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RADIAL INDEX RELATED TO AN INTERSECTION INDEX

JULIE LAPEBIE

ABsTrRACT. On a closed semialgebraic set X with an isolated singularity at 0, we consider a
vector field V' with an isolated singularity at 0 and study its radial index at the singularity.
We first prove a relation between this index and the radial index at 0 of the vector field —V
and give some corollaries of this formula. Then we express the radial index of V' at 0 in terms
of the intersection index of two submanifolds of a certain bundle defined over the link of the
singularity.

1. INTRODUCTION

To work on manifolds with singularities, we cannot work with the Poincaré-Hopf index, which
is only defined on smooth manifolds, we need to work with another one, the radial index (or
Schwartz index depending on the authors). This index was introduced by Schwartz ([10], [11])
but only concerned radial vector fields. Later, a generalization to other vector fields was made
by King and Trotman in [9] (see also [1], [5] and [12]). We will use the definition of Ebeling and
Gusein-Zade given in [6].

The aim of this paper is to study some properties of the radial index of a vector field at an
isolated singularity of a closed semialgebraic set. On a closed semialgebraic set X of dimension k
in RY with an isolated singularity at 0, we consider a vector field V. We first express the radial
index of V" at 0 in terms of the zeros of Vj;(x), the restriction of V' to the link of the singularity
(see Proposition 2.5). Then in Theorem 2.8, we relate the radial index of V' at 0 to the one of
—V at 0. Namely we prove:

e if k is even, then
ndrad(—V,0) = ind,q.q(V,0),
e if k is odd, then
indraa(V,0) + indraa(=V,0) = 2 = x(Ik(X)).
As a corollary (see Corollary 2.9), we obtain that:
indrqq(V,0) + indrqq(—=V,0) = x(1k(X)) mod 2.

When f : (R",0) — (R, 0) is an analytic function defined on a neighborhood of 0 such that the
fiber f=1(0) admits an isolated singularity, Khimshiashvili (1977) proved the following formula:
X(f7H8) N BY) =1 — sign(—0)" deg, V f,
wél}(?re d is a regular value of f such that 0 < |§] < € < 1 and deg, V[ is the degree of

T~ Sn=1 — 8§71 As a corollary of Theorem 2.8, we obtain a singular version of the

Khimshiashvili formula. Let g : X — R be the restriction to X of a C2-semialgebraic function
without any critical points on a neighborhood of 0 and such that g(0) = 0. For § a regular value
of g with 0 < 0 < € < 1, we have (see Corollary 2.10):
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e if k is even,
x(g7r ()N BN) =1 —ind,qq(Vy,0),
e if k is odd,
X971 (0) N BY) = x(k(X)) — 1+ indyaa(Vg, 0).
This gives us a direct connection between the Euler characteristic of the Milnor fiber of g and
the radial index of Vg at 0.

Finally, in the last section, we give a new characterization of the radial index of V at 0.
Remarking that a coincidence point © € lk(X) of V and —Vp, where p is the restriction to X
of the distance function to the origin and Vp is its gradient vector field, is an inward zero (see
Definition 2.4), we relate the radial index of V" at 0 to an intersection index defined in terms of
V and Vp. More precisely, we consider the normalized vector fields V and —Vp on lk(X) and
their respective graphs G and G _vy5. In Proposition 3.3, we prove that:

I(G,vﬁ, Gv) =1- z’ndmd(‘ﬂ O),
where I(G_vp, Gy ) is the intersection index of the graphs.
The paper is organized as follows: in Section 2, we write the radial index of V" at 0 as a sum
involving only the zeros of V;;(x). This enables us to prove Theorem 2.8 and the two corollaries

presented above. In Section 3 we establish the formula relating the radial index of V at 0 to an
intersection number.

2. FIRST RESULTS ON THE RADIAL INDEX

Let us consider a k-dimensional closed semialgebraic set X ¢ RY with an isolated singularity
at 0. We denote by B the closed ball of dimension N, with radius ¢ and centered at 0, by
SN=1 — BN the sphere of dimension N — 1 and by BN = BN\ SN~ the open ball. We denote
by [k(X) the link of X at 0, i.e., the intersection of X with S¥~1 where € > 0 is such that 0 is
the only singularity of X in X N BY and 0 < ¢ < 1.

Before defining the radial index of a vector field at a singularity, we need to define what a
vector field at a singularity is and what a radial vector field is.

Definition 2.1 ([3] p.32). Let V be a vector field on X C RY. We say that V admits an isolated
singularity at 0 € X if V is a continuous section of TR‘]\)]( tangent to X \ {0} and does not have
any zero on a small neighborhood of 0.

Definition 2.2. A continuous vector field V.4 tangent to X is called radial (at 0) if it is
transverse to the link of X. Moreover, we make the convention that it points outward, i.e., it
does not point toward 0.

Definition 2.3 ([7] Definition 2.1, [5], [6] Section 1 and [3] Chapter 2). Let us consider a
continuous vector field V on X with an isolated singularity at 0. Let ¢ > 0 be such that V' does
not have any zeros on X \ {0} N BY and let 0 < € < e. Let us set X = (X N BN)\ B€]Y and
X = XU X where Xe = XN SY 1 and X = XN SY

Let V be a vector field on X such that:

hd ‘ZXE = Va
o Vix_, = Viaa is a radial vector field,
° V| % , has a finite number of zeros (p;)1<i<s which are all non-degenerate.

Then we define the radial index of V at 0, denoted by ind,.q(V,0), by:

indrqq(V,0) := 1+ Z indPH(‘N/,Pi)
i=1
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For the next proposition, we need to define what a correct zero of a vector field is.

Definition 2.4. We say that a zero p € Ik(X) of V|;(x) is correct if it is a zero of Vj;,(x) and
not of V on X. Moreover we say that a correct zero p € lk(X) of Vjj(x) is an inward (resp.
outward) zero if V(p) points (resp. does not point) toward 0.

Proposition 2.5. Let X be a closed semialgebraic set with an isolated singularity at 0 and let V'
be a continuous vector field with an isolated singularity at 0. We assume that V is defined on a
neighborhood Uy of 0 in X. Let U g Uy be a neighborhood of 1k(X). Let V be a C*-perturbation
of V on Uy such that IN/‘lk(X) admits a finite number of isolated non-degenerate zeros ri,...,7¢
which are all correct, and such that V is equal to V- on Uy \ Ur. Then we have the following
equality:

t

indrqq(V,0) =1 — Z indPH(Vuk(x), 7).
i=1
r; inward zero

Proof. Let 0 < ¢ < e. We keep the notations of Definition 2.3. Let V a perturbation of V on
Uy such that:

) \N/‘ X, admits a finite number of non-degenerate zeros p1, ..., ps,
* Vix. = Vix. = Vi),

) ‘N/‘ x, isaC L_perturbation of V.4 on X, having only nondegenerate zeros qi, ..., ¢, which
are all inward in X - . This is possible for V,.,4 is radial so points inward X ... at every

point of X, .
Applying the Poincaré-Hopf theorem for manifolds with boundary (see for example [2] or [4]) to

the vector field V on the set Xeer, we get the equality:
X(Xeer) = Zi"ZdPH(vypi) + > indpr (Vx,,, )

=1 ) i=1
q; inward in X“/

t
+ Z inde(V‘Xe,ri).

i=1

r; inward in X__,
ce

As V|x_, only admits inward zeros on X/, we have

X(Xe) = Z inde(‘HﬂXg, 2 qi),

i=1

and so
t

X(Xeo) = x(Xe) =Y indpa(V,p)+ Y. indpu(Vix,,mi).

i=1 i=1
r; inward inX__,
e

But X, is a retract by deformation of X so x(Xe) = x(X). Then we find

s t

ZindPH(vai) =- Z indpu(Vix,,71),

i=1 i=1
r; inward in X__,
ce
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and therefore,

s - t
14+ indpu(V,pi) =1- > indpa(Vx.,7i),
i=1 T inwaijlin X
= z’ndmd(V, 0)
which gives us the required result. O

Remark 2.6. This proposition is a particular case of Definition 5.5 in [9].

Remark 2.7. The proof of the next theorem is similar to the one of the Poincaré-Hopf theorem
for manifolds with boundary.

Theorem 2.8. Let X be a closed semialgebraic set of dimension k with an isolated singularity
at 0 and let V' be a vector field on X with an isolated singularity at 0. Then we have the following
equalities:

e if k is even, then

indmd(—M 0) = indmd(V, 0),
e if k is odd, then
indyrqq(V,0) + indrqq(—V,0) = 2 — x(Ik(X)).

Proof. Let V be a C'-perturbation of V satisfying the conditions of Proposition 2.5. We denote

by (¢:)1<i<: the inward zeros of ‘7|lk(X) and by (p;)1<i<s its outward zeros. By Proposition 2.5,
we can write

indrqq(=V,0) =1— Z indPH(—‘N/\lk(X)»T)-

7 inward zero of —V);x(x)

But we know that

Z indPH(_v\lk(X)?T) = ZindPH(_‘N/llk(X)api)'

r inward zero of *‘7|lk(x) i=1

As X has dimension k, the link {k(X) has dimension & — 1 and so

indpr (—Vikx) pi) = (*l)kilindPH(v\lk(X)api)
Moreover, B
indraa(V,0) = 1 =3 i vard zoro of Vit indpu(Vik(x):r)
= 1= indpr (Vi) @)-
Thus we find that
S = indaqa(V,0) + ind,qq(—V,0)
= 2= indpr(Vimexy @) — (=) S0 indpr (Vimex)s pi)-

We also have the equality

t K]
X(Ik(X)) = ZindPH(Vuk(X)a ) + ZindPH(Vuk(x)mi)-

i=1 i=1
Let us compare these two equalities according to the parity of k. If k is even, then we have
S = 2=, indPH(‘rJ/lk(X)v @)+ S0 indpy (Vikx) i) _

2— Zf:tl indpa (Vik(x), ¢:) + x(1k(X)) — S indpr (Viikx), 4)
2—2 Zi:l inde(Vuk(X), q:;) + x(Ik(X))



RADIAL INDEX RELATED TO AN INTERSECTION INDEX 407

As the dimension of [k(X) is odd, its Euler characteristic vanishes. Therefore
z’ndmd(fV, 0) = indmd(V, 0)
If £ is odd, then

S = 2=t indpr(Vinx), @) — Sorey indpa (Vik(x), pi)
= 2—x(lk(X)).

The following result is straightforward consequence of Theorem 2.8.

Corollary 2.9. Let X be a closed semialgebraic set with an isolated singularity at 0 and let V
be a vector field on X with an isolated singularity at 0. Then

indyqq(V,0) + indrqq(—V,0) = x(1k(X)) mod 2.
Proof. In the previous theorem, we have seen that if k is even, then
S = indqq(V,0) + indrqa(—V,0) = 2 ind,qq(V,0) =0 mod 2.

Since in this case x(Ik(X)) = 0, we get that

S = x(lk(X)) mod 2.
If k£ is odd, then

§ =2 — x(lk(X)),

and hence

S = x(lk(X)) mod 2.

O

Finally, applying these results to the case of a gradient vector field, we obtain a singular
version of the Khimshiashvili formula.

Corollary 2.10. Let X C RY be a closed semialgebraic set of dimension k with an isolated
singularity at 0 and let us consider a function g : X — R restriction to X of a C%-semialgebraic
function. Let us suppose that g(0) = 0 and that g does not have any critical point on a neigh-
borhood of 0. Then for 0 < § < € < 1, we have the following equalities:

e if k is even,
X(gil((s) n Biv) =1—indrq.a(Vy,0),
e if k is odd,
x(g71 () N BY) = x(Ik(X)) — 1+ ind,qa(Vg,0).
Proof. From [7] Example 2.6, we know that for 0 < § < € < 1, we have
(g7 (=0)NBY) =1 - ind,ea(Vg,0).
So
x(g71(6) N BY) =1 —ind,qa(—Vg,0).
Thus by Theorem 2.8, we obtain that:
e if k is even, then
indrad(fv.g7 0) = indrad(v.ga O)a
and so
X(g_l((s) n Bév) =1—ind-.a(Vy,0),
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e if k is odd, then
indrqa(—Vyg,0) =2 — x(Ik(X)) — indrq.a(Vyg,0),
and therefore

X(gil(a) mBy) = 1- indrad(fvf]’o)
X(lk(X)) -1+ indrad(vgv O)

3. A LINK WITH AN INTERSECTION INDEX
First, we recall the definition of the intersection index of two manifolds [8].

Definition 3.1. Let X, Y and Z be three oriented manifolds without boundary such that
X,Z C Y. We suppose that X is compact, Z is closed and dim X + dimZ = dimY. If X
and Z are transverse, then we define the intersection index I(X,Z) of X and Z counting the
points x of the intersection X N Z and associating to each a plus sign + or a minus sign —.
More precisely, if for x € X N Z the given orientation of T, X x T,,Z (where we denoted by T, X
the tangent plane of X at x) is the same as the one given by the tangent plane T,Y, then we
associate a plus sign 4+ to z. We set or(z) = 1. Otherwise, we associate a minus sign — and
we set or(x) = —1. Let C(X, Z) be the set of intersection points of X and Z. Then we define
I1(X, Z) by:
I(X,Z):= Y (1)

z€C(X,2)

Remark 3.2. When X and Z are not transverse, we perturb X and Z in X and Z respectively
so that X and Z are transverse. Then the intersection index I (X Z ) exists according to the
previous definition. Moreover, as this index is invariant under perturbations, we define (X, Z)
as [(X,2) = 1(X, Z).

FiGURE 1. Example in dimension 2.

Let X C RY be a closed semialgebraic set of dimension k£ + 1 with an isolated singularity
at 0. We suppose that X \ {0} is oriented. For example, we can consider a set of the form
X = {f1 =... = fi =0} such that rank(V fi(x),...,Vfi(z)) = [ for all x € X \ {0} and where
l=N-k—-1.

We consider a C2-tangent vector field V on X \ {0} such that V has an isolated at 0. Let p
be the restriction to X of the distance function to the origin and let Vp be its gradient vector
field. Then the vector field Vp is a C2-radial vector field on X. We still denote by lk(X) the
link of X at 0.
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The vector field V' does not admit any zero on lk(X). For simplicity, we set Y := lk(X). We
can remark that Y is an oriented submanifold of X of dimension k. Indeed, we know that there
exists a (k + 1)-dimension manifold with boundary Z such that the boundary 07 of Z is equal
to Y. Here Z = X N BN \ {0}. We recall that the orientation of Y is induced by the one of
Z. Let (v1,...,v;) be a basis of Y = 9Z and let € Y. The space T, Y has codimension 1 in
T.Z so there exist exactly two unit vectors v and —% in T, Z which are orthogonal to T,Y, ¢
pointing outward and —¥ inward. We suppose that (v1, ..., v, ¥) is a positively oriented basis of
T,Z. Then the basis (v1,...,vx) is positively oriented for T,,Y and so is for Y.

For all z € Y, we introduce these two vector fields:

& V(z)

2) = Vp(x)
Y@ =

and — Vp(z) = NZEIk

We say that z is a coincidence point of V and —Vp if V(z) = —Vp(z). We see that these
coincidence points are related to the inward zeros of the vector field Vjy. Indeed, we have

V(z) = -Vi@) < V(z)=—Jedlvp@)

<= 1 is an inward zero of V}y.

Let us introduce the following set:
TUY = {(x,z‘f) |z €Y, 7€ T,X and |[7]| = 1}7
which is included in the unit tangent bundle of X, that is
TUX = {(x,ﬁ) |z € X, 7€ T,X and ||7] = 1}.

The bundle TUX is locally the product of an open set in R* with the k-sphere S* so has
dimension dim X +dim S* =k + 1+ k =2k + 1.
The set TUY is an oriented manifold of dimension 2k. Indeed,

TUY =TUX N ({p(z) = €} x R*).

The tangent bundle T'X of X is oriented so is TU X . Actually, TU X is the transverse intersection
of TX with R™ x {¢' | ||¥|| = 1}, which is also an oriented manifold. As the two manifolds TU X
and {p(x) = €} x R¥*! are oriented and their intersection is transverse, TUY is also oriented.
Moreover, its dimension is equal to 2k for it is equal to dimTUX — 1.

Let G and G_vp be the respective graphs of V and —Vp:

Go = {(x,f/(x)) |z e Y} and G_yj; = {(x, Vi) |z e Y}.

These graphs are oriented submanifolds of TUY . A positive basis of T, (@ ‘7(m))G‘7 is of the form

((e1, DV @)(€2))s s (e1, DV () (1))

for (e1, ..., €x) a positive basis of T,Y.
The following result relates ind,q.q(V,0) to I(G_vz, G¢).

Proposition 3.3. Let X C RY be a closed semialgebraic set of dimension k+1 with an isolated
singularity at 0 such that X \ {0} is oriented. Let V be a C*-vector field on X with an isolated
singularity at the origin. Then we have the equality:

I(vaﬁ, G"/w) =1- z’ndmd(V, O).
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Proof. The graphs G and G_y5 of V and —Vp respectively are oriented compact submanifolds
of TUY', each of dimension k. Then their intersection index I(G_vz, G ) is well defined.

Let us consider a coincidence point « € Y, where Y = [k(X), of V and —Vp. The point
(z,V(z)) is in this case an intersection point of the two graphs Gy and G_yp. We are going to
compute the value of or((z, ‘A/(ac)))7 which we denote for simplicity by or(x), in order to relate
it with indpy(V}y, ), the Poincaré-Hopf index of V}y at .

To compute or(z), we must find a positive basis of the tangent plane to TUY at (z,V (z))
and a positive basis for the tangent planes T(x"A,(gE))G‘; and T(Lr/(z))G—Vﬁ

Let us begin with 7 3, TUY. As X'\ {0} is a manifold of dimension k + 1, we know that
there exists a neighborhood U; of z € Y in X, and a diffeomorphism ¢; : U; — R**! such that
#1(U,) is an open set of R¥+1. Moreover, Y is a submanifold of X of dimension k so Uy NY is
a neighborhood of z in Y and ¢1(U; NY) = ¢1(U;) NR* is an open set of R¥, where we identify
R* with RF x {0} c RFT!. We will write R* x {0} = {z}+1 = 0}. So

P1(th NY) = ¢1(Uh) N {xk41 = O}
Moreover, as Z is a manifold with boundary included in X of dimension k£ + 1 and such that
0Z =Y, the open set U; N Z is a neighborhood of x in Z and

o1(U N Z) = 1 (Ur) N {zp41 = 0},

which is an open set of R* x Ry | where {x}41 > 0} denotes R* x R,.

Locally, if € Uy, the bundle TX is diffeomorphic to ¢1(U;) x RFF and TU X to ¢ (Uy) x S*.
Thus, TUY is diffeomorphic to ¢;(U; NY) x S¥. So, working with these local coordinates, we
can suppose that TX = ¢ (U;) x R¥1 and TY = ¢, (U; NY) x RFFL

We also know that

T(w7‘7($))G_vﬁ = GfDVﬁ(m) = {(u7 —DVﬁ(m)(u)) ‘ u e TIY},
and
Tov@)Go =Gpow) = {(“7DV($)(U)) |ue TwY}~
These sets are both submanifolds of dimension k.
The sphere S* is locally diffeomorphic at (0,...,0,1) to an open set of R¥ through the
projection (z1,...,Zk+1) — (21,...,2k). Then T(w ‘7($))TUY is diffeomorphic to R* x RF.
Moreover we can choose the following basis for T(I \7(:0))TU Y:

B=((e1.0)- (5,0, (0e1). ... (0.c8)),

where (eq,...,ex) is the canonical basis positively oriented of R* and for all i € {1,...,k},
(e:,0) € RF x {0}F.

The vector field Vp is unit and radial on Y and so in local coordinates the vector field —Vp
is constant equal to (0,...,0,1) € R¥+1 | A basis of T($,‘7(w))G_vp is given by

(e, =DVA@) (1), ., (ex, =DV ) (e1)))-
But DVp(z)(e;) =0 for all ¢ € {1,...,k} so this basis is finally

((61, 0), ey (ek,O)).
Similarly a basis of T ‘7(1,))6"7 is

~

((er, DV @)(en), - (e, DV (@) (ex)) )
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Thus we obtain a basis of T oanG-vp x T, Gy
V(z) 7 —VP (2,V(2))

B = ((el,o>, o (e 0), (e, DV (@)(e)),.- (ex, DV (@) (en) )

Let us compute DV (z)(e;) for all i € {1,...,k}. We know that ‘A/(ac) =(0,...,0,1) € S* s0 in
local coordinates, we have

V()= (ia(x),...,ii(aﬁ) = ( V(@) e Vi (@) )

IV (@) IV (@)
Then for all 4,5 € {1,....,k}, we have
o7 @) V@) - Gl @) Vi)
€Tr) =
9z; IV (2)[]?
But V;(z) =0 for all i € {1,..., k}, thus
Vi 1oV
x) = x).
a2, ") = V@l a2,
We finally have
S 8V1 3Vk ;
DV (2)(e1) = )l
||V )l Z a% Z 5%
where we write e; = (e}, ..., eF). Let A be the matrix [Df}(x)(el) o DV(z)(e)|. We have
g%%(x) e g%%(x) el - el
— 1 . : . .
S O AN el ) ] = wiar PViv (@)-
G(x) - Gl (x) er €
—_——
::Ide

Now the transition matrix P from B’ to B is

[ Idge | Idgs
P[ 0 A }

SO

det P =det A = det DV,
||v< y 4t PVir (@)

Perturbing V' a little if necessary, we can assume that V|y admits only non-degenerate zeros on
Y. Therefore  is a non-degenerate zero of Vjy, det DVjy (z) # 0 and

sign(det P) = sign(det DV}y (x)).

Thus we have proved that for all coincidence point x of —Vp and ‘A/, which gives us an intersection
point (z,V(x)) € TUY of G_y; and Gy, we have

sign(det DV}y (x)) = sign(det P),
where sign(det P) is or(z). Thus,

Z (—1)‘”(”) = Z sign(det DVjy (x)).

wEC(—Vﬁ,\?) x inward zero of V}y
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> sign(det DV}y (z)) = > indpu(Viy, ),

z inward zero of V|y z inward zero of V|y

and we have proved that

> indpg (Viy,z) = 1 — indyqq(V,0).

z inward zero of V|y

By definition, we have
(Govp.Gp)= Y (=)@,
zeC(—Vp,V)
This finally gives that
I(G,vﬁ, G‘A,) =1—ind.q(V,0).
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