2bx125No, (2.1)
and the matrix of IT in (e1, e2) reads
[ a+a 0 N B b\ v 0\ =
II-( 0 —a+a>N1+<b 5>N2+<0 5 N3. (2.2)

The ellipse of the second fundamental form at a point p € M is known as the curvature ellipse
and has been studied in [6]; it will be denoted by £.

2.2. An interpretation of the invariants a,b,«, 8 and v by means of the Gauss map.
Consider A2R® the vector space of bivectors of R® endowed with its natural metric. The Grass-
mannian of the oriented 2-planes in R® identifies with the submanifold of unit and simple bivec-
tors
Q={neA’R”: [n[=1, nAn=0}
and the oriented Gauss map with the map
G: M—Q, p— Gp)=uAut,

where (u,u~) is a positively oriented orthonormal basis of T, M.
For all unit vector v € T,,M, the bivector dG,(u) is interpreted as an infinitesimal rotation in
R® of the tangent plane 7, M in the direction u, and, in fact, may be written in the form

dGp(u) = my + ty, + 7y,

)

where
my = —ut ANH, t, = —ut ATT(u,u) and ry = u A TT°(u, u™b)

(see (3.2) below). Here and below ul stands for the image of u by the rotation of angle +m /2
in T, M. Each term of this decomposition represents an infinitesimal rotation of the tangent
plane in the direction u, in some 3-space: the term m, represents an infinitesimal rotation of
angular velocity |ﬁ | around the line R.ut in the mean 3-space T,M & RH (the infinitesimal
mean rotation), the term t,, an infinitesimal rotation around the line R.ut in T, M ®@R.I1°(u,u),
and the term 7, an infinitesimal rotation around the line R.u in T, M & R.II°(u,u"); see [10],
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Chapter 2. Note that ¢, + 1, represents the difference between the infinitesimal rotation dG)p(u)
and the infinitesimal mean rotation.

Interpretation of a and b. The angular velocities |IT°(u,u)] of ¢, and
|I1°(u,ut)| of r, take maximal and minimal values, respectively, at the two orthogonal di-
rections e1, ex € T, M defined in Section 2.1. These directions are called the azial principal
directions at p. Since

te, = —aea A J\_fl and 7., =bey A ]\72,

the infinitesimal rotations t., and r., are rotations in the perpendicular 3-spaces T,M & R.N;

and T,M @ ]R.N'g7 and the numbers a and b are their respective angular velocities. Note that
the same interpretation holds for the tangent direction es. Because these directions are the pull-
back by the second fundamental form of the vertices of the curvature ellipse, they are the natural
generalizations of the axial principal directions for surfaces immersed in R* [5]. Moreover, this
approach allows us to interpret the axial principal directions of a surface in R* or in R® as those
directions where the angular velocities considered above reach their extreme values.

Interpretation of . Resting the mean rotation m,, to the infinitesimal rotation dG,(u) of the
tangent plane in the direction u, we get a rotation in the hyperplane 7, M ®11°(u, u)®11°(u,u");
in fact, this hyperplane does not depend on the direction u € T,,M : this is the hyperplane or-
thogonal to the vector Ng. The invariant «y is then interpreted as the velocity of the infinitesimal
mean rotation which takes place in the 3-space T, M @© R.Ng

Interpretation of o and (3. First, we rest the rotation —u" /\’yﬁg to the rotation dGp(u), and
obtain the infinitesimal rotation in the hyperplane ]Vg- Then, the numbers o and [ determine
the angular velocity |ﬁ - 7]\73| of the infinitesimal mean rotation in this hyperplane, and, if
H #+ 71\73, also determine the position of the 3-spaces T, M ® R.N; and oM @ R.N, relatively
to the mean hyperplane T,M & R(H — vN3) in Ng-, since

N o B % B ai_® &
1= ny — o 2 = ni na,
Var+pr o Jar4p? Va?+ 32 Va? + 32

where (7i1,72) is the positively oriented orthonormal basis of J\73J- C NpM such that

ﬁ — Vﬁg = II’_j - ’yﬁg,"fil
2.3. The pull-back of the Lie bracket by the Gauss map. We consider the Lie bracket
[.,.]: A’R® x A’R® — A%R5.

Its restriction to Q is a 2-form with values in A?R®. Its pull-back by the Gauss map gives the
Gauss and the normal curvatures of the surface:

Proposition 2.1. If V denotes the Levi-Civita connection on TM and V+ the normal connec-
tion on the normal bundle N M, we have

G*[.,.] = RV®V", (2.3)

where RV®V™ s the curvature of the connection V & VL on TM & NM, considered as a 2-form
on M with values in A°TM ® A2NM C M x A’R®.

This is essentially because the bracket [.,.] may be interpreted as the curvature of the tauto-
logical bundles on Q. We refer to [1] for the proof of a much more general result.
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Corollary 2.2. Let us consider the two 2-forms on Q defined by

wo, (1) = (p,[n,n']) €R  and  wg (n,1) == *(p A [n,7]) € R® (24)
forallp e Q, n,n € T,Q. Then
G'wog=Kuwy and G'wg= N wy (2.5)

where wyy is the area form of M.

Proof. This is an easy consequence of (2.3) and the fact that, if (e, e2) is a positively oriented
and orthonormal basis of TM,

Rv(el,eg) = Ke; Nes and RY" (e1,e2)(Z) = NAZ
for all Z € NM (the last identity follows from the definition of N in Section 1 together with the
fundamental Ricci equation). O
3. THE QUADRATIC MAP §

We introduce here a new quadratic map § : T,M — NpM which is strongly related to the
notion of asymptotic directions of M in R®. We apply to this map the method of reduction
exposed in Section 1, especially, we determine its invariants and the geometry of its associated
ellipse.

3.1. Definition. Let p € M, and u € T,M. We define
1
o(u) :== —§de(u) AdGy(u) € AR, (3.1)
Let us first recall the decomposition
dGy(u) = —ut A TI(u,u) +u A T(u,ut), (3.2)
which is valid for all w € T, M such that |u| = 1. It is obtained as follows: if & : (—¢,e) — M is
the geodesic such that a(0) = p and o’(0) = u, then G(a(t)) = o/(t) Aa/(t)*, and the derivative
of that expression at ¢t = 0 yields (3.2). This formula gives, if |u| = 1,
S(u) = w Aut ATT(u,u) A IT(u,u’b).
By applying the Hodge operator
x: AR5 — RS,
and keeping the notation § to denote *§, we regard § as a map with values in R®. Since it is
normal to T, M & R.II(u,u) & R.II(u,ut) we get

§(u) = II(u,u) x IT(u,u™) € N,M, (3.3)
where x denotes the standard cross product in the normal space N,M. Formula (3.1) (for all
u € TyM), or equivalently (3.3) (if |u| = 1), thus defines a quadratic map

§: T,M — N,M.
Interpretations of the map §: we see that 6(u) measures the independence of the infinitesimal
rotations —u A IT(u,u) and u A I1(u,ur) of the tangent plane around the axes R.ut and R.u.

Let us give an interpretation of §(u) in terms of a natural ellipse attached to the tangent direction
u : consider the linear transformation

II(u,): T,M — N,M (3.4)
w = I(u,w).
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The image by I1(u,.) of the unit vectors in T, M is an ellipse &, in N, M, with center at 0 € N, M,
and contained in the plane orthogonal to §(u). This plane will be called the osculating plane in
the direction u. Moreover, the area of &, is

7|11 (u,w) x IT(u,ut)| = m|6(u)].

Finally, we note that 6(u) = 0 if and only if I7(u,u) and II(u,u") are linearly dependent vectors,
i.e. the image of I1(u,.) belongs to a line £ C N,M; this equivalently means that dG,(u) is an
infinitesimal rotation of the tangent plane in the 3-dimensional space T,,M @ L, or alternatively
that the ellipse &, degenerate to a segment (supported by L).

3.2. Invariants of §. We describe here the numerical invariants of the quadratic map d in terms
of the invariants of the second fundamental form.

Proposition 3.1. Let us denote by Lg, Q5 and As the forms associated to the quadratic map §
as in Section 1. Their invariants (see Definition 1.4) are given as follows:

i) the invariant associated to Ls is %|]\7\2;

i1) the invariants associated to Qs are

o1=A, o0,=0I?K and o5=T% (3.5)

iii) the invariant associated to As is T2|H]|.
Here |H|, K, A, T and |N| still denote the invariants of I11.

The quadratic map ¢ and the invariant A are thus natural generalizations of objects introduced
in [9] for surfaces in R*.

Proof. First, using (2.2) and (3.3) and the notation introduced there, we easily obtain that the
matrix of § in the bases (e1,e2) and (N1, Na, N3) is

_( =by O = 0 avy \ = bla + ) af =
(T YR (O Y m (K Yh e

Consider v € N, M and S,‘f the symmetric operator associated to the quadratic form
Gy (u) = (6(u),v).

We easily get
1

Lo(v) = 5 tr 8= <% (5(e1) + 8(e2)) ) = <%N,y>,

since N = 2abNj (see (1.20)), and obtain 7). Now, we have by definition

Qs(v) = (8(ex),v)(d(e2), v) — (3(er, e2),1)?,

and thus
—b%y? 0 b%ya
Ugs; = 0 —a?~? a?pBy
62704 a26’y anZ _ b2042 _ a2ﬁ2

in the basis (Ny, Ny, N3). Formulas in (3.5) then follow from the very definition of the invariants.
Analogously, #i7) may be proved with the explicit expression of As in (N7, Na, N3). O
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3.3. The ellipse defined by . We denote by & C N,M the ellipse defined by the quadratic
map 6 : T,M — N, M. We describe it as follows.

Proposition 3.2. & is an ellipse with center %]\7, contained in the plane orthogonal to ﬁ
Indeed, for all unit vector u € T, M, we have

N+ H x IT(u,ub), (3.7)

DN | =

o(u) =
which in particular yields
try 6 = N  and &°(u)=H x II(u,u")

where §° 1= § — %trgé is the traceless part of 6, and g the standard inner product in R>. The
square of the lengths of the semi-azes of Es are

1 — — 2 —
@= <|N|2 —an (1N —aa) - 64r2|H|2) 7 (38)

1 - q 2 ~
b =3 <|N|2 AN - \/(|N|2 - 4A) - 64F2|H|2> . (3.9)

Proof. (3.7) is obtained by a straightforward computation using (3.6) together with the formulas
H =aN; + ﬂﬁg +7]\73 and N = 2abNs.

Now, we compute the invariants of &5 = L§ — Qs using those of §, and easily get
1, = .
Ul(U‘i’a) = 1‘N|2 — A, O'Q(U@é) = F2|H|2 and 0'3(Uq>6) =0.
Since a?(d),b%(8) are the eigenvalues of Us,, their expression follows from these invariants. [

Remark 3.3. We consider the quadratic map defined by
8 (u) := I1°(u,u) x II°(u,u™)

for all unit vector u tangent to M. We have
’ 7 1
d=Ng= 3 trdg.

We have the following interpretation of this formula: for all direction u € T'M, the infinitesimal
rotations t, and r, are rotations in the 4-space N-'1; the independence of these rotations is
measured by |N|.

Remark 3.4. Assume that the curvature ellipse £ at p € M is not degenerate. Then, it lies in
a plane II containing the origin of N, M if and only if I' = 0 at p. In that case, & becomes a
segment (possibly reduced to a point) perpendicular to II: indeed, if I' = 0 and by Proposition
3.1, A5 vanishes (& is degenerate) and o2(Ug,) = 03(Ug,) = 0 (the line containing & goes
through 0 € N,M).
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3.4. A normal curvature associated to the mean curvature directions. If u € T, M,
|u| = 1, we define the normal curvature in the direction u by the expression

kp(u) == <I£m\z,llo(u, ul)>. (3.10)

This is the component along the direction H x N of the vector tangent to the curvature ellipse
II:S'CT,M — N,M at u. It is quadratic in u € T, M. In the bases (e1, e2) and (N7, Na, N3)
considered above, we have the following expressions:

H x N = 2ab(BN; — aN,) and II°(u,u') = —2az125N; + b(2? — 23) Ny,

and therefore

Kp (u) = 7@

This curvature has the following relation with J and N: in view of (3.6), we have, if
u = x1e1 + xaeg in T, M is a unit vector,

SN = VaZ T )

= bla+ a)x? + 2afriws + bla — o). (3.11)

(bax] + 2aBw179 — bax3).

(3(u), N)

The zeroes of this quadratic expression are reached at the directions u along which the osculating
plane is orthogonal to the plane of the curvature ellipse. This condition holds if and only if

1 -
————|N|.
2\/ a2+ B2 al
Moreover, the extreme values of the quadratic form (3.11) (or equivalently of k,) are reached
at the directions along which the osculating planes are respectively the best and the worst

approximations of the plane of the ellipse: these directions are in fact the mean curvature
directions introduced in [6], and appear here associated to the quadratic differential

tip(u) =

(6, N) = b(a + a)dz? + 2aBdzidzs + bla — a)da?

(or equivalently to ;).

4. THE CONTACTS OF HIGHER ORDER OF M IN TERMS OF §

4.1. The degenerate directions and §. The family of height functions of the surface M
immersed in R® is

H:MXS4*>R3 (p’l/)F—)hu(p):<p7I/>,

where S?* is the unit sphere in R® centered at the origin. Let us recall that a direction v in NyM
is degenerate if the height function h, has a singularity at p which is not of Morse type. In this
case the kernel of the Hessian of h, contains non zero vectors. Any direction u in this kernel is
called a contact direction associated to v. We have the following relation between the curvature
ellipse and the cone determined by &5 in N, M.

Proposition 4.1. If u € T,M is such that §(u) # 0, the direction
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is a degenerate direction. Thus, the cone determined by the ellipse Es is the cone of degenerate
directions of M at p. Moreover, if I' # 0, for all unit uw € T,M the direction 6(u) determines a
height function with only one contact direction.

Proof. Let us consider a unit vector u € T,M, and the vector ut € T,M such that (u,ul) is a
positively oriented and orthonormal basis of T, M. We have
Ssy (W) = (S5 (W) wu + (S5, (), uh)ut
= (II(w),0(w))u + (I1(u, u™), (u))u*
0
since §(u) = II(u) x II(u,u") is orthogonal to both IT(u) and II(u,u"). Then u € Ker S5
and
Qrr(6(w)) = det S5(u) = 0.
Moreover, recalling Proposition 3.2,

Ssy(ut) = (S (), uthut
= (II(ub),0(u))ut
- |5(1u)| SV ) — (1T (), 6°(w) )
_ |<5(1u)| (F + (T (u) % I1°(u, ul),ﬁ>) ut
= %u% (4.1)

which finally shows that u is the only contact direction associated to the degenerate direction
o(u).
O

Remark 4.2. For surfaces in R* the fact that a shape operator S, for some v € N, M vanishes
implies that the rank of the second fundamental form at p decreases, namely, it has rank less than
or equal to 1. In the case analyzed here we conclude that there exists a vector u € T,M, |u| =1
such that S, = 0 if and only if S5, = 0 for all v € T,M, |v| =1 (since then I' = 0 by
(4.1) applied to u, and then by (4.1) applied to v), or equivalently, the second fundamental
form has rank less than or equal to two. We say in this case that p is an inflection point. On
the other hand, the second fundamental form has rank less than or equal to 1 if and only if
' = A =|N| =0 at p. See [11] for details. In [12] the authors prove that, generically, such
a point is an umbilic singularity for the height functions corresponding to all the degenerate
directions of M at p. We will refer to this kind of point as an umbilic point.

4.2. Intrinsic equation of asymptotic directions at a non-umbilic point. From now on
we consider third order geometric properties of the surface. Let p be a point of a surface M
immersed in R®. Among the degenerate directions, the binormal directions are the directions
v € N, M such that the height function h, has, at p, a singularity of cusp type, or worse; they
were introduced and studied in [12]. Any binormal direction v defines a hyperplane in R® having
a higher order of contact with the surface at p. The corresponding contact direction is called
an asymptotic direction of M at p. Let us recall that asymptotic lines are projectively invariant
lines of the surface. In fact, there is an old reference for their equation different from that we
obtain here, see [8], p. 415. If M is generically embedded, it admits at least one and at most
five asymptotic directions. In [13] is presented a local analysis of the foliations defined by the
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asymptotic directions. The main tool for this description is a quintic form whose coefficients
depend on the second fundamental form. We provide here an intrinsic expression for this quintic
form, which thus gives an intrinsic equation for the asymptotic directions. Let us first introduce
the covariant derivative of the second fundamental form: this is the (1, 3)-tensor VIT defined by

6XII(Y, Z):=Vx(II(Y,2)) - II(VxY,Z)—I1I(Y,VxZ) (4.2)
for all smooth vector fields X,Y,Z on M.

Proposition 4.3. Let M be a surface immersed in R%, p € M and u € TpyM a unit vector such
that §(u) # 0. Then M has a contact of order greater than or equal to 3 with the hyperplane

S(u)’ = {v € R® : (v, 6(u) = 0},
with contact direction u at p, if and only if
(VoI I(u,u),8(u)) = 0. (4.3)
Proof. Consider the height function with respect to 6(u), defined by
h: R = R
p o= (p6(u).

Observe that h=1(0) = &(u)’ and that h is a submersion. If a : (—g,¢) — M C R® is the
geodesic of M such that «(0) = p and o/(0) = u, we have

(hoa)™(0) = (a™(0),8(u))
for all m € N, with

aM(0) = u,
a®(0) = II(u,u),
d
a®(0) = prRLICILY

= —Str(uw (u) + VoI (u,u).
Since §(u) is a vector normal to the surface and orthogonal to I1(u,u), we get that
(hoa)M(0) = (hoa)?(0)=0
and that (h o a)®)(0) = 0 if and only if (4.3) holds. O
We thus obtain the following:

Corollary 4.4. The equation of the asymptotic lines introduced in [12] may be intrinsically
written as (4.3).

We now analyze the points of M where the Gauss map is not regular, i.e. is not an immersion.
Equation (3.2) implies that p is such a point if and only if there exists a unit vector v € T, M
such that

I1(u) = IT(u,ut) = 0;

this equivalently means that the curvature ellipse &, is a segment OA C N, M for some point
A € Np,M. Namely, it is an umbilic singularity for all the height functions corresponding to all
the degenerate directions for M at p, see Corollary 4 in [12]; such a point is called a parabolic
umbilic.

We state the following characterization of these points:
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Proposition 4.5. The Gauss map G : M — Q is not reqular at p € M if and only if there
exists a regular curve o : t € (—e,e) — a(t) of M such that a(0) = p and G o « has a order of
contact with T,y Q at t = 0 greater than or equal to 2.

Proof. Let us fix a unit vector u € T, M. If (es, eq, es5) is a given orthonormal basis of N,M, we
consider the function
H: AR’ —»R*
defined by
H(n) = ((n,uAub), (n,es Aes), (n,es Aes), (n,es Aes)).

Observe that this map is a submersion since it is linear and its kernel has dimension 6. Moreover,
Hil(O) = Tu/\uL Q.

Without loss of generality we assume that a : t € (—¢,e) — «a(t) € M is parameterized by
arc length, and a(0) = p, o/(0) = u, |u| = 1. The order of contact of G o a with Tz, Q at t =0
is greater than or equal to 2 if and only if

H((Goa)(0)) = H((Goa)"(0)) =0. (4.4)
We compute
(Goa)(t) = dGau(d/(t))
= () ANTI(/ (1), (t)F) — o/ (t)E ATI(d/ (1), (1)).
If V stands for the natural covariant derivative in R?, and omitting the parameter ¢,
(Goa) = Ved NI, o)+ AVLIT(d,a'F)
VP AN o)) =/ AV I, )
= Vuod NI, o)+ 11, o) NI, o't)
—ao! A Sip(ararty (@) + o/ AVLIT(o!,o/F)
Vot NI, d) — ( LY AT )
—a'P AVEIT(d o) + o /\SU (a,an (@)
= 2II(d, /) NTI(e, ')
+Vod NI(!,0't) — /O/L/\II(O( o)
—([I(a",a")? + [II(/, &' 4) ) Ao+
+o/ AVLIT(/ o) — o/ AVETT(, o'F).
At t = 0, we obtain
(Goa)(0)=uAII(u,u’) —ut AII(u,u)
and
(Goa)"(0) = 2II(u,u) A ITT(u,ub) — (|[TT(u,u))? + | IT(u,ub)|*)u A ut
+V ol im0 A TT(u,ut) — Vo =g A TT(u, u)
Fu AVEIII( o) i—o — u™ AVEIT (o, /)] i=0.
Consequently, H((G o «)”(0)) = 0, if and only if

) = (T, ) + [T, ub)?) = 0
Y= 2(IT(u,u) ATT(u,u’),eq Aes)
0),es Aes) = 2(II(u,u) AII(u,ul), es A es)
Y= 2(IT(u,u) AIT(u,u’), e3 Aes) =

0,
0, (4.5)
0,
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that is, if and only if I1(u,u) = II(u,u’) = 0. We observe that the first contact relation in
(4.4) holds because (G o )’ (0) = 0. O

Remark 4.6. If w € T, M is in the kernel of dG then 6(u) = 0, and A < 0. If the equality holds
the origin lies in the curvature ellipse otherwise, it does not lies in such ellipse. If I' = 0 then,
for all u € T, M, 6(u) and N are colinear.

5. A REDUCTION OF CODIMENSION OF A PARALLEL OSCULATING BUNDLE

We consider a Riemannian surface M isometrically immersed in R® and a differentiable vector
field v normal to M. Denote by B, the rank 2 fiber bundle on M with fiber the subspace
upl C Np,M normal to v at p. We say that M admits an isometric reduction of codimension into
R* preserving the projection of the second fundamental form on B, if there exists an isometric
immersion

©: M —R?
that extends to a fiber bundle isomorphism
¢:B, - NMcCR*
such that for every X, Y € TM and pu, i’ sections of B, the following equations hold

<¢(/’L)’ @(/j» = </’L7 /-/>7 @(IL,(X, Y)) = II(X’ Y)7 @(V)B;M) = V)LCQE(ML
where I, and V)B} are the orthogonal projections of the second fundamental form and the normal
connection of M C R® on B, respectively, and I and V' are the second fundamental form
and the normal connection of (M) C R%, respectively. We call an isometric immersion with
these properties a v-isometric reduction of codimension of M. Conditions for the existence of
such immersions are provided in [14]. We recall the following:

Definition 5.1. We say that a unit vector field v normal to M is a Codazzi field if the dimension
of Ker S, is equal to 1 and v is parallel along all the vectors in Ker S,, namely,

Viv =0, VucKerS,.
The following result is then a straightforward consequence of Theorem 4.11 in [14]:

Theorem 5.2. Let M be a simply connected surface immersed in R® and v a unit normal
vector field such that the dimension of Ker S, is 1. Then, there exists a v-isometric reduction
of codimension of M if and only if v is a Codazzi field.

We now determine conditions on a tangent vector u € T, M expressing that ¢ is parallel in
the direction wu; it appears that u is necessarily an asymptotic direction of M :

Proposition 5.3. Let a: (—e,e) — M be a geodesic at p tangent to u € T,M, |u| = 1. Suppose
that 0(u) # 0 and define along « the vector field

ult) = 8’ (t).
Then, p(t) is parallel att = 0 in the direction u € T,M if and only if
(Vo II(u,u),8(u)) = (Vo II(u,ub), 6(u)) = 0.
Proof. We consider the covariant derivative of the (1,2)-tensor § defined by
Vx3(Y, 2) = Vx(3(Y, 2)) = 8(VxY, Z) = §(Y,Vx Z) (5.1)

for all smooth vector fields X,Y, Z tangent to M, and denote the value of this (1, 3)-tensor at
u € T,M by
Vu0(u) = V0 (u,u).
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Then

N C Vud(u) (Vaud(u),d
va,(t)l’(‘(t)lt:(] - | (u)‘ |(5(u)|3

So, if Vi yu(t)),—, =0,

[t=0

Therefore,
(Vub(u), II(u,u)) =0 and  (V,8(u), [I(u,u")) = 0.
Since
Vud(u) = VoI I(u,u) x II(u,u’) 4+ I (u,w) X VoI (u, u™)
we deduce that
(VoII(u,u) x IT(u,u™), I (u,u)) =0
and
(I (u,u) X Vo II(u,u), I (u,u™)) = 0,

which implies
(VolI(u,u),0(uw)) = (Vo II(u,ut),d(u)) = 0.
Conversely, if

(VoII(u,u),0(u)) = (Vo II(u,u"),8(u)) =0

then V,6(u) = Ad(u) with A = W, which implies that

Vi/(t)#(t)\t:o =0.
O

Assume that a differentiable vector field u tangent to M is given and consider the rank 2
fiber bundle on M whose fiber at each point p is the osculating plane in the direction u(p). We
recall that this plane is orthogonal to d(u), see (3.4). We call this fiber bundle the osculating
fiber bundle defined by u and denote it by O,,. Moreover, suppose that the unit normal field & (u)
is parallel along u. Then, the fibre bundle O, is parallel, and according to Proposition 5.3, the
field u satisfies Equation (4.3). That is, u is a field of asymptotic directions. Since this vector
field belongs to the kernel of SS(u) and

2r

<SS(u) (uh),ut) = m7

if I' £ 0 along M the vector field g(u) is a Codazzi field. We thus obtain the following:

Corollary 5.4. Let M be a simply connected surface M immersed in R® such that T'(p) # 0 for
allp € M. Assume that u is a vector field tangent to M such that S(U) is parallel along u. Then,
u s a field of asymptotic directions, and there exists a S(u)—isometric reduction of codimension
of M whose normal bundle is isomorphic to O,. That is, the isometric immersion ¢ : M — R*
extends to a fiber bundle isomorphism ¢ : O, — NM C R*.

Consider m, : N,M — O,, the orthogonal projection on the osculating plane in the direction
u at p, and the ellipse £(u) = m,(Ep). If £(u) is not degenerate, there are two unit vectors v, w in
T,M whose corresponding osculating planes are orthogonal to O,. Moreover, the intersections
of these planes with O,, are tangent to £(u). It can be shown that this condition implies that
d(v) and §(w) are orthogonal to these intersection lines.
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If a unit vector e € T,M is given we consider the normal section ¥,(e) of M at p, which
is the curve obtained by the local intersection of the subspace R.e ® N,M C R® with M in a
neighborhood of p. Under these conditions we have

Proposition 5.5. The order of contact of the hyperplane 6(u)* C R® with the normal section
Ep(u) coincides with the order of contact of this hyperplane with the orthogonal projection of
Yp(u) on any of the osculating planes O, or O, orthogonal to O,.

Therefore, if we have an isometric reduction of codimension as in Corollary 5.4, 6(v) and §(w)
identify with the binormal directions defined by the curvature ellipse B(&€,) of (M) C R* at
p. Moreover, this proposition implies that the order of contact along asymptotic directions is
preserved by the isometric reduction of codimension. For instance for the binormal direction
4(v), the order of contact of the normal section of ¢(M) at ¢(p) along the asymptotic direction
with the hyperplane 6(v)~ C R* coincides with the order of contact of the normal section of
M at p along the same contact direction with the hyperplane d(v)+ C R®. Moreover, the mean
curvature Hi‘, and the normal curvature K j; of (M) C R* at p are such that

o)

where H and |N|? are respectively defined in Definition 1.4 and in (1.5).

H d(u)

|Htp|2 =

In the following example, we calculate the invariants of an explicit surface immersed in R?.
This surface is not contained in any affine 4-dimensional subspace of R®. Nevertheless, it admits
isometric reductions of codimension satisfying the hypothesis of Corollary 5.4. We show one of
them.

Example 5.6. Consider the surface M immersed in R® parametrized by

2

x(u,v) = (u,v,u? —v? duv, u® + v?).

We define the moving frame

(e1(u,v), e2(u,v), N1(u,v), Na(u,v), N3(u,v))

as follows: for (u,v) # (0,0), i =1,2 and j = 1,2, 3,

N’i ) . N 5
ei(u,v) = M and  Nj(u,v) = M
lei(u, v)| |N; (u, )|
with
e (u,v) = (1,0,2u,4v,2u),
E(u,v) = (—16uv,16v* + 8u? + 1, —2v(6v* + 24u? + 1), 4u(8u* + 1),
20(16v% — 8u? + 1)),
Kfl(u,v) = (0, 0,v% — u?, —uv,v? + uz) ,
NQ(U7U) = 7811 X gg X Nl X Ng,

Ny(u,v) = (2v(2v° — u?),2u(v® — 2u®), —uwv, v’ — v*,0),
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and, if (u,v) = (0,0),

61(070) = (150707070)a
e2(0,0) = (0,1,0,0,0),

N1(0,0) = (00\}50\}9

- 1 1
N2(070) = (0707_\/5707 \/5) )

N3(0,0) = (0,0,0,—1,0).

Using this moving frame to express the second fundamental form of the surface, we easily
obtain the following expressions of the invariants:

K(u,v) = —16(8v* +8u? +1)C(u,v)?,

|H(u,v)]? = 4(4096(u® + v®) + 3840(u® + v°) + (672 + 65536u20?) (u? + v*) +
(44 + 38400u%v?) (u? + v?) + 2703360 v* + 3456uv? + 1)C(u,v)?,

Au,v) = —16(16v* + 16u? + 1)C(u, v)?,
IN(u,0)> = 64(256(u’ 4 v°) + 224(u* + v*) + (28 + 6144u20?) (u? 4 v?) +
832u%v? 4 1)C (u,v)*,
L(u,v) = 8C(u,v)?

where C(u,v) = (128v* + 64u?v? + 24v? + 128u? + 24u? + 1)~ L.

Note that the condition I' > 0 at each point of M, means that the curvature ellipse is not
degenerate and does not lie in any plane passing through O € Ny(y,)M.

Now, a direct calculation shows that the vector w € Ty(y,,)M given in (e1,€e2) by
w(u,v) = (u(32v2 + 8u® + 1)\/C(u,v),v>

satisfies Sp(w) = 0 and Vi]\?l = 0, where S; denotes the shape operator associated to ]\71 and
given by

1 402(C (u,v)) /2 —4uv(320% + 8u? + 1)

Sl:E

—4uv(320% + 8u? + 1)  4u?(320? + 8u? + 1)2/C(u,v)
with

By = (160 + 8u? + 1)v/2v* + u20? + 2ut(C(u, v)) /2.
Since w = ﬁ is in the kernel of S; we have

— —

I(w,w) = (Sg,(w), )Ny + (S, (W), w)Ns,
and

I(w, %) = (Sg (@), 0 )Ny + (Sg (@), w+)Ns,
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which implies that

~ 1 )
=) — 166 % T1(6. 55 — + 7.
5(w) [[I(w,®) x II(w,wb)| (w,w) x II(w,w") ]

Thus, g(@) is parallel along w. Consequently, Corollary 5.4 implies that w is a field of asymptotic
directions, and there exists a §(w)-isometric reduction of codimension of M whose normal bundle
is isomorphic to Og.
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