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ON BOTT-MORSE FOLIATIONS AND THEIR POISSON STRUCTURES IN
DIMENSION THREE

M. EVANGELISTA-ALVARADO, P. SUAREZ-SERRATO, J. TORRES OROZCO, AND R. VERA

ABSTRACT. We show that a Bott-Morse foliation in dimension 3 admits a linear, singular,
Poisson structure of rank 2 with Bott-Morse singularities. We provide the Poisson bivectors
for each type of singular component, and compute the symplectic forms of the characteristic
distribution.

1. INTRODUCTION

The study of foliations on 3-manifolds has had considerable influence on the direction of low
dimensional topology. Early on Lickorish [17], and independently Novikov [19], and Zieschang,
showed that every 3-manifold admits a codimension-one foliation. The relevance of foliations
has been comprehensively presented by Calegari [4]. The relationship between foliation theory
and other topics of 3-manifolds is still being explored (e.g. [2, 7, 10, 24]). Various analytic, geo-
metric, and topological complications arise when singularities are allowed to exist in a foliation.
In this note we investigate foliations with exclusively Bott-Morse singularities in the context
of Poisson geometry, continuing the foundational work in this direction by Scardua and Seade
[20, 21]. These foliations have singularities that are modeled locally by Bott-Morse functions.

Example 1: On the unit sphere S3 inside R* let f be a Morse function defined using a height
function with respect to an axis. The level sets of f form a foliation of S2, with leaves that are
2-spheres and two singular polar points. This is one of the prototypes of a Bott-Morse foliation.

It has been suggested that it would be interesting to comprehend the Poisson manifolds
equipped with these kinds of singularities (see Example 4 [20]). We contribute to this circle of
ideas with:

Theorem 1.1. Let M be a closed, orientable, connected smooth manifold of dimension 3 equipped
with a codimension-one foliation F with Bott-Morse singularities. Then there exists a Poisson
structure on M of maximal rank 2 supported on F which vanishes precisely at the Bott-Morse
singularities. The associated bivectors are linear and can be found in Table 3. The induced
symplectic forms on the leaves are given by:
Lwarea((ﬁ
ky/x% + 23
Here k is a non-vanishing function (see §6), wareqa denotes the canonical area form of the Fu-
clidean plane, and (z1,x2) are coordinates on the leaves of F. If F is compact, then the Poisson
structure obtained is complete.

Notice that this result provides a conformal family of Poisson structures, as the function &
varies. When such a foliation on M with Bott-Morse singularities is transversally orientable and
has no saddle-connections (see definition 2.4), then its Poisson bivector vanishes only on two
points or two circles, corresponding exactly to the singularities of the foliation. In the proof
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we combine methods to determine the bivectors and symplectic forms of a Poisson structure for
which the associated Casimir functions can be described explicitly together with a gluing con-
struction that collects all the possible local Poisson structures into a global one. This involves
using the work of the second and fourth named authors [12], as we rely on certain S!-invariant
Poisson structures of dimension 4 in our arguments. Restricting these to 3-dimensional slices we
find the Poisson structures associated to the original Bott-Morse foliation.

Example 2: The abundance of foliations with Bott-Morse singularities in dimension 3 can be
seen with the help of Heegard splittings. A 3—-manifold that admits a genus—g Heegard splitting
for g > 0 supports closed Bott—Morse foliations with 2¢g non-isolated center components, 2g — 2
isolated saddles, and leaves of genus in the range 1,...,¢g (see §2.1 of [21]). Furthermore, recall
that a 3—-manifold with a genus—g Heegard splitting also admits Heegard splittings for all genera
g’ greater than g. Therefore it supports Bott—Morse foliations with genus—g’ leaves for all ¢’ > g
as well.

Let us mention a few relevant relationships to put our result into the context of Poisson geom-
etry. It was shown by Ibort and Martinez-Torres that every 3—manifold admits a regular Poisson
structure of rank 2 [15]. The two examples described above illustrate how every 3—manifold
admits a foliation with Bott-Morse singularities. As a consequence, our main result allows us to
find an associated singular Poisson structure of generic rank 2. Moreover, our result provides a
quantitative perspective as we provide explicit formulae for the local forms. Poisson structures
related to local fibrations have also been of recent interest, see for example Avendano-Vorobiev
[1]. As the structures we find are linear, there are Lie algebras associated to some of them,
which can be compared to, for example, the descriptions of Lie-Poisson structures of Ginzburg-
Weinstein [13]. In particular, the celebrated linearization result of Conn [5] is superseded by
our linear normal forms (see also Crainic-Fernandes [6]). The equivalence classes of the Poisson
structures described here can be understood in terms of weak Morita equivalence. As the genus
of the Heegard splitting in example 2 increases, the fundamental groups of the leaves of the
associated Poisson structure change, and therefore they are Morita inequivalent in the sense of
Bursztyn-Weinstein [3].

After reviewing the definitions and background needed for our arguments in §2 and §3, we
proceed to describe the Poisson bivectors in §4 and symplectic forms associated to Bott-Morse
foliations in §5. These data come together in §6 to complete the global Poisson structure and the
proof our main result. We include in §7 some restrictions to the existence of compatible Poisson
structures on Bott-Morse foliations in higher dimensions, pointing to potential extensions of this
line of research. We end with a remark in §8 about the Poisson cohomology of these structures
in the case of homogenous linear and quadratic coefficients, presented in Tables 6 and 7.
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IN102716 and UC-MEXUS CN-16-43. RV thanks UNAM-DGAPA and the partial support by
the FWO under EOS project GOH4518N. JTO thanks support from FORDECyT 265667 and
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2. BOTT-MORSE FOLIATIONS

This section follows notations used in [20] and [21], where Bott-Morse foliations on dimension
3 were described.
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Let M™ be a closed, orientable, smooth manifold of dimension m, for m > 3. Let F be a
codimension-one smooth foliation with singularities on M. Denote by Sing(F) the set of singular
points of F.

Definition 2.1. A smooth function f : M — R is said to be a Bott-Morse function if the
following conditions hold:

i) The critical set of f is a disjoint union of closed, connected embedded folds N;:
Crit(f) = Ui N;.

Such submanifolds are referred to as the critical components of the Bott-Morse function.
il) The function f is non-degenerate when restricted to any critical component.

The non-degeneracy condition for a Bott-Morse function means that for each p € N; and a
small disc ¥, transversal to N;, of complementary dimension, the restriction f|sz is a Morse
function with p a Morse singularity.

Definition 2.2. The singularities of the foliation F are called Bott-Morse singularities if:

i) The singularity set can be decomposed as:
Slng(f) = U;:le

Here N; is a closed, connected submanifold of M with codim(N;) < 2.
il) In a neighborhood of each singular point, F is defined by a Bott-Morse function.

Let p € N; be a Bott-Morse singularity and n; be the dimension of the critical component
Nj;. Then there exist a neighborhood V), C M and a foliation G, such that the restriction of F
to V}, is a product foliation P x G, for some disc P C R"™ . The foliation G is defined on a disc
D C R™™ ™ whose fibers are given by a Morse function. This implies the existence of a local
diffeomorphism ¢ : V, = P x D. Said otherwise, we have that:

e Sing(F)NV, = N;NV,.

o o(N;NV,) =P x {0} C R" x R™ "4,

e There exist local coordinates (Z,x) = (Z1, ..., Tn,, L1, s Tm—n;) € V} such that N; NV,
is defined by {(21, ..., Zm—n,) = 0} and F|y, is given by the level sets of a Morse function

JNj (.’Z’, l‘) = E;ﬂ:*l””)\y')j?, where )\j ==1.

The discs ¥, = ¢ '(z(p x D)) are transverse to N;, outside Sing(F). Denote by
G(N;) = Flg,, the transverse type of F along N;. It is a codimension-one foliation on ¥,
with an ordinary Morse singularity at {p} = N; N'X,. The Morse index is constant in N;.

Definition 2.3. A critical component N; C Sing(F) is called:
(1) A Center if the transverse type Fl|x, of F along N; is a center, that is, the Morse
singularity p has Morse index 0 or m —n;.
(2) A Saddle if the transverse type Fls, is a saddle, that is, if the Morse singularity has
Morse index different from 0 or m — n;.

Given a saddle component N; C Sing(F), a separatriz of Nj is a leaf L of the foliation F such
that its closure L contains N;. This means that L meets each small disc ¥ in R(™~7) | which
is transversal to N, in a separatrix of F|x. In a neighborhood of N;, the separatrices through p
are given by the relation: #7 + ... + 22 =22, + ... + x%j # 0, where r is the Morse index. In a
neighborhood of a center component the leaves of F are diffeomorphic to spheres S +1)
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We say that F has a saddle-connection if there exist saddle components Ny, No, N1 # N,
and a leaf L of F which is simultaneously a separatrix of N7 and Ns. If a leaf L is a separatrix
of F through N and L meets some transversal disc ¥ in two distinct separatrices of F|x then
we say L is a self-saddle-connection of F.

Definition 2.4. [21] A foliation F is a Bott-Morse foliation if:

(1) The singularities of F are of Bott-Morse type,
(2) F is transversally orientable, and
(3) F has no saddle-connections on M.

If M has dimension 3, then the dimension of N; can be 0 or 1. If dim(N;) = 0 there are two
possible center singularities and two saddle singularities. If dim(/N;) = 1 there are two possible
center singularities and one possible saddle singularity.

Remark 2.5. A foliation F is said to be compact if every leaf is compact. In this case there
are no saddle components [Proposition 1, [20]]. If every leaf of F is closed off Sing(F), then F
is said to be closed.

3. POISSON STRUCTURES

We will now include the facts needed to understand the construction of Poisson structures
with Bott-Morse singularities. The Schouten-Nijenhuis bracket is an operation which extends
the Lie derivative on multi-vector fields [, -]gy 1 XP(M) x X9(M) — XPT271(M). Among its
numerous applications, it plays a fundamental role in Poisson Geomety.

Definition 3.1. A Poisson bivector, or a Poisson structure on M is a bivector field
m € [(A’TM) = X*(M) satisfying [7,7]gy = 0.

Note that every manifold M admits a trivial Poisson structure by defining # = 0 at every
point p € M. A class of non-trivial Poisson structures are symplectic manifolds. A Poisson
structure can also be defined in terms of a bracket {, } on C°°(M). It satisfies a derivation rule,
and it endows C°°(M) with a Lie algebra structure. It follows that the bracket {g, h} depends
solely on the first derivatives of the functions g and h. The Poisson bivector and the bracket are
related by

{g,h} = m(dg, dh).

The Poisson bivector satisfies the properties of bilinearity, skew-symmetry, and the Leibniz
identity, which are defined by the bracket. The vanishing of the Schouten-Nijenhuis bracket of
the bivector m with itself corresponds to the Jacobi identity of the Poisson bracket. Nevertheless,
in this paper we will only use the description of a Poisson structure through a bivector field.

A Poisson bivector 7 can be described locally, for coordinates (z!,... 2");
1 o . 0 0
_ = ij
m(x) = 5 i]§:17r (x) pys A pyet

Here 7% (x) = n(dz®, d2?) = —7(d2?, dx?).
Given a bivector m on M, a point ¢ € M, and ay € T; M it is possible to define a bundle map
B:T*M — TM given by:

(1) By(0g)(+) = mq (-, rg)
The rank of ™ at ¢ € M to be equal to the rank of By : Ty M — T; M. This is also the rank of
the matrix 7% (x). If 7 is a Poisson bivector and h € C°°(M) is a smooth function we define the
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Hamiltonian vector field Xy, by X, = B(dh).
For a point z, € M define the linear subspace:
Lo, (M) ={v eT,,(M)[|3f € C(M), X¢(x,) = v}

Note that, T'y_ (M) = Im(B,,). The set I'(M) = {I'y, (M)} is a differentiable distribution called
the characteristic distribution of the Poisson structure. If the rank of I'(M) is constant, we call
it a regular distribution; else, it is called a singular distribution.

Theorem 3.2 (Symplectic Stratification Theorem [9]). The induced characteristic distribution
(M) of the Poisson manifold (M, ) is completely integrable, and the Poisson structure induces
symplectic structures on the leaves I'y, . This foliation is integrable in the sense of Stefan-
Sussman.

The set I'y, the symplectic leaf of M through the point g, is also the collection of points that
may be joined via piecewise smooth integral curves of Hamiltonian vector fields. Write wr, for
the symplectic form on I';. Observe that T,I'; is exactly the characteristic distribution of 7
through g. Therefore, given uy, v, € Ty, there exist oy, 8, € T, M that under B, go to u, and
vg. Using this we can describe wr,:

(2) wr, (Q)(uqavq) = 7Tq(O‘anq) = <aquq> = _<6q7uq>-
As the rank varies, so do the dimensions of the symplectic leaves of the foliation.

Definition 3.3. A Poisson manifold M is said to be complete if every Hamiltonian vector field
on M 1is complete.

Notice that M is complete if and only if every symplectic leaf is bounded in the sense that
its closure is compact.

Definition 3.4. Let M be a Poisson manifold. A function h € C°(M) is called a Casimir if
B(dh) = 0.

The following was shown in [12]:

Theorem 3.5. Let M be an orientable n-manifold, N an orientable (n — 2)-manifold, and
f:M — N a smooth map. Let p and Q be orientations of M and N respectively. The bivector
m on M defined by

(3) m(dg,dh)u = kdg ANdh N\ f*Q
for any g,h € C°(M), where k is any non-vanishing function on M is Poisson. Moreover, its

symplectic leaves are

(i) the 2-dimensional leaves f~1(s) where s € N is a reqular value of f,
(ii) the 2-dimensional leaves f~1(s)\ { Critical Points of f} where s € N is a singular value
of f.

(iii) the O-dimensional leaves corresponding to each critical point.

Equation (3) is known as the Flaschka-Ratiu formula. It provides a way to construct Poisson
manifolds with prescribed Casimirs.
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4. LOCAL EXPRESSIONS FOR THE POISSON STRUCTURES

In this section we give an explicit Poisson local structure in a neighborhood of the singularities
of fibrations F : M3 x ST — R x S, where F|ys is a Bott-Morse function. It defines a foliation
F with Bott-Morse singularities on M. We will describe the general strategy to find Poisson
local bivectors:

Step 1: Consider as Casimirs for the Poisson structure that we will find the functions Cy and Cs
that describe locally the singularity of the fibration.

Step 2: Calculate the differentials of the functions C; and Cs.

Step 3: Use the Flaschka-Ratiu formula (3) to calculate the skew-symmetric matrix IT with
matrix entries II;; = dx; A dx; A dCy A dCy. Each 1I;; is equal to the determinant
det(e;, ej,dC1,dCy), where {e;}1_; is the canonical basis of R*, and they are considered
as column vectors.

The bivector II is the matrix of the endomorphism B associated with the Poisson struc-
ture, with Cy and Cy Casimirs. Then II annihilate the differentials dC; and dCs.
Step 4: Write the Poisson bivector using the matrix found in the previous step.

4.1. Local expressions near a Bott-Morse singularity. Let (p,t) € M3 x S, for
p € N;j C Sing(F), since ¥, is transversal to N;. The following table (1) contains the Casimirs
in consideration, according to each component N;, arranged according to the dimension of the
component, their type, and their Morse index.

dim(N;) =0
Type | Morse Index Casimirs
0 (I1,$271‘3, )—ZE%‘FI%‘F‘T%
Center Co(x1, w0, 73,1) = . .
3 C1(z1, z2, T3, ):_$1_$2_x3
Co(z1, w2, 23,1) =1
1 Cr(x1, w9, w3,1) = —a7 + 23 + 23
Saddle Co(wy, @9, 23,1) = 1
9 C1(z1, w2, w3, t) = —27 — 73 + 73
Ca(z1, w9, 73,1) =11
dim(N;) =1
0 C1(x1, w9, 73,t) = 23 + 23
Center Ca(21, 29, 3, t) =t
9 Ci(z1, 12,73, t) = —27 — 23
(.’El,l'g,l'g,) t . ,
Cy(z1, 22, 23,t) = —27 +
Saddle 1 o1, o, 5. 8) — 1 2

TABLE 1. Casimirs for each Nj.

Then the corresponding differentials dC7 and dC5, for each case are found in the following table

(2):



ON BOTT-MORSE FOLIATIONS AND THEIR POISSON STRUCTURES 25

dim(N;) =0
Type | Morse Index Differentials
0 dCl(xlal'vaSa ) (21’1,2(E2,2£L’3,0)
dCy(zy1, w2, 73,t) = (0,0,0,1)
Center 3 dC (w1, 22, 73,t) = (— 2$17—2$27—2$3»0)
dCy(wy, 29, w3,t) = (0,0,0,1)
1 dCl(xhiEvada ):( 21'1,2217272.’15370)
dCs(x1, w2, x3,t) = (0,0,0,1)
Saddle 9 dCy(z1, 2, x3,t) = (— 2$17—2$2,29€3,0)
dCQ(Il,IQ,l’i;, ) = (0707 )
0 dCy(z1, w2, 73,1) = (221,272,0,0)
dCQ(LL‘l,ZL'Q,ZL’g,t) = (0 O 0 ].)
Center 5 dC (z1, 29, x3,t) = (— 2:61, —219,0,0)
dCs(x1, 2, x3,t) = (0,0,0,1)
dCy(x1, w2, w3,t) = (— 2551723:2;0 0)
Saddle ! dCy(z1, w2, 73, 1) = (0,0,0,1)

TABLE 2. Differentials of the Casimirs considered in table 1.

Each bivector has rank 2 and annihilates dC; and dC5. For simplicity we reduce our notation
of bivector fields by 0;; := 0; A 9; for i < j. The corresponding bivectors are given by the
expressions in Table 3:

dim(N;) =0

Type | Morse Index Bivector
0

Center T =k (r3012 — 22013 + x1023) (1)
3
1 T =k (—x3012 + 22013 + x1023) (2)

Saddle
2 T =k (—x3012 — 22013 + 11023) (3)
0

Center m=k(—22013 +x1023) (4)
2

Saddle 1 =k (1’2813 + ZL’1823) (5)

TABLE 3. Bivector m associated with the matrix II.

Here k = k(x1, 22, 3,t) is a non-zero smooth function on M x S*.

If m presents one of the forms as in the Table 3, then the above tensor can be interpreted
as multiple of a linear Poisson structure in R3. Hence, up to the factor k, it is dual to the Lie
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algebra structure of real dimension three possessing commutation relations between the basis
elements e, eo and eg that we will show below.

(1) If 7 is of the form (1), then
[e1,e2] = €3, [e1,e3] = —e2, [e2,e3] =e1.

This Lie algebra is isomorphic to so3(R.).
(2) If 7 is of the form (2), then

le1,e2] = —e3, [e1,e3] = e, [ea,e3] = e1.

This Lie algebra is isomorphic to sla(R).
(3) If 7 is of the form (3), then

[e1,e2] =0, [er,e3] = —e2, [ea, €3] =e1.
This Lie algebra is isomorphic to ¢(2).

Remark 4.1. The Poisson structure constructed on M3 x S1 does not depend ont € S*. Then,
the Poisson structure on M?3 is just the restriction of II to M3. Notice that each and every one
of the Poisson structures we found depend on a smooth mon-vanishing function k. That is, we
actually found a family of Poisson structures that changes with k.

5. SYMPLECTIC FORMS ON THE LEAVES NEAR SINGULARITIES

In the next section we describe the leaves of the characteristic distribution of the Poisson
structures found in the previous Section 4.1. We will present the symplectic forms for each
component of the singularity set of a Bott-Morse foliation. First, let us explain the general
procedure that we will follow.

Step 1; Obtain the tangent vectors u, and v, to the symplectic leaf I'; at ¢ € M by computing
the null space of the differentials dCy and dCs.

Step 2; Use the local expressions of the Poisson bivectors, so one can find o, such that
By(aq) = ug, similarly find 8, such that B,(8,) = v4, for the bundle map (1.)

Step 3; Calculate the symplectic form using equation (2):

wr, (Q)(Uqavq) = <aqavq> = _<quuq>

Proposition 5.1. Let ¢ = (21,72, 23,t) € B3 x St and 7 one of the bivectors of the Table 3.
The symplectic form induced by m on the symplectic leaf I', through at the point q is given by:

(4)

x
warea(q)
k(z1,x2,x3,t)\/23 + 23

Here Wareq 5 the area form on I'y induced by the euclidean metric on B3 x St

Proof. First assume x% + 23 # 0 and recall that the Casimirs for m depending on each case are
shown in the Table 1.

The following table (4) contains the vectors ug,v, tangent to each fiber I'y, for the different
components:
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dim(N;) = 0
Type | Morse Index Uqg Up
0 1
Center o (—2201 + 102) ﬁ(x%xﬁh + 21721302) + 1103
3
1 z§1+a:g (2201 + 2102) x{Tx%(x%mgal — 21222302) + 1103
Saddle -
2 22 12 (—$281 + 56132) z2_+1x2 (Sﬁ'%mgal + x1x92302) + 103
1 2 1 2
dlm(NJ) =1
0 1
Center N (—2201 + 2102)
2 103
Saddle 1 w§+w% (2201 + 1102)

TABLE 4. Tangent vectors to the fibers.

Notice that they are annihilated by dCi(q) and dC2(q). Moreover, we have chosen them to be
orthogonal with respect to the euclidean metric dz? + da3 + dz3 + dt>.

For each case, using the local expression of , it is straightforward to check that B,(ay) = ug,
for aj. O

6. GLOBAL POISSON STRUCTURE

We will now extend the local expressions of the Poisson bivectors defined on the neighborhood
of the singularity set to a global Poisson structure IT on X = M3 x S', whose symplectic foliation
is related to the fibration F': X — R x S!. Recall that F|yss is given by a Bott-Morse function
f: M? — R. The rank of II is 2 everywhere on X except at the singularities of f, where the
rank drops down to zero. The regular fibers of F' are 2-dimensional symplectic leaves of II. If
p € X is a critical point of f contained in the singular fiber F,,, then F, \ {p} is a 2-dimensional
symplectic leaf of II. The following construction of II completes the proof of Theorem 1.1.

The idea of the construction is to use the local models of the Poisson structures around
the different singularities described in Section 4 as the building blocks for II. These bivectors
together with a regular Poisson structure coming from the area forms on the 2-dimensional
leaves of the regular part of F will endow X with a global Poisson structure. We will need to
do a smooth interpolation between the singular and the regular Poisson structures. For this we
will use the following lemmata (2.8 and 2.9 in [12]).

Lemma 6.1. Let (M,w) be a reqular rank 2 Poisson manifold and g € C*°(M) be any non-
vanishing function. Then (M, gr) is a regular rank 2 Poisson manifold and the leaves of its
symplectic foliation coincide with the leaves of the symplectic foliation of (M, ).
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W=mUn Uty
Z=yUnUn
Us=muUmnun

Vs=muUmn

FIGURE 1. Schematic representation of the gluing process around a singular
point p € S.

Lemma 6.2. Let m; and wo be bivectors that define reqular rank 2 Poisson structures on the
manifold M. Assume that the symplectic foliations of w1 and 7o coincide. Then there exists a
non-vanishing function g € C*(M) such that m = gma.

Remark 6.3. Let F: X — R x S! be a Bott-Morse foliation with singular set S as described
above. There exists an open set W C X that does not contain any critical points of F, and a
reqular rank 2 Poisson structure mg defined on W such that the symplectic leaves of mg coincide
with the intersection of the fibers of f with W. Moreover, the region W satisfies

X =WUUs.
Here Us is the tubular neighborhood of the singularity set.

Recall that the Poisson structures of Table 3, were defined in the neighborhoods of the sin-
gularities. The elements of the singularity set can be assumed to be disjoint. To ease the gluing
construction we denote by ws the Poisson bivector defined on the neighborhoods of the compo-
nents of the singularity set S. That is, s € I'(A?TX) is locally defined by one of the seven
local expressions described above and is zero everywhere else. The definition of the open subset
W C X in Remark 6.3 is in terms of the open sets Vs satisfying

CcVscUs with CeS.

We define
M) = 47 i pEWATs,
7s(p) if p € Vs.

This defines IT on the complement of the set W NUgs. The set Ug is composed of the collection
of open sets defined around each of the seven types of singularities. That is, Us = Us, U- - -UUs,.
Hence, we have that WNUs = (WNUs,)UWNUs,)U---U(WNUs,). We shall now define II
on each of the open sets forming the above union. Since the neighborhoods Us,,i € {1,...,7}
are disjoint, the gluing process from the local Poisson structure around the singularities to a
regular Poisson structure is the same for all neighborhoods Us,. Thus, it is enough to show the
construction for one singularity, and we simplify this by considering just Us. The reader might
find it useful to refer to figure (1) during the following construction, taking into account that
the sets 7; are open and 7; ¢ 741 for j =1,...,4.
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In order to define Il on each connected component of W N Ug start by noticing that both
bivectors mp and ws were already defined on this set as shown in Section 4.1 and remark 6.3.
Moreover, when restricted to this open set, both bivectors define regular rank two Poisson
structures possessing the same symplectic foliation. Hence, by Lemma 6.2, there exists a non-
vanishing C'*° function g such that

s = gTF

on the component of W N Us that we are working with. By changing 7s to —ns if necessary,
we can assume that g is positive.

Consider a partition of unity, defined by two non-negative auxiliary smooth cut-off functions
o and p on a small neighborhood Z around our connected component of W N Ug that satisfy:

o 0ifp¢US o 1ifp¢U3
U(p)_{lifp§éW p(p)_{()ifp¢w

We can now extend IT to W N Ug as

(p) = (g(p)o(p) + p(p))7r(p),  for peWNS.

This is a smooth interpolation between the definitions of IT on Vs and on W \ (Us). Indeed,
as a point p € W N Us approaches Vs, the bivector II(p) approaches ws. Similarly, as a point
p € WNUs leaves Ug the bivector II(p) approximates to mp. Notice that IT as defined above is
a Poisson structure (satisfies the Jacobi identity) on W N Usg in virtue of Lemma 6.1.

As the function go + p is non-negative, we conclude that the symplectic leaves of IT on WNUg
coincide with the symplectic leaves of wr. By Proposition 6.3 these are the pieces of the fibers
of F' that lie within W N Us.

Therefore, we have produced a Poisson structure with the claimed properties. If the closure
of every symplectic leaf in our construction is compact, then the Poisson structure we obtain is
complete. This concludes the proof of Theorem (1.1).

7. OBSTRUCTIONS TO POISSON STRUCTURES ON BOTT-MORSE FOLIATIONS

If we keep the codimension-one hypothesis, then the next dimension where Poisson structures
supported on Bott-Morse foliations could be found is dimension 5, with 4-dimensional leaves.

Example 3: Consider S* canonically embedded as the unit sphere in R%. Let h be a height
function, defined by projecting S* onto a closed interval on an axis. Then —Vh is a Morse
function from S* to a closed interval I. It has two types of level sets. One type is diffeomorphic
to 3, coming from preimages of the interior points of the interval. The others are two points,
corresponding to dI. We now define a Bott-Morse foliation on the smooth 5-manifold S x S* as
follows. Set the leaves of the foliation to be given by (—=Vh)~1(¢) x S, for t in I. There are two
kinds of leaves, corresponding to the two kinds of level sets of —Vh. The first kind is diffeomor-
phic to S2 x S*, the second kind is diffeomorphic to a circle. As the singular components of this
foliation are locally modelled by a Morse function, it is an example of a Bott-Morse foliation.
Observe that, as S3 x S' has trivial second cohomology it can not be symplectic. Therefore,
this Bott-Morse foliation on S* x S' does not admit a compatible Poisson structure. This can
be seen as a special case of Example 2.6 in [21].

This example leads to the next:
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Question: Does a codimension-one Bott-Morse foliation F with symplectic leaves admit a
Poisson structure supported on F ?

In higher dimensions there is the further complexity of inequivalent symplectic structures.

Example 4: As in the previous example, a codimension-one Bott-Morse foliation may be
defined on S x S? with the help of a Morse function on S3. Consider a height function with
respect to the standard embedding so that the inverse images are now 2-spheres. The foliation
thus defined on S x S2 has leaves diffeomorphic to $? x S2, and two singular components whose
points as a set are homeomorphic to S2. Let w be an area form for S2. Notice that S? x S?
may be given symplectic forms w + Aw, which are known to produce symplectic structures that
are not equivalent when the value of A changes enough [14]. Here we face a different situation,
as the foliation itself is not enough to determine the Poisson structure. There are potentially
countably many different Poisson structures that could be associated to the underlying Bott-
Morse foliation, coming from the diversity of equivalence classes of symplectic structures on the
leaves.

Given the classification results obtained in [20, 21] there are cohomological restrictions to the
existence of Poisson structures on Bott-Morse foliations with singularities of center type. In
order for the leaves of the symplectic foliation to be even dimensional, the total space M for the
Bott-Morse foliation would have to have dimension 2n+1, for n € N. A second restriction comes
from the topology of the leaves L, which are S"-bundles over N;. For L to admit a symplectic
structure, the codimension of N; can only be 2 or 3, so that the associated sphere bundles are
either S'- or S2-bundles. These cases present the possibility to build a compatible symplectic
form. In any other case the S* bundles do not admit symplectic structures.

On one hand if codim(N;) = 2, it is not clear that the total space L of the bundle can
admit a symplectic structure when dim(M) > 7. In the case dim(M) = 5 there are examples
of S'-bundles that admit symplectic structures (see, for example, McMullen-Taubes [18] or
Friedl-Vidussi [11]).

On the other hand if codim(NN;) = 3, that is when L is an S?-bundle, it might be possible
to extend our methods but only a rank 2 Poisson structure could be constructed following our
arguments in this paper. A general construction of Thurston provides conditions for total spaces
of certain surface bundles to admit symplectic structures via symplectic fibrations [22]. One of
the requirements is that the base of the fibration is symplectic, so an additional obstruction is
that NNV; admits a symplectic form. Hence, for dim(M) = 5, codim(N;) = 3, it is possible to
apply our construction to find new examples of Bott-Morse foliations with center singularities
and compatible Poisson structures.

Moreover, another possible extension of this last idea could involve Lefschetz fibrations with
genus 0 fibers, which are well known to admit symplectic structures on their total spaces. The
work of Donaldson on Lefschetz pencils [8] asserts that for a suitable cohomology class in the
second de Rham cohomology of L, there is a symplectic structure on L with symplectic fibers.
As Lefschetz pencils are defined over S2, the possibility of constructing a singular Poisson struc-
ture that is symplectic on the complement the Bott-Morse singularities would only hold in
dim(M) = 5.

8. A REMARK ON Po1ssoN COHOMOLOGY

Poisson cohomology displays interesting global characteristics of the geometry of Poisson
structures. It reveals information about deformations of Poisson structures, which becomes
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relevant in deformation theory. In general, calculating Poisson cohomology is very hard as the
cohomology groups can be infinite dimensional, and there is no general method to compute
them. However, it is known in certain cases. For instance, for symplectic manifolds, the Poisson
cohomology is isomorphic to its de Rham cohomology HX(M) ~ Hjz(M). For a compact
Lie algebra g with corresponding Lie-Poisson structure W on g*, denote by HF, (g*) the Lie
algebra cohomology of g and by Cas(g*, W) the space of Casimirs of (g*,W). In this case
Hﬁ(g*v W) = Hfie(g*) ® Cas(g*, W).

Next we will describe the Poisson cohomology for the structures described in this work, but
first we recall its definition. Consider the space of multivector fields ¥* (M) = I'(A*T'M) and

o ) T xR (M) D 2 ()
The operator dr: X*(M) — X**1 (M), d(X) = [r, X]gy is a differential of the exterior algebra
X(M) = @pX*¥(M) and, due to the Poisson condition, it satisfies d> = 0. The pair (X(M),d,)
is called the Poisson or Lichnerowicz-Poisson cochain compler, and

ker (d,r: XF(M) — Z{k“(M))
~ Im(dy: XE-1(M) — Xk(M))
with k& € Ny are called the Poisson cohomology spaces of (M, ).

Let us comment briefly on the interpretation of the Poisson cohomology groups. The zeroeth
Poisson cohomology group H2 (M) is generated by Casimir functions, whereas H(M) measures
the Poisson vector fields that are not Hamiltonian. The cohomology group H2(M) is the quotient
of infinitesimal deformations of 7 over trivial deformations, and H2(M) reflects the obstructions
to formal deformations of .

The Tables 5, 6, and 7 summarize the Poisson cohomology of the structures associated to Bott-
Morse foliations in dimension 3. The first table presents the cases where the Poisson cohomology
is isomorphic to the Lie algebra cohomology. This is a consequence of the defined Lie algebras
being compact of semi-simple type ([9], p. 49). There are three cases where this does not apply.
When dim(N;) = 1 and the Morse index is 0 or 2, its corresponding Lie algebra is ¢(2) and
this is not semisimple. For dim(NNV;) = 0 with Morse index 2 and dim(N;) = 1 with Morse
index 1 it is not known to us what are the corresponding Lie algebras. Direct computations
with linear coefficients give a partial result on H}(M), and we describe the dimensions of the
cohomology groups and its generators. In the Tables 5, 6, and 7, we use the simplified notation
Oi = a%i A % to describe the bivector fields.

HY (M)

dim(N;) =0

Poisson Cohomology
Morse Index Poisson Bivector Lie Algebra H2(M) = H;} ,(9)

HO(M) HE(M) for k> 1
~R,
0 generated by 0
(21 + 23 + a3)
~ R,

3 generated by 0
(—af — 23 —af)
~R
1 —23012 + 12013 + 11023 5[(2, R) generated by 0
(=2 + a3 +23)
TABLE 5. Lie algebra and Poisson Cohomology of corresponding Poisson Structures.

23012 — 2013 + 1023 50(3)
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Morse Index

Poisson Bivector

Poisson cohomology with linear coefficients

HI(M) HL(M) HZ(M) H3(M)
~ R
2 —x3012 — T2013 + 11003 generated by 0 0 0
(oo — a3 +a3)
0
— w2013 + 21023 ~ R, ~R ~ R ~R

2 generated by generated by | generated by | generated by

(—x} 4 z3) (2101 + 1202) (£3012) (730123)
1 22013 + 21023

TABLE 6. Poisson Cohomology with linear coefficients associated to the Poisson structures.

dim(N;) =0

Morse Index

Poisson Bivector

Poisson cohomology with quadratic coefficients

HY(M) HI(M) HZ(M) H3(M)
~R
2 —x3012 — 2013 + 1023 | generated by 0 0 0
(—a? — 23 + 23)
dim(N;) = 1
0
—x2013 + 1023 ~R, ~ R2 ~R ~R

2 generated by generated by generated by | generated by

(—2? + x3) (ax203,b2303), a # b (x2012) (230123)
1 29013 + 21023

TABLE 7. Poisson Cohomology with quadratic coefficients associated to the
Poisson structures.
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