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MULTIPLE POINTS OF A SIMPLICIAL MAP AND IMAGE-COMPUTING
SPECTRAL SEQUENCES

JOSE LUIS CISNEROS-MOLINA AND DAVID MOND

ABSTRACT. The Image-Computing Spectral Sequence computes the homology of the image of
a finite map from the alternating homology of the multiple point spaces of the map. A related
spectral sequence, obtained by Gabrielov, Vorobjov and Zell, computes the homology of the
image of a closed map from the homology of k-fold fibred products of the map. We give new
proofs of these results, in case the map can be triangulated. Thanks to work of Hardt, this
holds for a very wide range of maps, and in particular for most of the finite maps of interest
in singularity theory. The proof seems conceptually simpler and more revealing than earlier
proofs.

1. INTRODUCTION

Spectral sequences are a powerful tool to compute (co)homology groups. One way to obtain
a spectral sequence is from a double complex: it has associated a total complex which has two
canonical filtrations, given respectively, by the columns and rows of the double complex; each
of these filtrations gives rise to a spectral sequence, both of them converging to the homology
of the total complex. One particular case which is very useful, is when one of the spectral
sequences collapses onto one of the azes, that is, all the rows (or columns) of the first page of
the spectral sequence are exact. In this case it is straightforward to see what is the homology of
the total complex. Classical examples of this situation are the Cech-de Rham (double) complex,
which is used to prove that Cech cohomology is isomorphic to de Rham cohomology [BT82,
Example 14.16], and the Hochschild-Serre spectral sequence which relates the homology of a
group to the homology of a normal subgroup and the corresponding quotient group [Bro94,
§VIIL.G).

The Image-Computing Spectral Sequence (I1CSS), computes the homology of the image of a
finite map f: X — Y from the alternating homology of the multiple point spaces D*(f) of f
(see Subsection 2.1 below for definitions of these terms). It was introduced by Victor Goryunov
and the second author in [GM93], for rational cohomology, and further developed by Goryunov,
in [Gor95], for integer homology, to study the topology of the image of a stable perturbation of
a map germ C" — CP with n < p. Besides Singularity Theory [Hou97, Hou99, Hou07, Hou05],
the 10ss has been used in Convex Geometry [KM08, CGG14]. In [GVZ04, BR17], a related
spectral sequence, which we call the GVZ Spectral Sequence (Gvzss), after its authors, Gabrielov,
Vorobjov and Zell, was used to give bounds of Betti numbers of semialgebraic sets. It computes
the image of a closed map f: X — Y from the homology of k-fold fibred products W*(f) of X.

The aim of this article is to construct the Gvzss and the 1Css, respectively, for a finite map
f: X =Y, from the double complex of chains of k-fold fibred products of X and the double
complex of alternating chains of multiple point spaces of f, by proving that their first spectral
sequences collapse onto the p-axis. These proofs seem conceptually simpler and more revealing
than earlier proofs.
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As usual, computing anything directly with singular chains is essentially impossible, and so for
the 1Css, Goryunov in [Gor95] worked instead with alternating cellular homology. In this paper,
the new approach is to work with (alternating) simplicial homology, assuming a triangulation of
the map f — that is, simplicial complexes K and L and a simplicial map F' : |K| — |L]|, together
with homeomorphisms |K| ~ X, |L| ~ Y giving a commutative diagram

1]

|L|i>Y

We show in Section 4 that a triangulation of f gives rise to triangulations of W¥(f) and D*(f)
for each k, and that these triangulations fit together in a remarkably simple way. We will refer
to them as the triangulations associated to the simplicial structure of f.

Acknowledgement. Conversations with Victor Goryunov have been very helpful for appreci-
ating the geometric intuition behind the 1¢SS. We thank the anonymous referee for carefully
reading the paper and making helpful suggestions.

2. DOUBLE COMPLEXES OF MULTIPLE POINT SPACES

Let f: X — Y be a continuous surjective map with finite fibres. For each k > 0, the k-fold
product of X fibred over f is the subspace of X* defined by

WE(S) = {(@1,. o an) € XP| fla1) = - = flan)}-

This space is simple to define but hard to work with. Besides the “strict multiple points”, where
x; # x; for each i # j, which make up what we call D*(f)g, it contains the “small diagonal”
where all the z; are equal, and all k-tuples (z1,...,2x) obtained, from an (-tuple in Dg(f) with
{ < k, by duplicating some of the members of the ¢-tuple. This plethora of components, in
general of different dimensions, makes it unwieldy. The space D*(f), defined as the closure of
Dk(f)s in X*, is simpler. For example, if f is a smooth or complex analytic map and is stable
in the sense of Thom and Mather, and at all of its non-immersive points, df has kernel rank 1,
then DF(f) is non-singular, by the results of [MM89] (see also [MNnB20, Theorem 9.4]). Thus,
if f; is a stable perturbation of a multi-germ f with isolated instability, and if at all of its non-
immersive points df; has kernel rank < 1, then the multiple point spaces of f; are smoothings of
the (possibly singular) multiple point spaces of f. The condition on the kernel rank always holds
for stable maps, if dim M < dim N < 6, by the Thom Transversality Theorem: if f: M — N is
a stable map then its jet extension map j*f : M — J¥(M, N) is transverse to all ./-invariant
strata in J¥(M, N) (see e.g. [MNnB20, page 346]), and when dim M < dim N then the set of
1-jets with differential of corank > 1 has codimension greater than 5, so that j* f cannot meet
it.

Note that at points of kernel rank > 2, the multiple point spaces may not be smooth even
when f is stable. The properties of D¥(f) are discussed further in Section 6.

Let m: W¥*(f) — X with ¢ = 1,....k be the restriction of the £’th standard projection.
Consider the map f®): W¥(f) — Y defined by f*)(x) = f(m¢(x)) for some ¢ with 1 < ¢ < k.
Evidently this is independent of the choice of £, so for convenience we take £ = 1. There are also
projections % : W¥(f) — WF=1(f), i =1,...,k, forgetting the i’th component.

Let C,(W¥(f)) be the usual free abelian group of singular n-chains in W*(f) and consider
the singular chain complex Co(WF¥(f),0F) with the usual boundary map

821 Cn(Wk(f)) — Cn—l(Wk(f))'
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The map e*: Wk(f) — W*~1(f) induces a morphism of chain complexes,
et CoWH(f)) = CoWHH(S)):

We denote by e;fn : Co(WFR(f)) = Cn(W*=L(f)) the corresponding homomorphism on n-chains.
Define the morphism p%: C,,(W¥(f)) — C,,(W*=L(f)) by

k
i—1_ik
1) o= S,
i=1
In Section 4 we will prove that pf=top% =0 and fg., 0p? =0 (Lemmata 4.12 and 4.14), hence
for each n, the sequence of n-chains

(2) o CaWE(F) 5 2 G (WR(F) 25 Cu(X) 222 € (v) — 0,

is a chain complex. Our main technical result, leading to the collapse of the spectral sequences
described in the Introduction, is Theorem 2.5 below: the chain complex (2), and the analogous
chain complex (6) of alternating chains on the spaces D¥(f), are exact.

2.1. Alternating homology of multiple point spaces. We define the k’th multiple point
space D¥(f) as the closure, in X*, of the set of strict multiple points’

DE(F) = {(x1,..,xx) € XF ay £ xj if i # j, f(z:) = f(x;) for all 4,5}

Notice that D¥(f) is a subspace of W¥(f), and the action of Sy, restricts to an action on D¥(f).

We also consider the restrictions to D*(f) of the maps m;, f*) and €% i =1,...,k. Since
all the maps £“* are left-right equivalent to one another thanks to the symmetric group actions,
when restricted to D*( f), we will use only e®* which we abbreviate to e*. Thus, we obtain a
tower of multiple point spaces

k+1 k 3 2

(3) Lo DM S DR S S D) S x Ly

Let V* denote W¥(f) or D*(f). Let C,(V*) be the usual free abelian group of singular
n-chains in V*. We define the group of alternating n-chains CX(VF) by

CAY VR = {c € C,(VF) : 04(c) = sign(o)c for all o € Si}.
Since 9% o 04 = g4 0 O for each o € Sy, the usual boundary operator
O Cr(VF) = Crg (VF)

maps alternating chains to alternating chains, and hence C21*(V'*) is a subcomplex of the usual
singular chain complex. We call its homology the alternating homology of V* and denote it by
AH,(V*). The notation AltH,(V*) is used in [Gor95]; we prefer ours, since AltH,(V*) can be
misunderstood as the image of an operator Alt : H,(VF*) — H,(V*).

Remark 2.1. The 1css was introduced in [GM93] in the context of rational homology, where
AH,(V*) coincides with the alternating isotype in H,(V*), which we denote by HAM(V}).
([MNnB20, p. 370]). In general the two are different — [MNnB20, p.371] gives the example
of the quotient map from the unit disc in R? to RP?, which identifies antipodal points on the
boundary.

LA slight variant on this definition is used in e.g. [Gaf83], [NnBPnS17] when one wishes to describe how the
multiple points change when one deforms a map. In this paper we will not need to do so, and so we use the
simpler definition.
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Motivation. By means of some elementary calculations with alternating cycles, one can easily
appreciate how the alternating homology of the multiple-point spaces D*(f) contributes to the
homology of the image of f— see e.g. [MNnB20, 10.1.1].

Remark 2.2. Kevin Houston proved in [Hou99, Theorem 3.4] that the alternating homologies
of W¥(f) and D*(f) are canonically isomorphic:

AH,(W*(f)) = AH,(D*(f)),

— essentially, on the diagonals, i.e., on W¥(f)\ D¥(f), there are no alternating chains [Hou99,
Theorem 2.7] — see Lemma 4.18 below.

Let d;: {1,...,k—1} — {1,...,k} be the monotone non-decreasing inclusion which does not
have j in its image, i. e., given by

. i ifi <y,
di(i) =9 . e
i+1 ifi>j.
Given a permutation o € Sy_; we define the permutation 67 € Sy by
() i<,
F(i)=14j if i = j,
di(o(i—1)) ifi>j.
We have that sign(57) = sign(c). By a straightforward computation we get
(4) ocoeghh =ik oGl

The chain morphisms p¥ and E;’Lk restrict to a chain morphism of the subcomplex of alternating
chains:

Lemma 2.3. There are the following inclusions:
L pi(CR(WH(f)) € CREWRL(f),
2. eyt (CAM(DE(f)) € CRM(DR=L(f)) for j=1,... k.

Proof. 1. By (4), for any n-chain ¢ in W*(f) and any o € S,_; we have
(5) ou(el () = (@(c), forj=1,... k.
From (5) and the definition of p¥ given in (1) it follows that
ou(phi(c)) = pk (e (c)).
If ¢ is alternating
o (p(e)) = o () = ph (sign(69)(e)) = sign(o)ol: ().
2. Taking in (5) ¢ an alternating n-chain in D¥(f) we have

o (el () = €48, (0% () = €, (sign(7) () = sign(o)ell, ().
(]

It is convenient to include X and Y in the tower of multiple points spaces, as D'(f) and
DO(f), and in this context to regard f : X — Y as ¢! : D'(f) — D°(f).

Lemma 2.4. 5;[1 o 8’;& =0 on CM(D*(f)).
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Proof. Consider the action of the odd permutation (k — 1, k). We have
Flocko(k—1,k) =ef"1oek,

and so

k— k
5#7ﬁosgn0(k— 1,k)u :5#505;“.

But if ¢ is an alternating n-chain,

k— k— k—
E#,; o gl;%,n o (k -1, k)#(c) = E#,r} o ngm(_c) = _5#77151:#,71(0)'

O

It follows from Lemma 2.3-2 with j = k£ and Lemma 2.4 that for each n, the sequence induced
on alternating n-chains by the tower of multiple point spaces (3),

ek &3, €3
(6) ... = CNYDE(f)) s T oM (D2(f)) 8 0 (X) 25 0u(Y) - 0,

is a chain complex.

In Section 3, using a standard sign trick, we will obtain two first quadrant double complexes
(Co(WF(£)),0F, oF) and (CME(DF(f)), 0k, EI;Z&n) from the commutative diagrams of free abelian
groups and homomorphisms given by (2) and (6). Given any first quadrant double complex, two
standard spectral sequences compute the homology of the total complex. The Gvzss and ICSS are
the spectral sequences resulting from these double complexes by first applying the differential d,
to get, respectively, E} , = Hy (WPt (f)) and E} , = AH,(DP™!(f)) with differentials (o#*).
and (egﬂ)*. The opposite spectral sequences, in which one first applies the differentials p? and
€?, are hard to make sense of with (alternating) singular homology. Our main technical result
here is the following.

Theorem 2.5. Let f: X — Y be a finite surjective simplicial map. Let V¥ be WE(f) or D*(f).
Then each projection % : V¥ — VF=1 js a simplicial map with respect to the associated trian-
gulations of the V¥, and for each n € N, the resulting complexes (2) and (6), now with simplicial
chains, are resolutions of Cp(Y') (i.e., are exact).

The proof is given in Section 4.

From the theorem, it follows immediately that the first spectral sequences collapse onto the
p-axis and we have E;,o = Cy(Y) with differential the usual boundary operator, thus showing
that the homology of the total complex is that of Y.

Here, and in what follows, X and Y are geometric simplicial complezes, and C,, and C;f‘“ denote
groups of simplicial chains, and alternating simplicial chains.

Before proceeding with the proof, let us point out that the images of “generic” smooth or
complex analytic maps f: M™ — NP (where M and N are smooth or complex analytic manifolds
with n < p) are in general very singular, whereas, as noted above, the multiple point spaces D*( f)
are in general less so, and this makes their homology more accessible than that of the image
itself.

3. THE GVZSS AND THE ICSS FROM THE DOUBLE COMPLEXES

In this section, given a finite surjective simplicial map f: X — Y between geometric sim-
plicial complexes X and Y, using Theorem 2.5 we obtain the Gvzss and the 10SS from the
second spectral sequence associated to the double complexes given by the complexes (2) and (6)
respectively.
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3.1. Spectral sequences arising from a double complex. Here we summarise the defini-
tions and main results on spectral sequences that we use. Good references for spectral sequences
are [McCO01, Rot09, Wei94]. For some intuition on the 1¢ss which can help navigate this material,
see [Mon18, §1.2 and §1.6] or [MNnB20, pp 373ff]..
A homology spectral sequence consists of the following data:
(1) A family {E} ,} of modules for all integers p, ¢ and r > 7 for some ro € Z. The total
degree of the term E is n=p+q.

(2) Homomorphisms dj, .- E) , — Ej . ..

(3) Isomorphisms between E;,ng and the homology of £}
1~ kerdy ,

P~ ; :
im dptrg—r+1

1 such that d" od” = 0.
at the term Ej :

*

The collection of modules E  for fixed r, together with the morphisms dj, ;. is often referred
to as the r’th page of the spectral sequence. Thus, item 3 above says that the r 4+ 1’st page is
obtained by taking the homology of the r’th page.

A first quadrant spectral sequence is one with EJ . = 0 unless p > 0 and ¢ > 0. If this condition
holds for 7o, then it holds for all r > rq. For fixed p and ¢, E , = E;fgl for all > max{p,q+1},
because then every arrow d;, , beginning at £, , must end at 0, and every arrow ending at E
must begin at 0. We write E§°q for this stable Value of E

A homology spectral sequence is bounded if for each n there are only finitely many nonzero
terms of total degree n in E*,*. Thus a first quadrant spectral sequence is bounded. A bounded
spectral sequence converges to a graded module H,, denoted by Ej , = Hj, 4, if for each n,
H,, has a finite filtration

0=F°'H,C---CF''H,CF'H, C FP"'H, C ... C F'H, = H,,
and there are isomorphisms
E;?,Oq = FpHp+q/Fp_1Hp+q
A double complex is an ordered triple (C,d’,d”) where C = (C)4) is a bigraded module,
dy g Cpg = Cprgand dy 2 Cpy — Cp gy such that d,_; ,od, ,=0,d,, ;0d; =0and
dy,10dy +dy y od .

(Note that for some authors, this equation is replaced by d}, ,_; ody , = dj_; ,od, ., so that
the squares commute rather than anticommuting.) A double complex (C,, ) is a first quadrant
double complex if C), ; = 0 whenever p < 0 or g < 0.

If C is a double complex, its total complez, denoted by Tot(C'), is the chain complex [Rot09,

Lemma 10.5] with n’th term
Tot(C @ Chpq»

ptg=n
with differentials D,,: Tot(C), — Tot(C),—1 given by

Dy= Y (d,+dy,)

ptg=n
We can define two filtrations of Tot(C) by
TFP(Tot(C)n) = @ Cim—ir " FP(Tot(C)y) = @ Cr—jj-
i<p Ji<p

These two filtrations determine two spectral sequences [Rot09, Theorem 10.16]. If C is a first
quadrant double complex, both filtrations are bounded and both spectral sequences converge to
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the homology of the total complex of C'. The first filtration gives the first spectral sequence

IEqu = Cp,q, with differentials dg,q =d'

P.q’
(7) 'E} = HJ(Cp,), with differentials d} , = (d,, ).,
'E} = H,H/(C) = Hpyq(Tot(C)).
The second filtration gives the second spectral sequence
HES)q = Cyp, with differentials d) , = d, .,
(8) "E) ,=H(C.p), with differentials d} , = (d, ).,

HE? = HI/H|(C) = Hyyq(Tot(C)).

Here (d;’q)* and (d;”q)* denote respectively, the homomorphisms induced in homology by the
differentials d;h q and d;,/yq of the double complex. Both spectral sequences converge to the homol-
ogy of the total complex of C. In both, the higher differentials involve both d’ and d”’, and can
be constructed by diagram chasing. In each of these cases, the filtration on the homology of the
total complex is determined by the spectral sequence itself, and is not an additional independent
datum. If a first quadrant spectral sequence converges to H,,, then each H,, has a finite filtration
of length n + 1

(9) 0=FH,CFyH,C---CF,1H,CF,H,=H,.
The bottom part FoH, = Eg;, lies on the g-axis, the intermediate quotients are

F,H,/F, 1H, ~ E>

p,n—p

and the top quotient H,/F, 1 H, = EX, lies on the p-axis.

A spectral sequence (E",d") collapses onto the p-axis if E} , = 0 for all ¢ # 0. In this case
Ex, = E2, and H,(Tot(C)) = E7?, [Rot09, Proposition 10.21]. More generally, a spectral
sequence collapses at E" if all the differentials dj , for s > r and all p, g are zero; in this case
E;’q = E;’q for s > r, and so E;f’q = E;’q.
3.2. The Gvzss and the 1css. Let f: X — Y be a finite surjective simplicial map. Since ok
and s;fn are chain morphisms, the diagrams of free abelian groups and homomorphisms given
by the arrays

(Ca(WH(), 05, p), and  (CRY(DF(f)), 0y, e )

commute, and every row and column is a chain complex. Applying the usual sign trick [Rot09,
Example 10.4], we define

n n+i—1 4,k n
(10) o =(=1)mph =D (-nmriTtelt . and ef = (—1)"eh
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to get (first quadrant) double complexes (C,,(W**L(f)), 051, ok*1) with n, k > 0:

(11)
gngl g7f+1 Q;HJ
ok ok oF oF .,
Co(WE(f)) <—— CL(Wk(f)) <—— - - <—— CU(WF(f)) <
of of of
o5 03 o}
2 af 2 6% 812 2 812+1
CoW=(f)) =— CL1(W3(f)) =— - =—C(W*(f)) =— -~
02 o3 of
81 02 o] 81 1
Co(X) C1(X) e Ci(X) o
and (CAY(DEFL(f)), 08+ ek +L) with n, k > 0:
(12)
Eg+1 671€+1 6;“+1
Alt [ Dk o Alt( Dk a3 o Alt [ Dk 8’k+1
ot (DR(f)) =—— CTH (DY (f)) =—— - =—CPH (D (f) =— -
k k k
el €7 €
& & &
82 82 o2 1
CeM(D2(f)) =<—— CPY(D2(f)) <—— - -+ =<—— CAM(D?(f)) =—
5 & e
Co(X) o1 C1(X) 0 O Ci(X) o1

Proposition 3.1. The first spectral sequences IE;’q of the double complexes (11) and (12)

collapse onto the p-axis, and thus in both cases E,QL)O ~ H,(Tot(C)) =2 H,(Y).

Proof. We give the proof for the double complex (12). The proof for the double complex (11) is
completely analogous. By (7), the first page of the first spectral sequence is given by taking the
homology with respect to the vertical differentials €? in diagram (12), i.e.,

By 4 = Hy((CM (DM (f)), ep))-
By Theorem 2.5 the chain complex (6) is exact, hence we have

IEl _ CP(X)/lm 63#7? = CP(Y) if q= 07
P4 0 if g #0.
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The differential (9y).: "E}, = Cp(X)/im 63‘#,1) — Cp_1(X)/im ei,pd =TE}_ |, corresponds

under the isomorphism to the boundary map 9,: Cp(Y) — Cp—1(Y), thus we have

IE2 _ HP(Y> if q= 07
p,q :
0 if ¢ #0.

Therefore, the spectral sequence ! By, collapses on the p-axis and H,(Tot(C)) = H,(Y). O

Corollary 3.2. 1. The second spectral sequence HE;q of the double complex (11) converges to
H,(Y), i.e.,

(13) HEl = Hq(Wp+1(f>) = Herq(Y)a

P.q
with differentials given by (g@“)*,
2. The second spectral sequence HEzl,’q of the double complex (12) converges to Hqe(Y), i.e.,

(14) HE;,q = AHq(Dp+1(f)) == Hp+q(Y)7
with differentials given by (eb+1),.

Proof. By (8), the first page of the second spectral sequence is given by taking the homol-
ogy with respect to the horizontal differentials 9, in diagram (11) (resp. in (12)), so we get
H,(WPTL(f)) (resp. AH,(DPTL(f))). It converges to the homology of the total complex, which
by Proposition 3.1 is isomorphic to He(Y). O

The second spectral sequence (13) of the double complex (11) is the GVZ Spectral Sequence.
The second spectral sequence (14) of the double complex (12) is the Image-Computing Spectral
Sequence. Note that in view of Remark 2.2, the spectral sequence with E} = AH,(WP*!(f))
coincides with the 1¢ss, and thus also converges to H, (V).

4. FINITE SIMPLICIAL MAPS

To complete the construction of the Gvzss and the 1Css it only remains to prove Theorem 2.5.
This is the aim of this section.

We suppose that X and Y are geometric simplicial complexes embedded in RY,R” respec-
tively, and that f : X — Y is simplicial, surjective and finite-to-one. We begin by establishing
some notation and proving some elementary lemmas. An ordered simplex is an affine homeo-
morphism

(to, .. .,tn) — Ztivi
[

from the standard n-simplex into X or Y which forms part of its simplicial structure; the image
of an ordered simplex is a geometric simplex. Thus, an ordered simplex of X is determined by
a geometric k-simplex together with an ordering of its vertices. We will use the symbol A to
denote an ordered simplex, and |A| to denote its image. When we need to speak of a geometric
simplex without specifying an ordering of its vertices, we will use the symbol I'. We write Cf(X)
for the free abelian group generated by the ordered k-simplices of X. If f is a simplicial map
and A an ordered simplex of X, then f(]A]) is a geometric simplex of ¥ and fx(A) an ordered
simplex. Thus f(|A]) = |f4(A)|. If A = [vg, . ..,v,] then |A| denotes its interior:

‘Al :{Ztlvzztzzlatz >0,z=0,7n}

The following properties of any simplicial complex K are well known:

(1) Each point & € K lies in the interior of a unique geometric simplex of K, which we
denote by I',.
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(2) Write |A| < |A’| when |A is a face of |A’|. Then if |A/| N |A] # 0 it follows that
|A| < |A’]. For two simplices meet only along a common face of each, so A = A is a
face of A’.

(3) For each point z,

star(z) := || U U A
r.<ial
is an open neighbourhood of x. For suppose that (x,,) — x. By local finiteness of K we
can suppose that all x,, lie in the interior of one simplex A. Then x € AN fg;, so by the
preceding statement, I';, < A, and thus all the z,, lie in star(z).

Lemma 4.1. f maps each geometric n-simplex of X isomorphically to an n-simplex of Y .

Proof. By definition of simplicial map, on the simplex A := [vg,...,v,], we have
f(z tiv;) = Z tif(vs).

If the vertices f(uvp), ..., f(v,) were affinely dependent then this map would not be finite to one.
Thus A’ := [f(vg),..., f(vn)] is an n-simplex of Y and f : |A| — |A’| is an isomorphism. O

Lemma 4.2. If f(x1) = f(x2) then the barycentric coordinates of x1 in 'y, , with respect to a
suitable ordering of the vertices, are the same as those of xa in I'y,.

Proof. Write y = f(z1) = f(zg). Ty = |[wy,...,wy]| then for ¢ = 1,2 it is possible to order

the vertices vj ) of 'z, so that f(v; @ )) = wj. Since f is linear on I'y,, the barycentric coordinates
of #; in I, are the same as those of y in T'y. O

Lemma 4.3. fy : Cy(X) — C,(Y) is surjective.

Proof. Let TV be a k-simplex in Y, and y € I’. Pick z € X such that f(z) =y. By Lemma 4.1,
f : Tz = I'" is an isomorphism. It follows that for each A’ such that IV = |A’|, there is an
ordered k-simplex A in X such that fu(A) = A’, so that fx is surjective. O

Remark 4.4. The statement of Lemma 4.3 is false in singular homology when n > 0: for
example, the figure 8 is the image of the circle X = S! under a generically 1-to-1 immersion
with one double point. A 1-simplex in the figure 8 which turns a corner at the vertex of the 8
is not the image of any 1-simplex in X.

4.1. Triangulating W¥*(f). Recall first that since X C RY, we have Wk(f) c (RNM)*.
Let y € Y. Suppose that I, is an n-simplex. Pick x € Wk(f) such that f*)(x) = y, i.e.,

f(me(x)) =y for £=1,..., k. An order of the vertices of Ty, say 'y = |[wo, ..., w,]|, determlneb
an order for the vertices of each simplex

].—‘ﬂ.[(x) = ’ {'UO go .,Ur(lz):|

)

where f(vj(»z)) = w;j for j = 0,...,n. Note that the simplices I';, () need not be pairwise distinct,
since xy may be equal to x,, for some £ # m.
The simplex

(15) P i= [, ef), o (00, o] |
is contained in W¥(f) since all its vertices are. We also denote the geometric simplex (15) by
(le(x) X oo X Fﬂ-k(x)) /Y

We claim that x is in the interior of F&k). Write y in barycentric coordinates y = Zj tjwy;
since y is in the interior of I'y, t; > 0 for j = 0,...,n. By Lemma 4.2 the barycentric coordinates
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of each point 7,(x) in I';,(x) with the vertices ordered as described, are the same as those of y

in I'y. Thus
1 k
X = th(v](- ),...,U](- ))
J
lies in the interior of I‘,(ck) since t; > 0 for j =0,...,n.
Figure 1 ilustrates the 2-simplex % for a point y € Y and the 2-simplex Ff) for a point
g Yy Y
x = (z1,72) € W2(f) with f(x1) = f(z2) = y for two cases:
a) when the 2-simplices F§E2) and F§E2) have different vertices,
1 2
(b) when the 2-simplices Fg) and Fg) have some common vertices.
(05", 03”))
I'x
T1,T
(o) gty L) (i o) (v2,v2)
(2)
U2
. Iy
Ly (z1,72) 1) (2)
- T2 (vo, vo) (v;7,v;7)
1}(()2) ’U£2)
Ugn o r., v§2)
Iy
1 21 |
ﬂ(()l) vil) Vo v§1)
2 2
r
/oy Ny
wWo w1 wWo w1
(a) 2-simplices with different vertices (b) 2-simplices with some common vertices

FIGURE 1. 2-simplices in D?(f)

Lemma 4.5. Let x € W*(f). Then

(1) the geometric simplex ¥ given in (15) is the unique geometric simplex of W*(f) con-
taining X in its interior, and
(2) for each point x € W¥(f),

(16) xe€ ‘ [(vél), . .,v(()k)), o (Y, .,vflk))} ’ & m(x) € \[véz)7 v fore=1,.. . k.

Proof. Suppose x’ lies in the interior of the n-simplex F;k). Then, with the notation of the

construction,
1 k
x = Zt; (v]( ),...,v§ )) ,
J
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for some t;, with ¢/ > 0 for j = 0,...,n and > ;t; = 1. Then m(x’) = >, t;v]@, and
me(x') € lo“m(x), so that I'z,x) = I'z,(x). It follows that FS(]?) = F,((k). Thus each point of
W¥(f) lies in the interior of a unique geometric simplex.

Let o) and o denote, for a moment, the simplices on the LHS and RHS of (16). By
construction, the statement is evidently true with interior(c(®)) and interior(c) in place of o(*)
and o. But then it follows that it must hold also for points in their closure. (|

By Lemma 4.5 the notation FL’“) is consistent with the notation I',, for the unique geometric
simplex of X containing x in its interior. Note that the “k” in I‘,((k) refers to the fact that we are

speaking of a simplex in W¥(f); it is not the dimension of the simplex.
Proposition 4.6. The forgoing construction gives W*(f) the structure of a simplicial complex.

Proof. Omitting a vertex of a simplex I'®) in W¥(f) we obtain again a geometric simplex in
Wk(f), and by Lemma 4.5 for each point x € WF¥(f), ¥ is the unique geometric simplex
containing x in its interior.

Lemma 4.5 also shows that the intersection of two simplices of W¥(f) is a face of each — this
property is inherited from the triangulation of X. O

It is important to note that the action of the symmetric group S on X* restricts to an action
on W¥(f), and moreover gives rise to an action on the triangulation we have just described. In
particular, for o € Sy we have

k k
(17) 0#(F§< )) = Pt(r(icy
Lemma 4.7. Any geometric simplex in this triangulation which is mapped to itself by o € Sk
is in fact pointwise fized.

Proof. If the simplex I' is mapped to itself by o then its vertices are permuted. Suppose that
the i’th vertex of I" is equal to the j’th vertex of o4 ("),

—

@, 0Py = (M)l

]

—~ o

7)) Bug f(vga(l))) = f(vl(l)) by the choice of
as explained in the first paragraph

%

the ordering of the vertices of the simplices I';, and I’

Then, since o = v](»a(l))7 we have f(”gl)) = f(v

<

LTo(1)?
of Subsection 4.1. So f(vga(l))) = f(v§0(1))), and since, by Lemma 4.1, f is 1-to-1 on Ty,
we must have i = j. Thus each vertex of the simplex I' is mapped to itself by o, and so I is
pointwise fixed. O

Triangulating D*(f). Let y € Y, suppose that I'y is an n-simplex, and suppose

{z1,.. 2} C F ()

with ; # @, if i # i’. Thus, the point x = (21, ..., 7)) is a point in DE(f). By Lemma 4.1, the
preimage of I'y contains the geometric n-simplices I';,, each of which is mapped isomorphically
to I'y. Suppose that I'y = [[wo, ..., w,]|, and that y = 3, t;w;. Let vj(-z) be the unique vertex

of I',, such that f(vﬁi)) =wj, fori=1,...,kand j = 0,...,n. Note that it may happen that
vj(,i) = v§il) for some ¢ # i’. By Lemma 4.2, the barycentric coordinates of each point z; in I'y,,
with the vertices ordered as described, are the same as those of y in I'y. Thus, the geometric

n-simplex

" [ o ()]
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is contained in D¥(f), and
x=(21,...,%) = th (1}§1), . .,v](-k)>
J

lies in its interior: all of the ¢;, are strictly positive since y € Fy
As before, we denote the geometric simplex (18) by ¥ or by

(Tp, x -+ xTy) /Y.

Its interior is contained in D¥(f), but some of its faces may not be. When k = 2, it is more
commonly written as I'y, Xy I'y,.

Let us consider now more general points x € DF(f), where there may be repetitions in the
k components. Such points appear in the closure of Dg( f). We claim that the simplex (15)
constructed for W¥(f) above is contained in D*(f), and contains x in its interior.

To see this, observe that by definition of D*(f) as the closure of D%(f), there is a sequence

(;c;”, . x%k)) in Dg(f) converging to x. By local finiteness of the triangulation of X, by
neN

passing to a subsequence we may suppose each individual sequence (x%))neN is contained in the
interior of a single simplex, which we denote by I'®. Note that T} # ) if ¢ % ¢ since,
by Lemma 4.1, f is one-to-one on each simplex. Then by the argument of the first part of the
construction,

(pu) VIR p(k)) /Y

is contained in D*(f). Since Loz < I'® for £ = 1,...,k, it follows that the simplex (15) is
contained in D*(f). Again, x is contained in its interior, since the barycentric coordinates of
each point mp(x) in |[v(()z), . v,(f)]| are equal to those of y in [wy, ..., w,], which are all strictly
positive.

By Lemma 4.5 T is the unique geometric simplex of D*(f) containing X in its interior.
Notation. As described in the construction, each of the simplices Ay := [v(()é), e vg)] appearing
in (15) satisfies f4(As) = [wo, . . ., wy]. It will be useful to refer to the ordered n simplex of D*(f)
appearing in (15) as (Ay x --- x Ag)/Y.

Corollary 4.8. The forgoing construction gives D*(f) the structure of a simplicial complez. In
fact, it is a simplicial subcomplex of W¥(f) with the triangulation associated to the simplicial

map f.

Proof. Tt is obvious that the simplices constructed in D*(f) are also simplices of W¥*(f). To
prove that D*(f) is a simplicial subcomplex of W¥(f), it is necessary to show that if we omit
any vertex of a simplex of D¥(f) then the resulting simplex is still a simplex of D*(f). This is

also obvious, since by omitting a vertex of a simplex I'®) we obtain a geometric simplex in the
topological closure of I'(*). ([

We also refer to this triangulation of D¥(f) as the triangulation associated to the simplicial
map f.
Proposition 4.9. Let V¥ be W*(f) or D¥(f). For each k and 1 <i < k, the map
ghk. vk 5 ph-l
s a simplicial map, with respect to the triangulations associated to the simplicial map f.

k—1)
i,k(x)'

dimension, and ¥ preserves the barycentric coordinates of each point in the simplex Fg(k). O

Proof. Tt is clear from (15) that ei’k(Fg(k)) = Fi The two geometric simplices have the same
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Remark 4.10. Let V¥ be W¥*(f) or D*(f). Consider the map f*:V* - Y defined by
f®(x) = f(me(x)) for some ¢ with 1 < ¢ < k. Evidently this is independent of the choice
of ¢, so for convenience we take £ = 1. We have

f* th <v§1),v§2),...,v§k)> = f(thU](-l)> = thf(v§1)),
J J J

the last equality because f is linear on each simplex of X. Thus f*) defines an isomorphism
Fg(k) — I ¢(ry(x)). Conversely, for any n-simplex I' in Y, each component of any point x in vk

such that f (k)(F,((k)) =Ty, lies in the interior of a simplex which is mapped isomorphically to
r

Y-

Again, let V* denote W*(f) or D*(f). Let A = [wp,...,w,] be an ordered n-simplex
of Y. Denote by Cn(VF)|a and CLM(VF)[o the collection of n-chains, and alternating n-
chains, respectively, consisting of linear combinations of ordered n-simplices A®*) such that
f;&k)(A(k)) = A. Every such simplex is of the form (A; x -+ x Ag)/Y, where each Ay is a sim-
plex of X such that fx(A,) = A. Note that by V! we mean simply X, so that both C,,(V1)|a

and CAt(V1)|a are equal to the free abelian group generated by the n-simplices A’ of X such
that fx(A") = A. We have

(A1 % X AR)JY) = (A1 x - x Ay - x Ag)/Y,
which implies the following simple but important lemma.

Lemma 4.11. C,(V*)|a and CA*(V*)|a are subcompleves of the complexes Cn(V*®) and
Cﬁh(V').

4.2. The sequence (C,(W*(f)), 0*) is a resolution of C,(Y). Now we shall prove that the
sequence (2) is exact.

1

Lemma 4.12. pf~1opk = 0.

—

Proof. This is the usual computation. Denoting by v,@ the entry that has to be removed we
have

_ 1 k
P o pk([wg”, . o), D el
k —
_ i— 1 3 k ]
= A (S Y ) D)

i=1

—&-Z(—l)iﬂ_g[(vél),...,v(()i),...,v(()j),...,U(()k)),...,(vnl),...,vg),...,v,(lj),...,vy(lk))].

J>i

The latter two summations cancel since after switching ¢ and j in the second sum, it becomes
the negative of the first. O

Remark 4.13. It is immediate from Lemma 4.12 and the definition of o¥ given in (10) that we
also have pf=1 o g% = 0. Hence all the columns of the double complex (11) are chain complexes.

Lemma 4.14. f4 , 0 p2 = 0.
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Proof.

Fam o p2 (10§, 08, W 0)]) = fan ([0S, o, 2)] = (W), ..., ()
= [ (FEPN] = [(F @), (FD)] =0

since f(vgl)) = f(vl@)) fori=1,...,n. O

By Lemma 4.12 and Lemma 4.14 the sequence (2) is a chain complex. It is also a chain
complex if we replace p¥ by oF.

Lemma 4.15. For each n, the complex (Cp,(W*(f)), 08) splits as a direct sum of subcomplexes:

(19) Co(W*(£)) = D Cr(W*(f))la-

Here the direct sum is over ordered n-simplices A in'Y .

Proof. We have already seen, in Lemma 4.11, that each of the (C,,(W*(f))|a, 0r) is a subcom-
plex. From the definition of C,,(W*(f))|a we have that if A # A’| then

Co(WH()]a 0 Ca(WH(f))]ar = 0.

Proposition 4.16. For each n > 0, the complex

S Cu(WR() 2 - 5 Gl W) 25 Cu(X) 2225 €, (v) 0
18 exact.

Proof. We have C,(Y) = @Z - A, where the direct sum is over ordered n-simplices of Y. We
claim that for each ordered n-simplex A of Y, the complex
n n n fam
= Ca(WH())a =5 - 25 CuW2())la = Co(X)|a E5H2Z-A =0

is exact. Because of the splitting of (C,(W*(f)),0!) as a direct sum of subcomplexes
(Cr(W*(f)|a,0r) given by Lemma 4.15 this will prove the proposition.

Suppose A = [wq,...,w,]. Let A’ = [vg,...,v,] be an ordered n-simplex in X such that
fu(A) = A with f(v;) =w; for j=1,...,n. Let

AR — {(vél), ... ,v(()k)), ce (vg), .. 7v(k))

be an ordered n-simplex in C,,(W¥(f))|a, that is, an ordered n-simplex in W*(f) such that
f®(AKR) = A and f(’uy)) =w; fori=1,...,k and j =1,...,n. Define homomorphisms

s Cu(WE())a = Cu(WFHL(F))]a
by
/ k k
skA ([(051)7...,1)(() )),...,(117(11),...71;&))]) = [(v07v(()1),...,u(() ))7...,(vn,vr(}),...,vff))]
for k> 1 and
S8 LA = Co(X)|a
A = [wo,. ., wy] = A= [vg, ..., v
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Hence we have the following diagram

k+2 k+1 k k—1
ont ont

—— Co(WH(f))|a == Ca(WH(H)|a — Ca(WFH(F))]a ——

!
Sﬁ, 5?—1
Id Id Id
k+2 k1 k k—1

Qn

D Cu (W) a 2 Cu(WH(f)|a — Co(WF1(f))]a

We have the following identities:

° E;Ekn oskA =1d,

1 k
e o (057 ug™) s (ol o)
1 k
= ei* ([(vo, v} %-. J05), s (o, oD, o))
:[(v61)7 ,U(k))’_ (D, )]
° gii,k-i-loskg :sﬁlloe;’fn fori>1,

e o s (w8, o), WD, )
_Eg_;k+1([(7}07v(()1)a-~-aU(()k))7~-~,(’l)n,v7(11),,,,71}7(1k)>])
:[(UO’U(()l)""’v(()i)”"’U(()k))a"'7(vnavr(zl)a~..7U'£Li)7...,vr(7,k))]7

! i,k 1 k
SkA log#n([(vé )""7U(() ))77( (1) ,Uy(;k))])
! 1 k
B, o), )
T IR ) SN I C SRR )}

o fuo sOAI =1d
From this, by the definition of o given in (10), it follows that

k+1 k
ot osp +sp ook = Z(_l)nﬂ_lg;}%l osp +sp o Z(_l)nﬂ_lg;ﬁn
=1 =1
k
1= 1
= Id.
Therefore, skA, with k£ > 0 defines a contracting homotopy and the complex is exact. O

4.3. The sequence (C21(D*(f)),e*) is a resolution of C,(Y). Now it is the turn to prove
that the sequence (6) is exact.

Lemma 4.17. Ei,n (CT‘L\“(DQ(f))) =ker (fun: Cp(X) = Cp(Y)).
Proof. We have already seen in Lemma 2.4 that
E?#,n (Oﬁdt(D2(f)>) C ker (f#’n : Cn(X) — Cn(Y)) .

Now we prove the opposite inclusion.
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Suppose that ¢ := ). m;A; is a chain in ker fyu ,,: Cp(X) = Cp(Y):

Write [[c[| :== _, |m;]|. We can assume that for each i # j with m; # 0 # m;, we have A; # Aj.
For each simplex A;, with m;, # 0, let A,,, ..., A;_ be the simplices with non-zero coefficients in
csuch that fu n(Ai;) = f#n(As ). We can assume that m;, > 0. Thus 25:1 m;; = 0. Without

loss of generality we can assume that m;, < 0. Let A;; = [vo,...,v,] and A;, = [v(,...,v,]; our

assumptions means that f(v;) = f(v;) for 7 =0,...,n. Thus, as explained in the construction
of the triangulation of the D¥(f) preceding Corollary 4.8, A;, Xy Aiy = [(v0,04); - - - (Vn, v},)] s
an n-simplex in the triangulation of D?(f). Then
=0 xy Ay, — Ay Xy Ay, = [(00,00), -+ (U, V)] = [(05,00), -+ -5 (V) v5)]
is an alternating n-chain on D?(f) and
8%@7]’(6/) = Ail — AiQ.

The chain ¢ — % (¢) lies in ker fy ,, and moreover |lc — &%, (¢')[| < ||¢[|. By induction on ||,
we conclude that

ker f#,n C 5;2&;&,71 (Cr[?lt(DQ(f)) .
Since the opposite inclusion always holds, this is an equality. O

For any simplex A*) in the triangulation of DF(f), let
(20) Altz(AM) = >~ sign(o)oy (AK),

€Sk
Clearly AltZ(A(k)) is an alternating chain. We use the subindex 7Z to distinguish this operator
from the more familiar projection operator Altg = % Yo S, sign(o)o4.

Lemma 4.18. 1. If the simplex A®) in D*(f) is invariant under some non-trivial permutation
o € Sy, then A¥) does not appear in any irredundant expression of any alternating chain ¢,
and moreover Altz(A®)) = 0.

2. Let Ay be an n-simplex in'Y, and let Aq,...,An be simplices in X for which fu(A;) = Ay,
with A; # A fori # j. For1 < iy < .-+ <1 < N, denote the sequence i1,...,i; by I,
and let Agk) be the n-simplex (A;, x -+ x A;,)/Y in D*(f). Then C2(D*(f))|a, is freely

generated over Z by the alternating chains AltZ(Agk)) for such I.

Proof. 1. If A®) is invariant under some non-trivial permutation o € S, pick i # j such that
o(i) = j. The fact that A% is invariant under o means that |A®*)| is contained in the set
{z; = 2;} € X*, and hence A®) is invariant under (4, j). Suppose that the coefficient of A*)
in some alternating chain ¢ on DF(f) is m. Because (i,j) leaves A®) fixed, its coefficient in
(i,7)#(c) is also m. But because c is alternating and sign(i,j) = —1, we must have m = —m.
Thus m = 0.

If A% is invariant under some non-trivial permutation, so is o4 (A®)) for each o € Si. It

follows that Alt(AEk)) =0.

2. By part 1 of the lemma, every simplex A*) appearing non-trivially in an alternating chain is
in the Sy orbit of some simplex A(Ik) with I as described. The argument just given shows that
for any such simplex Agk), the simplices O’#(Agk)), o € Sk, are pairwise distinct, and thus that
the coefficient of A(Ik) in AltZ(Agk)) is equal to 1. Now let ¢ be an alternating simplicial n-chain
on D¥(f). We claim that c is a linear combination of chains Alt(Agk)). To see this, suppose

that m # 0 is the coefficient of Agk) in an irredundant expression of ¢ as linear combination of
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ordered simplices. Let ||c|| be the sum of the absolute values of the coefficients of the simplices
in such an expression. Because c is alternating, for each o € Sy, the coefficient of 0#(A§k)) is
sign(o)m. It follows that
k
e = mAltz(AP)]| < [le].

Hence, by induction on ||c||, ¢ is a linear combination of alternating chains AltZ(A(Ik)).

That there are no relations among distinct chains AltzA(k); is obvious: if I = {i1,..., i}
and I’ # I then the simplex (A;; x --- X A;,)/Y does not appear in Altz AW O

Remark 4.19. The lemma shows that CA%(DF(f)) is equal to the image of the “Alternation
Operator” Alty : C,(D*(f)) — CA*(D¥(f)). We learned this from Kevin Houston’s paper
[Hou97]. This is a special feature of this Si-action. In contrast, consider the action of S5 on RxR?
defined by o(t, 1, z2,23) = ((sign 0)t, 25(1), To(2), Zo(3y). The point (1,2, 2, ) is then invariant
only under even permutations. If we apply Alty to (1, z,z, x), we get 3((1, z, z,x) — (=1, z, x, z)).
The alternating 0-chain (1, z,z,2) — (—1,z,z, ) is not in the image of Alty.

Lemma 4.20. For each n, the complex (C2(D*(f)), %) splits as a direct sum of complezes:

v n

(21) CM(D*(f)) = D O™ (D*(f))]a-
Here the direct sum is over ordered n-simplices A in'Y .

Proof. We have already seen, in Lemma 4.11, that each of the (C2(D*(f))|a,€%) is a subcom-
plex. If A # A’, then

CRI(DE(F)la N R (D (f)|ar = 0.
The splitting (21) now follows from Lemma 4.18. O
Now we prove the main theorem.

Proposition 4.21. For each n > 0, the complex of alternating simplicial chains

er €3 €2 n
o CNYDE(f)) D CAYD2(f)) S 0 (X) 2 O (Y) 0,
18 exact.

Proof. We have C,,(Y) =@ Z- A, where the direct sum is over n-simplices of Y. We claim that
for each n-simplex A of Y, the complex

(22) ... = CAEYDR(F))a D D CAYD2(f))|a D5 Cu(X)|a ESZA 0

is exact. Because of the splitting of (CA*(D*(f)),e®) as a direct sum of subcomplexes
(CAY(D*(f))|a,€), this will prove the proposition. Let Aj,..., Ay be the distinct simplices
A" of X such that fu(A’) = A. To prove exactness of (22), we show it is chain-isomorphic
to a well-known exact complex, namely the augmented oriented simplicial chain complex of the
standard N — 1-simplex AN=1 :=[ey, ..., en], with degree shifted by 1, C"(AN=1)[1],

(23) T O (ANTY) 2 O (ANTY) s O (ANTY) S 2 0
with d the usual simplicial boundary map: for a k — 1 face [e;,, ..., e;, | of AN"1

k
Oeirs-vei)) =D (=17 ew, ey, ei],

Jj=1

and (3, mse;) = >, m;. In fact to obtain a bona fide chain isomorphism, we would have to
modify the sign of the boundary operators in (23). Since our aim is simply to prove exactness
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of (22), it is enough instead to construct an isomorphism ¢y, : CAM(D*(f))|a — C*,(ANT1)
for each k such that the following diagram

CM(DE(f)) — T OAN(DE(f)

Ry (AN 2, (ANTY)
is almost commutative, that is
(24) pr-106y = (=)Mo gy
Recall from Lemma 4.18 that CA(D*(f))|a is freely generated by the n-chains
Altz(Aiy x - x A,)/Y,

where 1 <141 < --- <1 < N. When k = 1, this of course just reduces to the single simplex A;; .
We map each such generator to the oriented k — 1 face [e;,, ..., e;, ] of AN~1 obtaining in this
way an isomorphism

o O (DM (f)]a — CRL (AN,
And we define pg(mA) = m. To prove (24), recall first that ¢* = (—1)”5’:‘#7”. Since Eiﬁm maps

,]2 , moreover since

51:;&,n((Ai1 X X Alk)/y) = (A'Ll X X Aik—1)/yv

alternating chains to alternating chains, so does €

it follows that €® (Altz(A;, x -+ x A;,)/Y) must be a linear combination of chains
Altz((Ag, x - X Ay, X -+ x Ay,))Y)
with 1 < ¢ <k, and it is necessary only to determine the coefficient of each. The simplex
(A X - XZ;X X ALY
itself appears only once in the expression of
b (Altz((Ag, x -+ x Ay)/Y)
as a linear combination of simplices, namely as
E;}L,nsign(gk’[)(akl)#((Ail XX A )Y,

where o, ¢ is the permutation taking the ordered set (0,...,k) to (0,...,¢,...,k,¢). This per-
mutation has sign (—1)¥=¢. It follows that this, multiplied by (—1)", is the coefficient of
Altz (A, x -+ % Z—; X oo X A;,))Y) in €¥(Altz(As, x -+ x A;,)/Y). The coefficient of
[€irs ey @ips ooy 0 Opp (Altz((Ag, X --- x Ay,)/Y) is (—1)*1, thus showing that (24) holds,
and completing the proof. O

Putting together Proposition 4.9, Proposition 4.16 and Proposition 4.21 we obtain the proof
of Theorem 2.5, completing the construction of the Gvzss and the 1Css.

4.4. Comparison with other proofs. The first construction of the (cohomological) 1Css, for
rational cohomology only, in [GM93], was based on the exactness of the sequence of locally
constant sheaves

0——Qy —— f*(@X) — f,EZ)(AthDz(f)) —_— f,EB)(AthDg(f)) _ .

Exactness was proved by the same argument as used here in Proposition 4.21. Goryunov in
[Gor95] used a geometric realisation Y of the semi-simple object D*(f) due to Vassiliev and
described in [Vas0l]: it is formed by beginning with X embedded in some high-dimensional
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Euclidean space, and then adding, for each pair of points 1,2 with f(z1) = f(x2), the 1-
simplex [x1, zg], for each triple z1, 29, z3 with f(x1) = f(z2) = f(x3) the 2-simplex [z, x2, z3],
etc. The embedding of X in R¥ is chosen so general that none of these added simplices meet one
another except by the standard face inclusions. There is then a natural surjection Yo — Y, and
for each y € Y the preimage in Y is a simplex. From this it follows that Yo — Y is a homotopy
equivalence, so that the homology of ¥ may be computed as the homology of Ys. Goryunov
showed in [Gor95] that the alternating homology AH,(D¥(f)) was isomorphic to the relative
homology Hq+k,1(YC’§, YGk*l), where Y(’f is X together with the added simplices of dimension
< k, and the 10ss (14) is thus reduced to the spectral sequence for the homology of the filtered
space Yg.

Our argument here is clearly closely related to Goryunov’s proof. It seems likely that the
total complex of the double complex (C2(D*(f)),d,¢€®) is isomorphic to the simplicial chain
complex of some triangulation of Y. It would be interesting to prove this.

In [Hou07] Houston generalises the ICSS and in particular also takes into account an action
of another group.

The construction of the c¢vzss in [GVZ04] for a closed map f: X — Y uses the fibred join
X %y X to define the join space J/(X) as the quotient space of the disjoint union of spaces

JIX)=Xxy sy X, p=0,1,...

p+ 1 times

identifying Jg_l(X) with each of its images ¢)i(J,{_1(X)) in JJ(X) for i = 0,...,p, where ¢; is
the natural embedding which does not have the i’th copy of X in its image. Hence, there is a nat-
ural filtration of the join space Jf(X) given by J{(X) c J{(X)c---c jg(X) - c JH(X)
where j}{ (X) is the image of JIJ: (X) in Jf(X) under the quotient. The authors proved that the
quotient space jg(X)/jgfl(X) is homotopically equivalent to the p’th suspension SP(WP*1(f))
of WPH1(f). There is a natural map F: Jf(X) — Y induced by f. It is proved that the fibres
of F are homologically trivial and by the Vietoris-Begle Theorem H,(J7 (X)) = H,(Y). The
Gvzss (13) follows from the spectral sequence associated to the filtered space Jf(X). Since this
construction uses the homotopy equivalence J;{ (X)/ jg_l(X ) =~ SP(WPTL(f)) and the isomor-

phism H,,,(SP(WP*1)) = H, (WPH1) it is very difficult to give the differentials even of the first
page of the spectral sequence. In contrast, our construction gives these differentials explicitly.

Remark 4.22 (Simplicial vs Singular). Our theorem relates the alternating simplicial homology
of the DF(f) to the simplicial homology of the image, Y. It is well known that singular and
simplicial homology coincide. In fact a variant of the standard proof shows that the same goes
for alternating simplicial homology and alternating singular homology.

5. COHOMOLOGY

The complex Homz(CAY(D*F1(f)),Z) is exact, since CA*(D*F1(f)) is a resolution of a free
Z-module, C,,(Y). This shows that there is an 1Css also for the cohomology of the image, if we
define alternating cohomology to be the homology of the complex Homgz(C2Y(DF(f)), Z).

An apparently different approach is to define alternating cochains by analogy with the definition
of alternating chains:

CXlt(Dk(f)) ={yYe C"(Dk(f)) : a#(w) = sign(o)y for all o € Si}.

In fact, thanks to Lemma 4.18, the two approaches are equivalent.
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Given ¢ € Hom(CA®(D*(f)),Z), define a cochain Alty) € C™(DF(f)) by composing with
Altz : Co(D*(f)) — CAY(DE(f)). If o € Sy, we check that for any chain ¢ € C,,(D*(f)),

Alty(oxe) = Y(Altz(og(c)) = < > Sign(T)T#J#(C)>

TES)

= sign(o)y ( > sign(r)sign(o)(r o 0)#(6))

TESE
= sign(o) () (Altz(c)) = sign(o)Alt;w(c).
Thus Altyp € CR, (DF(f)). In fact Alt}, gives a homomorphism of cochain complexes
Homy (C3'(D*()), Z) — CRi(D* (),

and thus a homomorphism of cohomology groups.

It has an inverse 0 : C%,,(D*(f)) — Homgz(CM(D¥(f)),Z), defined as follows. Suppose that
¢ € CR, (D¥(f)) and ¢ € CAY(D*(f)). We can write ¢ = >, m;Altz(c;), where each ¢; is
a simplex. This representation is not unique, because for any o; € Sk, the alternating chain
Altz(c;) can also be written as sign(o;)Altz (o4 (c;)). However, because ¢ is alternating, we
have

Z mip(c;) = Z ¢ (mgsign(o;)oig(ci)),

so that 8(y) is well-defined by the formula
0() (Z miAltZ(Ci)> = Z mp(c;).

Once again, 6 is a homomorphism of cochain complexes.
Since, for any simplex c,

Altz(6(#))(c) = 0(p)(Altz(c)) = ¢(c),

and for any alternating chain ¢ = Y, m;Altz(c;),
0(Altz(1))(c) = Z mi Al () (i) = > map(Altg(e)) = ¢(c),

6 and Alt; are mutually inverse. We conclude that

H* (Homz (G (D*(f)), Z)) =~ H*(CR,(D*(f)).-

6. APPLICATIONS IN SINGULARITY THEORY

In this section we briefly survey some applications of the 1CSs in singularity theory. First,
finite analytic and subanalytic maps can all be triangulated, thanks to the following theorem of
Hardt (Theorem 3.1 in [Har77]).

Theorem 6.1. 1. Let P C R" be a closed finite-dimensional sub-analytic set and N C R™ q
real analytic space, and let f: P — N be a proper light subanalytic map. Then there exist
simplicial complexes 4 and € and homeomorphisms g: 4 — P and h: s — f(P), and a
simplicial map p: 9 — H such that f = hopog™?t.

2. Suppose, in the same situation, that 2 and Z are locally finite families of closed subanalytic
sets in P and f(P), respectively. Then the simplicial complexes 4 and J€, and the homeo-
morphisms g and h, can all be chosen so that g~1(Q) is a subcomplex of 4 and h=*(R) is a

subcomplez of F for all Q € 2 and R € X.
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A map is light if the preimage of a discrete set is discrete. Every real analytic space (and
hence every complex analytic space) is subanalytic, and the same goes for analytic maps. Thus,
our construction of the 1CSs applies, for example, to a stable perturbation f; of an &7-finite map-
germs (F",S) — (FP,0) (where F = R or C) when n < p, and, when n > p, to the restriction to
the critical space of a stable perturbation of an «/-finite germ. The 1CsS calculates the homology
of the image in the former case, and of the discriminant (set of critical values) in the latter. The
1Css was first developed in this context.

If fo is a map-germ fp : (C™,0) — (CP,0) with n < p, of corank < 1 (i.e., dim ker dfy = 1) then
D¥(fy) is an isolated complete intersection singularity (ICIS) provided its expected dimension,
n — (k —1)(p — n), is non-negative, see [MM89]. If f; is a stable perturbation of f; then each
DFk(f;) is smooth, and of expected dimension. It is thus a Milnor fibre of an ICIS, and hence,
crucially, has reduced homology only in middle dimension (i.e., n—(k—1)(p—n)), see [Ham71] (or
[Loo84] for an account in English). In [Gor95, §2], Goryunov shows that the homology AH, (X)
of the alternating chain complex on the Milnor fibre X of an Si-invariant ICIS coincides with
the alternating part of its regular homology, H2*(X), and thus it too is concentrated in middle
dimension. From this it follows that the 1CSS collapses at E', and the homology of the image Y
can be read off from it. To simplify the resulting formula, let r := p — n. Then if, first, » > 1,
we have

Z if g=0,
(25) Hy(Ye) =  HM  ((DR(f) ifg=n—(k=1)(r—1)>0,
0 otherwise

If r = 1, then all the multiple point spaces contribute to the n’th homology of the image, and
the graded module arising from the resulting filtration on H, (Y;) satisfies

n+1

(26) GrH,( @Hmt k-1 ( (D*(f2))-

It is known, by a Morse-theoretic argument, that in this case the image has the homotopy type
of a wedge of n-spheres.

In [Hou97, Theorem 4.6], Kevin Houston proved the remarkable theorem that even without
the hypothesis on the corank of f, AH,(D¥(f;)) is concentrated in middle dimension, and is free
abelian, so that the 1css collapses at E' and the formulae (25) and (26), with AH, replacing
HAY continue to hold. This is all the more remarkable because when fy has corank > 1, the
multiple point spaces D¥(fy) are no longer complete intersections, and, indeed, examples (see
e.g. [Monl8]) show that their homology is not necessarily concentrated in middle dimension.
It is only the alternating homology that has this pleasant property. Houston has to replace
HAY(D*(fy)) by AH,.(D*(fo)) since it is not known whether the two coincide when D*(fy) is
not an ICIS. Note, however, that for rational homology, the two always coincide. An example (not
from singularity theory) where they do not coincide is given by the quotient map ¢ : B> — RP?,
where B? is the closed unit disc in R? and the map ¢ identifies antipodal points on the boundary
SL. Here D?(q) is isomorphic to S? itself, and its involution is identified with the antipodal map.
Evidently H{M(D?(q)) is trivial, but one calculates that AHq(D?(q)) ~ Z/27Z.

Section 3 of [GM93] gives an expression for the rank of the alternating cohomology of the
spaces D*(f) in terms of the Milnor number of the fixed point sets of permutations o € Sy.
These have recently been extended by Giménez Conejero in the preprint [GimCon22].

REFERENCES

[BR17] Saugata Basu and Cordian Riener. Bounding the equivariant Betti numbers of symmetric semi-
algebraic sets. Adv. Math., 305:803-855, 2017. DOI: 10.1016/j.aim.2016.09.015
[BT82] Raoul Bott and Loring W. Tu. Differential Forms in Algebraic Topology. 82. 1982.


https://doi.org/10.1016/j.aim.2016.09.015

212

[Bro94]
[CGG14]

[Gaf83]

[GVZ04]
[GimCon22]
[Gor95]
[GM93]
[Ham?71]
[Har77]
[Hou97]

[Hou99]

[Hou05]
[Hou07]
[KMO8]

[Loo84]

[MMS89)]
[Mat69]
[McCO1]

[Mon18]

[MNnB20]
[NnBPnS17]
[Rot09]

[Vas01]

[Wei94]

JOSE LUIS CISNEROS-MOLINA AND DAVID MOND

Kenneth S. Brown. Cohomology of groups, volume 87 of Graduate Texts in Mathematics. Springer-
Verlag, New York, 1994. Corrected reprint of the 1982 original.

Eric Colin de Verditre, Grégory Ginot, and Xavier Goaoc. Helly numbers of acyclic families. Adv.
Math., 253:163-193, 2014. DOI: 10.1016/j.aim.2013.11.004

Terence Gaffney. Multiple points and associated ramification loci. In Singularities, Part 1 (Arcata,
Calif., 1981), volume 40 of Proc. Sympos. Pure Math., pages 429-437. Amer. Math. Soc., Providence,
RI, 1983. DOI: 10.1090/pspum/040.1/713082

A. Gabrielov, N. Vorobjov, and T. Zell. Betti numbers of semialgebraic and sub-Pfaffian sets. J.
London Math. Soc. (2), 69(1):27-43, 2004. DOI: 10.1112/s0024610703004939

Roberto Gimenéz-Conejero. Isotypes of ICIS and deformations of map-germs, 2022.
arXiv: 2207.05196v1

Victor V. Goryunov. Semi-simplicial resolutions and homology of images and discriminants of map-
pings. Proc. London Math. Soc. (3), 70(2):363-385, 1995. DOI: 10.1112/plms/s3-70.2.363

Victor V. Goryunov and David Mond. Vanishing cohomology of singularities of mappings. Compo-
sitio Math., 89(1):45-80, 1993. numdam: CM_1993_89_1_45_0

Helmut Hamm. Lokale topologische Eigenschaften komplexer Rdume. Math. Ann., 191:235-252,
1971. DOI: 10.1007/bf01578709

Robert M. Hardt. Triangulation of subanalytic sets and proper light subanalytic maps. Invent.
Math., 38(3):207-217, 1976/77. DOI: 10.1007/bf01403128

Kevin Houston. Local topology of images of finite complex analytic maps. Topology, 36(5):1077—
1121, 1997. DOI: 10.1016/s0040-9383(96)00041-9

Kevin Houston. An introduction to the image computing spectral sequence. In Singularity theory
(Liverpool, 1996), volume 263 of London Math. Soc. Lecture Note Ser., pages xxi—xxii, 305-324.
Cambridge Univ. Press, Cambridge, 1999. DOI: 10.1017/cb09780511569265.020

Kevin Houston. On the topology of augmentations and concatenations of singularities. Manuscripta
Math., 117(4):383-405, 2005. DOI: 10.1007/s00229-005-0552-7

Kevin Houston. A general image computing spectral sequence. In Singularity theory, pages 651-675.
World Sci. Publ., Hackensack, NJ, 2007. DOI: 10.1142/9789812707499_0027

Gil Kalai and Roy Meshulam. Leray numbers of projections and a topological Helly-type theorem.
J. Topol., 1(3):551-556, 2008. DOI: 10.1112/jtopol/jtn010

E. J. N. Looijenga. Isolated singular points on complete intersections, volume 77 of Lon-
don Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 1984.
DOI: 10.1126/science.227.4686.512.a

Washington Luiz Marar and David Mond. Multiple point schemes for corank 1 maps. J. London
Math. Soc. (2), 39(3):553-567, 1989. DOI: 10.1112/jlms/s2-39.3.553

J. N. Mather. Stability of C'>° mappings. II. Infinitesimal stability implies stability. Ann. of Math.
(2), 89:254-291, 1969. DOI: 10.2307/1970668

John McCleary. A user’s guide to spectral sequences, volume 58 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, second edition, 2001.

David Mond. Disentanglements of corank 2 map-germs: two examples. In Singularities and Fo-
liations. Geometry, Topology and Applications, volume 222 of Proceedings in Mathematics and
Statistics, pages 229-258. Springer, Berlin, 2018. DOI: 10.1007/978-3-319-73639-6_7

David Mond and Juan J. Nufio Ballesteros. Singularities of Mappings. Grundlehren der mathema-
tischen Wissenschaften 357. Springer, Switzerland, 2020

Juan J. Nufio Ballesteros and Guillermo Penafort Sanchis. Multiple point spaces of finite holomor-
phic maps. Q. J. Math., 68(2):369-390, 2017. DOI: 10.1093/qmath/haw042

Joseph J. Rotman. An introduction to homological algebra. Universitext. Springer, New York, second
edition, 2009.

Victor Vassiliev. Resolutions of discriminants and topology of their complements. In New develop-
ments in singularity theory (Cambridge, 2000), volume 21 of NATO Sci. Ser. IT Math. Phys. Chem.,
pages 87-115. Kluwer Acad. Publ., Dordrecht, 2001. DOI: 10.1007/978-94-010-0834-1_4

Charles A. Weibel. An introduction to homological algebra, volume 38 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 1994.

Josk Luis CISNEROS-MOLINA, INSTITUTO DE MATEMATICAS, UNIDAD CUERNAVACA, UNIVERSIDAD NACIONAL
AUTONOMA DE MEXICO, AV. UNIVERSIDAD S/N, COL. LoMas DE CHAMILPA, CUERNAVACA, MORELOS, MEXICO.
Email address: jlcisneros@im.unam.mx

DAvID MOND, MATHEMATICS INSTITUTE, UNIVERSITY OF WARWICK, COVENTRY CV4 7TAL, U.K.
Email address: d.m.q.mond@warwick.ac.uk


https://doi.org/10.1016/j.aim.2013.11.004
https://doi.org/10.1090/pspum/040.1/713082
https://doi.org/10.1112/s0024610703004939
http://arxiv.org/abs/2207.05196v1
https://doi.org/10.1112/plms/s3-70.2.363
http://www.numdam.org/item/CM_1993__89_1_45_0
https://doi.org/10.1007/bf01578709
https://doi.org/10.1007/bf01403128
https://doi.org/10.1016/s0040-9383(96)00041-9
https://doi.org/10.1017/cbo9780511569265.020
https://doi.org/10.1007/s00229-005-0552-7
https://doi.org/10.1142/9789812707499_0027
https://doi.org/10.1112/jtopol/jtn010
https://doi.org/10.1126/science.227.4686.512.a
https://doi.org/10.1112/jlms/s2-39.3.553
https://doi.org/10.2307/1970668
https://doi.org/10.1007/978-3-319-73639-6_7
https://doi.org/10.1093/qmath/haw042
https://doi.org/10.1007/978-94-010-0834-1_4

	1. Introduction
	Acknowledgement

	2. Double complexes of multiple point spaces
	2.1. Alternating homology of multiple point spaces
	Motivation

	3. The gvzss and the icss from the double complexes
	3.1. Spectral sequences arising from a double complex
	3.2. The gvzss and the icss

	4. Finite simplicial maps
	4.1. Triangulating Wk(f)
	Triangulating Dk(f)
	4.2. The sequence (Cn(W(f)), ) is a resolution of Cn(Y).
	4.3. The sequence (CAltn(D(f)), ) is a resolution of Cn(Y).
	4.4. Comparison with other proofs

	5. Cohomology
	6. Applications in Singularity Theory
	References

