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GENERALIZED BRIESKORN MODULES II: HIGHER BERNSTEIN
POLYNOMIALS AND MULTIPLE POLES

DANIEL BARLET

Si vous me réussisez pas & tout intégrer
essayer donc d’intégrer par parties

ABSTRACT. Our main result is to show that, if the p-th Bernstein polynomial of the (a,b)-
module generated by a germ of a holomorphic volume form w € Qg+1 in the (convergent)
Brieskorn (a,b)-module associated to f, has a root —a — N, there exists a pole of order at
least p for the meromorphic extension of an analytic functional associated to w at some point
in —a — N, under the hypothesis that f has an isolated singularity at the origin relative to
the corresponding eigenvalue exp(2ima) of the monodromy. This implies the existence of at
least p roots in —a — N (counting multiplicities) for the usual reduced Bernstein polynomial
of the germ of f at 0.

We also obtain in the case of an isolated singularity for f that the largest root —a—m inside
{—a — N} of the reduced Bernstein polynomial of f produces a pole at the point A = —a—m
for the meromorphic extension of the distribution |f|?* f—" for some h € N.

1. INTRODUCTION

1.1. The aim of this article. The roots of the reduced Bernstein polynomial by of the germ
of holomorphic function at the origin in C**! control the poles of the meromorphic extension of
the distribution

1 _
00— 2o
o5 o
defined in a neighborhood of 0 € C"*! (see for instance [5] or [12]).

Contrary to the point of view in [4] and [3] which is to prove the existence of poles for the
meromorphic extension of the distribution |f|?* for a general germ of holomorphic function f
at the origin of C"*! under topological assumptions, we mainly consider here, in the case of an
isolated singularity for the eigenvalue exp(2ima), the polar parts on {—a—N} of the meromorphic
extensions of the (conjugate) analytic functionals like

1 _
w/ c Qn—'rl — 7/ ‘f|2)\f7hpw /\C(_.J/
0 L'\ Jx

for a given germ w € Qg“. We denote by h an integer and by p a function in €2°(X) which
is identically 1 near 0.

Note that our hypothesis of an isolated singularity for the eigenvalue exp(2im«) of the mon-
odromy is in fact interesting for the study of a general germ of a holomorphic function g at the
origin of C"*1:

Let ¥ be the biggest-dimensional stratum in {g = 0} on which the vanishing cycle complex
of g admits the eigenvalue exp(2ima) and let p be the codimension of ¥ in C"*!. Let x( be a
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generic point in ¥ and let IT be a transversal generic p-plane to ¥ passing through xg. Then the
germ at x( of the restriction of g to II has an isolated singularity for the eigenvalue exp(2ima)
of its monodromy. So the results of the present article may be applied to such a situation and
give tools for such a study.

The first goal of this article is to show that, assuming that 0 is an isolated singularity for
the eigenvalue exp(2ima) of the monodromy (this corresponds to our hypothesis H(a, 1)), the
roots of the Bernstein polynomial of the (a,b)-module generated by the germ w of holomorphic
(n + 1)-form at the origin in the Brieskorn (a,b)-module H ™ of f at 0, control the poles of
the (conjugate) analytic functional defined on Qg“ by polar parts of poles in —a — N of the

meromorphic functions
1 _
b o [P na
L\ Jx

where p € €°°(C™*1) is identically 1 near 0 and has a sufficiently small support (note that the
polar parts of these meromorphic extensions at points in —a — N are independent of the choices
of p thanks to our hypothesis H(«, 1)).

Our goal is to give a sufficient condition, still on the (a, b)-module generated by the germ w,
to obtain higher order poles for such integrals.

The difficulty comes from the fact that it is not clear when, for instance, two roots, —a —m
and —a — m/ with m,m’ € N, of the Bernstein polynomial give a simple pole or a double pole
for such a meromorphic extension at points in —a — N, for some choices of w’ and h € Z.

So we attempt to understand when such a pair of roots are “linked”, thus producing a double
pole for some choice of w’ and h, or is “independent”, thus producing at most a simple pole for
any choices of w’ and h.

Since it is known that the nilpotent part of the monodromy is related to this phenomenon
(see [4] and [3]) we have defined, in our previous paper [6], the action of the monodromy on a
simple pole geometric! (a,b)-modules and we have shown in the cited paper that the natural
semi-simple filtration of a geometric (a,b)-module £ is related to the filtration induced by the
nilpotent part of the monodromy action on its saturation £ by b~ 'a.

Section 2 of this article is devoted to some reminder of part I (see [6]) and to the definition
and study of the higher Bernstein polynomials of a geometric (a,b)-module. The case of
frescoes which is used in our main result, is examined in detail in Section 3.

1.2. The main results. We now describe our main results, which are obtained in Section 4,
using the tools introduced in our previous paper [6] and the first sections.

The proofs will be given in Section 4 and the reader will find the notation and definitions used
in the following presentation explained further in this article.

We consider a germ f of a holomorphic function at the origin of C"*! with an isolated
singularity at 0 for the eigenvalue exp(2ira) of its monodromy, that is to say, with the
hypothesis H(a, 1) where « is in ]0,1] N Q.

We denote f: X — D a Milnor’s representative of the germ f near 0.

In this situation which will be called the standard situation, we consider the generalized
Brieskorn module H{f“ which is the quotient of the (n+ 1)-cohomology group of the complex
(Ker®dfy, d) by its b-torsion. This complex is the sub-complex of the germ at 0 of the holomorphic
de Rham complex at 0 where KerPdfy is the kernel of Adf : Qf — Qg“ for p > 2 and Ker'df
is the quotient of the kernel of the map Adf : Q} — Q2 by Cdf. Its cohomology groups, after
quotienting by their torsion, are geometric (a,b)-modules (see [8] or [9]).

IThe (a, b)-modules deduced from the Gauss-Manin connection which appear here are always geometric. See
below.



68 DANIEL BARLET

For w € Qg“ we denote by F, the fresco generated by [w] in Hé‘“; it is defined as
F., = BlaJw € HJ"* where B := C{{b}} and ab — ba = b>.

We refer the reader to Section 2 for the definitions of the Bernstein polynomial Bg and of the
definition of higher Bernstein polynomials B2 of a geometric (a,b)-module £. Remind that
B¢ always divides the product of the Bg. Also any root of each Bg is a root of B¢ and that Bg
is the product of the Bg for all j when & is a fresco. The nilpotent order d(£) of a geometric
(a,b)-module & is the smallest integer d > 0 such that B&! = 1.

We remind the reader that for a geometric (a,b)-module £ there exists a maximal quotient
&lel of € which is [a]-primitive. This means that Bga) is the quotient of Bg by all its roots not
in —a — N. Then, for each p, BL , is also the quotient of Bg by all its roots not in —a — N.

Theorem 1.2.1. Under the hypothesis H(c, 1) for f, let w € Qg“ such that the nilpotent order
of the fresco Flob s equal to p € N*, where F,, := BlaJw C HJt'. Then there exists o' € Q1
and h € N such that the meromorphic extension of the function

1) R 0= g [P w0

holomorphic for R(A\) > 1, has a pole of order at least p at a point in —a—N, where p € €°(X)
is identically 1 near 0.

D
Ele

Conversely, if the meromorphic extension of Ff:’“’/(/\), for some choices of W' and h, has a

pole of order p at a point in —a — N, the nilpotent order of the fresco fi,a] (and the nilpotent
order of the [a]-primitive quotient of HSLH) 18 at least equal to p.

The following lemma (see [6]) enlightens how the previous result gives a relation between the
nilpotent order of (H(;H'l)["] and the order of poles in —a — N of the meromorphic extensions of
Fi(/\|f|2>‘f*h under our hypothesis H(«, 1).

Lemma 1.2.2. For any geometric (a,b)-module € such that —f is a root of BY there existsw € €
and an integer q > p such that Bg-w has a root —f + m with m € N, where F,, := Blalw C £ is
the fresco generated by w in E.

Moreover, if p = d(E1*) where [a] is the class of  in Q/Z we may choose w such that m = 0.

Corollary 1.2.3. In the previous situation, if p is the nilpotent order of (HSLH)[O‘] there exists
w € Qg“ which satisfies the hypothesis of Theorem 1.2.1.

Moreover, for each root —f of B?HHH)[Q] we may find a form w € Qg“ such that —p is a root
0
of Bg_-w .

The next result makes precise that the biggest root in —a— N of B%J is a pole for the function

Fy “’(\) for a convenient choice of w’ and h.

Theorem 1.2.4. Under the hypothesis H(a,1) for f, let w € QU be such that the nilpotent
order of fLO‘], where F,, := BlaJw C Hg“, is equal to p € N*. Let —a — m be the biggest root
of B% inside —a —N. Then there exists w' and h such that F:f"”/()\) has a pole of order p at
A=—a—m.

The last result (see Corollary 4.5.3) greatly strengthens the main theorem in [1].

Theorem 1.2.5. Under the hypothesis H(a, 1) for f, let w € Qg'H be such that the nilpotent
order of ]{Lo‘] is equal to p. For each s € [1,p] let & be the biggest number in —a — N for which
there exists w’' and h such that F,;"’wl (M) has a pole of order > s at . Then there exists j € N
such that & is a root of B;_-tj.

Moreover, if & = €11 = -+ = Esin, then there exist at least h distinct integers qi,...,qp
such that &, is a root of B;_-jq" for j €[1,h].
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The proofs and some more precise results are given in Sections 4.4 and 4.5.

I thank the referee whose questions and comments allowed me to improve and clarify many
points.

2. ASYMPTOTICS AND GEOMETRIC (a, b)-MODULES

2.1. Some facts from [6]. Let B := C{{b}} be the algebra of constant coefficients micro-
differential operators of degree < 0. So b := ;! and a series S(b) := Z;O:O cpb? is in B when
there exists R > 1 and an a constant Cg such that Vp >0 |¢,| < CrRPp!.

Then B acts on C{s}, the algebra of germs of holomorphic functions at the origin in C, by

the rule
n

SO =Y 1 (30— pleytnsy)s” where f(s) = 3 s,
n=0 p=0 q=0

Note that the derivation in the variable b acts continuously? on B and that the multiplication
by s on C{s}, denoted by a, satisfies the commutation relation

aS(b) = S(b)a +b2S'(h) VS €EB

in the algebra End.(C{s}) of continuous endomorphisms of C{s}.

We denote by Bla] the sub-algebra of End.(C{s}) generated by B and a := Xs.

We denote by A := C{a} the sub-algebra of End.(C{s}) of elements given by multiplication
by some f € C{s}.

Define .
a-1(Logs)’

J!

for a €]0,1] N Q and for j € N and let ) be the free C{s}-module with basis e, ; for

j €10, N]. Then define the action of C[b] on =) inductively by the formulas

€a,j = 8

1 1
beq,; = a(se(m — be(w-_l) for j>1 and bey o = 536%0

with the commutation relations
S(b)a = aS(b) — b2S'(b) VS € C[b]
where S is the derivative (in the variable b) in the algebra C[b].

Lemma 2.1.1. For each « €]0,1] N Q and each N € N the action of C[b] on =) extends to
an action of B and makes it isomorphic to the free B-module with basis eq ; for j € [0, N], on
which the action of a is continuous® and satisfies ab — ba = b>.

So it is a left Bla]-module for which the action of Cla] extends continuously to an action of

C{a}.
For a proof, see Section 2.3 in [6]. O
Definition 2.1.2. For a €]0,1[NQ we define
SEM .=z
and for a =1
S':(N) — =(N+1) /=(0)
= =8

=T

2For its natural dual Fréchet topology associated to the ”pseudo-norms” :
Il |lr = Sup{lep| R7P/p!, p > 0}.
3for the topology deduced from this isomorphism of free finite type B-modules.
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Then for of a finite subset in ]0,1]1NQ, N € N and V a finite-dimensional complex vector space,
define SES{V) ® V as before, replacing =) by SE&N) for each o € .

Note that Ego) = C{s}; so it is the non-singular part (i.e. the uni-valued holomorphic part)
of the expansion at the origin.

From now on a geometric (a,b)-module, we also use the terminology Generalized
Brieskorn Modules, will be, by definition, a sub Bla]-module of some SE%N) ® V where

&/ is a finite subset in ]0,1] N Q, N a non-negative integer and V a finite-dimensional complex
vector space.

Remark 2.1.3.

(1) Of course, thanks to the results in [6] Section 5, this is equivalent to the ”standard
definition” of a convergent (a,b)-module, given in [6] Section 2, plus the condition of
reqularity (see Section 3 of [6]) and the condition that the Bernstein polynomial has its
roots in —Q* (see Theorem 5.1.4 of [6]).

(2) Since B is a local noetherian algebra and SES{V) ®V is a free and finite type B-module,
any geometric (a,b)-module is a free finite type module over B with a continuous C-linear
action of a.

(8) Also any Bla]-sub-module of a geometric (a,b)-module is again a geometric (a,b)-module.

(4) Fiz o €]0,1]. For each integer n we have in =0

s(x+n—1

bnsa—l _ -
[[=i(a+p—1)

n\  a— Cn n) a—
(nz_:ocnb )s 12(;1_["_ (a+n—1)a )s 1
and the estimates
|cn] |cnl
HZ:Q(Q +p—1) HZ:1(0‘ +p—1)

show that the topology of E&O) as a free rank 1 A-module or as free rank 1 B-module are
the same.
This extends easily to any SES{V) ® V and shows that, in any sub-Bla]-module of

and so

R"n!

R*(n— 1! < e, |R" <

some SEgg) ® V, the action of a extends continuously to an action of A = C{a}. So
any geometric convergent (a,b)-module is a free finite type A-module.

We shall use the following definitions which are equivalent to the definitions given and used
in [6], where E is a geometric (a,b)-module. The reader may find proofs there.

(1) A sub-module F' C E is normal when FNbE = bF. In this case the quotient E/F is
again without B-torsion so free and finite type as a B-module and it is again a geometric
(a,b)-module®.

(2) For an arbitrary sub-module F in E we denote by
Ng(F)={z € E / 3n € N such that b"z € F}.

We call this sub-module the normalisation of F' in E. It is the smallest normal sub-
module in £ which contains F'.

4This point is not obvious with the definition adopted here but is rather easy with the standard definition;
see [6].
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We denote by E* the saturation of F in b~'a that is to say the sub-module

Ef:=) (b'a)"EC EDp '] :=E®pBb].
meN

Note that any SEE{N) ® V is stable by b~'a. So E¥ is again a finite type free B-module
and there exists an integer m > 0 such that b"FEf C E. So Ef / FE is a finite-dimensional
C-vector space.

We shall say that E has a simple pole when E = E*. This is equivalent to the fact
that aF C bE (since a is injective).

The reader may consult the first section in [10] to see how to construct a natural
bijective correspondance between free, finite rank C[[z]]-modules with a simple pole
connection and formal simple pole (a,b)-modules. Note that in both cases we dispose of
an action of z0, = b~ ta — 1.

The rank 1 geometric (a,b)-modules are classified by positive rational numbers, so ele-
ments in Q*". To o € Q*T corresponds E, := Bla]/Bl[a](a — ab). Then E,, is the free
rank 1 B-module Be, where the action of a is defined by aSe, = abSe, + b2S’e, for

S € B, where S’ is the derivative (in b) of S.

For a given « €]0,1]NQ and any geometric (a, b)-module E we denote by E[®] the quotient
of E by elements in E that present no non-zero term like s**™~!(Logs)? ® v for any
integers j and m and any v € V. Since we make the quotient of £ by E'N (SEE;V\)Q V)
and since we have

sz oV /sEQ) @V~ 52 eV

the quotient E!® is again a geometric (a,b)-module. A geometric (a,b)-module E such
that F = Fl* will be called [a]-primitive and, for a general F, El®l will be called the
[a]-primitive quotient of F (see [6] Proposition 3.3.3).

When E has a simple pole, E is the direct sum of the El*) when a describe the image
in Q/Z ~]0,1] N Q of the roots of By (see below).
The (usual) Bernstein polynomial By of the geometric (a, b)-module E is, by defini-
tion the minimal polynomial of the endomorphism —b~'a acting on the finite-dimensional
complex vector space E* / bE! whose dimension is equal to the B-rank of E.

Of course, when f is a germ of holomorphic function at the origin of C"**, the reduced
Bernstein polynomial of f and the Bernstein polynomial of the Brieskorn module of f
(which is a geomeric (a, b)-module) coincide (see [15]).

Remark 2.1.4. If we have an exact sequence of simple poles (a,b)-modules
0—-E —-—EFE—=E,—0

then Bg, and Bg, divide Bg since the maps in the exact sequence of finite-dimensional
vector spaces

0 — E1/bEy — E/bE — E3/bEs — 0
commute with the respective actions —b~ta on these vector spaces.
Remark that if we have such an exact of (a,b)-modules with a simple pole for E, then
Ey (which must be normal in E !) and Ey have simple poles too.

WARNING. Without the assumption that E has a simple pole it is still true that B,
divides Bg since the induced map Ef — Eg is still surjective.

But the kernel of this induced map is not equal to E? in general (it is equal to the
normalisation of Ef in E*), so it is not true in general that Bg, divides Bg. See, for
instance, the case where F is a fresco described below.
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(7) A fresco’ is a geometric (a,b)-module F such that the (finite-dimensional) complex
vector space F' / (aF + bF) has dimension 1 (note that this vector space is a quotient of
F/bF). This is equivalent to ask that F is a geometric (a, b)-module which is isomorphic
to the quotient of Bla] by a left ideal.

For a fresco, the Bernstein polynomial is equal to the characteristic polynomial of
—b~la acting on Fﬁ/bF“. So its degree is the B-rank of F'.

(8) A normal sub-module G of a fresco F' is a fresco and the quotient F'/G is again a fresco.

(9) For each element z in a geometric (a,b)-module E C SES{V) ® V we define d(z) as the
maximal integer d € N such that a non-zero term like s+~ 1(Log s)? ® v appears in z
for some a # 1 or like s™(Logs)?*! @ v for a = 1, for some integer m € N and some
veV.

The integer d(x) is called the nilpotent order of x and does not depend on the
realization of E as a sub-module of some SE%N) ®V.

Then we define d(E) := sup,cp{d(x)} and call this integer the nilpotent order
of E.

(10) The following properties for a geometric (a,b)-module E are equivalent:
(i) d(E) < 1.
(ii) E is a sub-module of a finite direct sum @}_, E,;.
(iii) E* is isomorphic to a finite direct sum &_, E, .
A geometric (a,b)-module is semi-simple when it satisfies one of the properties
above.

Note that the Bernstein polynomial of a semi-simple geometric (a, b)-module has only
simple roots (obvious from property (¢i¢) above).

(11) We define the semi-simple filtration® (S;(E),j € N) by
S;(E):={zeE /d()<j}

The sub-module S;(FE) is called ”the semi-simple part of E”.

Then So(E) = {0}, Sqg)(E) = E and for j € [0,d(E) — 1] we have a strict inclusion
S;(E) € Sj+1(E). Moreover, for each integer j, S;(E) is a normal sub-module of E.

A geometric (a, b)-module is semi-simple when d(E) < 1. For instance, each quotient
S;(E)/S;j—1(F) is semi-simple because another way to define the semi-simple filtration
is to see that S;(E)/S;_1(E) is the semi-simple part of E/S;_1(E), that is to say the
subset of x in this quotient with d(z) < 1.

(12) For any sub-module G of a geometric (a,b)-module E and any integer j we have
S;(G) = S;(E)NG.

When G is normal, the induced map S;(E) — S;(E/G) is not surjective in general
when j < d(E). For instance, it is proved below that for G = S;1(FE) the image by the
map induced by the quotient map S;(E) — S;(E/G) is equal to S;_1(E/G) (see Lemma
2.1.5 below.)

(13) It is proved in [6] Proposition 4.2.8 that the rank (as B-module) of S;41(E)/S;(E) is
non-increasing in j.

The following easy lemma will be used later on.

5See [7] for a detailed study of frescos.
6See [6] Section 4 for more details.
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Lemma 2.1.5. Let E be a geometric (a,b)-module and put G := E/S1(E). Then for each
positive integer there exists a natural isomorphism of Bla]-modules

Sh1(E)/S1(E) = Sh(G)
for each h > 0. This implies the isomorphisms of Bla]-modules
Sn41(E)/Sh(E) = Sp(G)/Sh-1(G).
for each h > 1.

Proof. 1t is clear with the definition of a geometric (a,b)-module adopted here that if = belongs
to Sp4+1(F) then its image in G is in S (G). This gives an injective morphism

Shi1(E)/S1(E) = Si(G)

which is clearly surjective. O
2.2. Higher Bernstein Polynomials.

Definition 2.2.1. Let E be a geometric (a,b)-module. For any j € [1,d(E)] we denote by Bg
the Bernstein polynomial of the semi-simple (a,b)-module S;(E*)/S;_1(E*). We call it the j-th
Bernstein polynomial of E.

Remark 2.2.2.

(i) Like Bg the (usual) Bernstein polynomial of E, the polynomials Bij only depend on E* the
saturation of E by b~'a.

(it) Since for each j € [1,d(E)] the geometric (a,b)-module S;(E*)/S;_1(E*) is semi-simple
and has a simple pole, it is a direct sum of rank 1 geometric (a,b)-modules. So each B,
has only simple roots.

The first interesting point of this definition is given by the following proposition.

Proposition 2.2.3. Let E be a geometric (a,b)-module. Then each root of Bg is a root of Bij
for at least one j € [1,d(E)]. Moreover for each integer j in [1,d(E)] the polynomial B}, divides
Bg.

Proof. We have an exact sequence of simple poles (a, b)-modules

0— S;(E*)/S;_1(E*) — E*/S;_1(E*) — E*/S;(E*) —0
which gives the fact that a root of B};J is a root of the quotient Eﬁ/Sj,l(Eﬁ) and then a root of
BE == BEﬁ .

We have also an exact sequence of simple pole (a, b)-modules
0— S;_1(E*) — S;(E*) — S;(E*)/S;_1(E*) =0
so it is clear that Bi; divides Bg,(gs). This already proves that for j = d(E) = d(E*) the
polynomial BdE(E) divides Bp. Applying this to F':= S;(E*) gives, since d(F) = j and
Sj-1(F) = S;—1(E*) N F = S;_1(E¥)

that B;, = B% divides Bp. But F is a normal sub-module of E* so, thanks to point 6 above (F
has a simple pole) Br divides Bg. O

Proposition 2.2.4. Let E be a geometric (a,b)-module and put d := d(E) > 2. If —f is a root
of BY there exists at least a root of B%_l in —F+N.
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Proof. Tt is of course enough to consider the case where F has a simple pole by definition of the
standard and higher Bernstein polynomials.

We are only concerned by the [(]-primitive part of E so we may assume that FE is [3]-primitive,
and we may assume that —@3 is the biggest root of B% in —3 + Z.

Since E/Sq—1(F) is a direct sum of E,;, we may always solve in £//Sq_1(E) the equation
ar — (8 —p)bx = by for any p € N* and any y € E/Syq_1(E) because b~'a — (8 — p) is invertible
in £/Sq_1(FE) for each integer p > 17.

But our hypothesis implies the existence of g € E'\ (bE + Sq—1(E)) such that
azg — Bbro = b%yo + 2o
for some yo € FE and zg € Sq—1(F). This is equivalent to
(b~ a — B)(wo) € BE + Sq_1(E)

since the simple pole of F implies that we may write zp = bz with z; € Sy_1(F), since z is in
bEN S4_1(E) =bS4-1(FE), as Sg_1(FE) is normal in E.

Now there exists y; € E such that ay; — (8 — 1)by1 = byo + &y with & € Sy—1(F) (invertibility
of b=ta—(B—1)in E/Sd,l(E)). And again we may write {; = b&; with & € Sy—1(F). Applying
b to this equality gives

aby; — Bb*y1 = b2yo + b*&
and then
a(zo — by1) — Bb(wg — by1) = bzy — b%&; € bSy_1(E).

From now on, assume that d = 2.

If we assume that there is no root of the Bernstein polynomial of Sg_1(F) = S1(E) in —§+N
we may solve in S1(F), which is semi-simple and has a simple pole (so it is a direct sum of E,,),
the equation

azg — BbZQ = b(21 — bgl)
with zo € S1(E). Then we find that x = xg — by; — 2o satisfies ax — Sbx = 0. Since z is not
in bE, Bz is a normal rank 1 sub-module of E isomorphic to Eg, so it is contained in S;(E).
Contradiction!
So there exists a root in —8 + N for S;_1(FE). Since we assume d = 2 the proof is complete

for this case.
Now for d(E) > 3, define F' := E/Sq_2(F). We have the equalities :

Si1(F)=S4_1(E)/Sa_2(E), d(F)=2 and BY = B%, B '=B}
and applying to F' the previous result gives that B%_l has a root in —3 4+ N. O

Corollary 2.2.5. Let E be a geometric (a,b)-module and let j be an integer in [1,d(E)]. Then
if —B is a root of By,, for each h € [1, 7] there exists a root of Bl in —f3 + N.

Proof. It is enough to apply the previous proposition successively to each simple pole (a,b)-
module S;(E¥) since the equality S;_p,(S;(E*)) = S;_,(E*) for each h € [0,j — 1] shows the

equality qu;(}jgu) = Bifh. O

Note that if the j roots find in —3 + N are two by two distinct, we have found j roots of Bg,
since each Bg divides Bg.

"To show that in E, := Be, we can always solve the equation (a — (a — p)b)z = by for each given y € Eq
reduces to show that for each S € B we may find T' € B such that bT”(b) 4+ pT'(b) = S(b) for each p € N*. This
is an easy exercise.
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Corollary 2.2.6. Let E be a geometric (a,b)-module and assume that —f is the greatest root
of Bg in —( + Z. Then —f is a root of BL,.
Moreover, if —f3 is a root of B}, then —f is a root of BY for each h € [1,].

Proof. This is an obvious consequence of Corollary 2.2.5. O

Proposition 2.2.7. Let E be a geometric (a,b)-module with Bernstein polynomial Bg. Assume
that Bg has the root —a with multiplicity p > 1. Then there exists at least p distinct values of
the integer j such that —a is a root of BY,.

Proof. Tt is enough to prove the result when E has a simple pole, by definition of the standard
and higher Bernstein polynomials.

We shall make an induction on the rank r > 1 of E. Since the case r = 1 is trivial, assume
that the result is proved (for any p > 1) for each integer r < ry and assume that the rank of F
is 79 + 1. Then G = E/S;(F) has rank at most ro and we may apply the induction hypothesis
to G if —« is a root of order p > 1 of Bg.

Consider the exact sequence of geometric (a,b)-modules

0— S1(E)—FE—G—0.

First assume that Bg, (g)(—a) # 0. Then the Bernstein polynomial of G is divisible by (z + «)?
since we have an exact sequence of monodromic vector spaces

0— S1(E)/bS1(E) —» E/bE — G/bG — 0

corresponding to the previous exact sequence (S1(F) is normal in E).

In this case we conclude by the induction hypothesis applied to G which has rank at most rg
(since E # {0} the rank of S;(F) is al least 1). The conclusion follows from the remark following
point 6 (on Bg) recalled at the beginning of section 2.1.

Assume now that Bg, (g)(—c) = 0. Then, since S;(E) is semi-simple, —a is a simple root of
Bs, (r) and the exact sequence above implies that —a is a root of order at least p—1 of Bg. Then
the induction hypothesis and Lemma 2.1.5 give the existence of (p—1) distinct values of j >2
such that BY,(—a) = 0. Since Bg, () = B, we have found p values of j with By,(—a) =0. O
WARNING. It happens that if —a is a root of multiplicity p > 1 of Bg the p values of j for which
BJ,(—a) = 0 do not contain j = 1 as is it shown by the following example.

EXAMPLE. Define now the fresco E := Bla]y, C =™ with
(Log s)?

p!

where m > 1,p > 2 and « €]0, 1[NQ. Then the semi-simple part of E¥ is E, = Bs*~! and the

Bernstein polynomial of E is equal to (z + o + m)P(z + «) since we have

(b~ ta — (a+m))lpp] = pp1 — (m +1)s7 .

Sa+m71 a—1

Pp =

So —a —m is a root of BJ, for each j € [2,p + 1] but not of BL(z) = = + a. Note that
Sl(E) ~ Ea+p' O

Corollary 2.2.8. Let E be a geometric (a,b)-module with Bernstein polynomial Bg. Then Bg
divides Hjl(:b;) B,(x), the product of the higher Bernstein polynomials By, of E.

Proof. Tt is enough to consider the case of a simple pole E. We already know that each root
of a polynomial Bé is a root of Bg thanks to Proposition 2.2.3 and the fact that a root of
multiplicity p in Bg is a root of at least p polynomials BJI;) thanks to Proposition 2.2.7. So Bg
divides the product H;l(:b;) Bl O
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2.3. Complements. We give now some more properties of the higher Bernstein polynomials of
a geometric (a, b)-module which are useful in the sequel.

Lemma 2.3.1. Let G C H be two geometric (a,b)-modules such that H/G is a finite-dimensional
complex vector space. If —f is a root of Bg then there exists a root of Bg in —3 + N.

Proof. We may assume that G and H has simple poles.

We prove the lemma by induction on the rank of H (equal to the rank of G).

In rank 1 we have G = Eg and H = Eg_, with v € N, so the result is clear.

Assume that the result is proved for rk(H) = k > 1 and consider G C H a sub-module of
finite co-dimension in H with the rank of H equal to k + 1. If By has no root in —f3 + N then
there exists a normal rank 1 sub-module E, in S;(H) and since the roots of B}, are roots of
By, we have v € 8 —N. The sub-module £, NG is isomorphic to E,,, for some integer m > 0,
and it is normal in G. So the Bernstein polynomial of G / E.+m has still the root —3 and since
G / E,4+m is a sub-module with finite co-dimension in H / E,, the induction hypothesis gives the
existence of a root in —f5 + N for the Bernstein polynomial of H / E,. Since this polynomial
divides By we obtain a contradiction. O

Corollary 2.3.2. Let G C H be two geometric (a,b)-modules such that H/G is a finite-
dimensional complex vector space. If —f is a root of By then there exists ¢ > p such that
B, has a root in —3 + N.

Proof. We may assume that G and H has simple poles.

Let G := G/S,_1(G) and H := H/S,_1(H). Then we have Bé = BY, and P AR B;EI.
Since Bf, = Bé divides Bz we may apply Lemma 2.3.1 and we find that By has a root in
—fB + N and so there exists A > 1 such that B?{ = B%+h_1 has such a root. O

Lemma 2.3.3. Let G C E be two geometric (a,b)-modules. Assume that Bg has no root in
—B+ N* and that —f is a root of BY,. Then —f is a root of a polynomial B}, for some q > p.

Proof. We may assume that G and F has a simple pole. Since G has finite co-dimension in
Ng(G), using Lemma 2.3.2 we may assume, replacing G by Ng(G), that G is normal in E with
the same hypothesis (but may be replacing —8 by —f8 +m with m a non-negative integer). Since
BY, divides Bg /5,_1(c) and since we have the exact sequence

0— G/Spfl(G) — E/Spfl(G) —>E/G—>0

because we assume that G is normal in E (so S,_1(G) is normal in E), Bf, divides the Bernstein
polynomial of E/Sp,l(G).

But BE /SIF1 () divides the product of the B; /Spfl(E and since we have the equality
J ~ Bifp—l
E/Sp-1(E) E ’
we find that —3 must be a root of some B}, for at least one integer ¢ > p. O

The following simple lemma is proved in [6] Lemma 6.3.6.
Lemma 2.3.4. For any geometric (a,b)-module E and any o € Q/Z we have
(E[a])ti - (Eti)[oz].
Lemma 2.3.5. Let E be a geometric (a,b)-module and assume that Bg has a root —( of

multiplicity p. Then —f is also a root of multiplicity p in By, where [a] is the class of
n Q/Z.
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Proof. We may assume that E has a simple pole, thanks to the previous lemma. Now the exact
sequence
0= Ejza) = E— B -0

splits and B is the product of the Bernstein polynomials of F|.,; and of El® thanks to the
corresponding exact sequence of vector spaces

0 = Elza)/bE[za) = E/VE — E° /bElT — 0
compatible with the respective actions of —b~!a and the fact that there is no eigenvalue of the
action of —b~'a on E#a]/bE#a] in —a+ 7Z.

Then the existence of the root —f € —a + Z of multiplicity p in E/bE implies the same
property for El°] / bEl], O
Lemma 2.3.6. Let E be a simple pole geometric (a,b)-module. Then for each [a] in Q/Z and
each integer j € [1,d(E)] we have

J _ RI J —
BE*BE[#_Q]BE[ and also BE—BE[#OL]BE[O].

o)

Proof. This is obvious since we know that £ = E|.,) ® El°l as a Bla]-module. Then for each j
we have S;(E) = S;(Ejya)) ® S;(El)).

The conclusion follows because the eigenvalues of the action of —b~'a on the finite-dimensional
vector spaces G /bG where G is respectively Sj(E(zq])/Sj—1(E[zq)) and S; (El))/S;_1(E]) are
mutually disjoint. O
Corollary 2.3.7. Let E be a geometric (a,b)-module and let [a] be in Q/Z. Then the polynomial
Bpg and for each integer j € [1,d(E)] the polynomial Bi;[a] are respectively obtained by deleting
in Bg and in B}, all roots which do not belong to [a].

Proof. Thanks to Lemma 2.3.4 and Lemma 2.3.6 we may assume that E has a simple pole. Then
Lemma 2.3.6 gives the result. O

3. THE CASE OF A FRESCO

3.1. Some known facts. First let me remind some previous results and fix some notation.
(1) A fresco is a geometric (a,b)-module F' such that F/(aF + bF) is a one-dimensional
complex vector space. This is equivalent of the fact that F' is a sub-module of some
SEY) @V generated by one element over B [a].
(2) It is proved in [7]® that any fresco F is isomorphic to a quotient Bla]/B[a]P where P is
an element in Bla] of the type
P:=(a—M\b)S; (a — Aab)Sy -+ (a — \ib)

where k is the rank of F' as a B-module and where —\; + k — j are negative rational
numbers which are exactly the roots (counting multiplicities) of Bp.

Note that for any fresco F', Bp is the characteristic polynomial of the action of
—b~'a on the vector space F* / bF* which is equal to the minimal polynomial in this
case.

(3) If we have an exact sequence of geometric (a,b)-modules
0—-F —F—FEy—0
and if F is a fresco, then F; and E5 are frescos and we have the equality
Bp(z) = Bp, (v + 1) Bg, (z),
where r is the B-rank of Fs.

8The formal results of [7] extend to the convergent frescos. The division by (a— Ab) in Bla] is an easy exercise.
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3.2. The Bg, when F' is a fresco. Our aim is now to prove that the definition given above for
the higher Bernstein polynomials of a geometric (a, b)-module is compatible with the definition
of the higher Bernstein polynomials of a fresco which is given in a previous version of this paper
(see [2]). For instance, we will verify that in the case of a fresco F' the product of the B is
equal to Bp.

The definition of the higher Bernstein polynomial of a fresco F' given in [2] is the following.

Definition 3.2.1. Let F be a fresco and let j be an integer in [1,d(F)]. Then Bl(mj), the j-th
Bernstein polynomial of F' is defined by the formula

(@) BY(z) =B (@ +7)),

S;(F)/8;-1(F)
where r; is the rank of F /S 1 (F).

Our goal is to prove the following compatibility of this definition with the Definition 2.2.1
given in Section 2.

Theorem 3.2.2. For each fresco F' and each integer j we have Bfg, = Bg).

This result will be the content of Corollary 3.2.6 below.
Recall that for any (a,b)-module E with rank r a Jordan-Hélder sequence’ for F is an
increasing sequence of normal sub-modules

{0}=GpcGyC---CG,=FE

such that G4 /G, is arank 1 (a, b)-module for each j € [0,k—1]. Any geometric (a, b)-module'”
admits a Jordan-Holder sequence.

Proposition 3.2.3. Let F be a fresco with rank r and let
{O}ZF()CFlC"'CFT:F

be a Jordan-Holdér sequence for F. Then the mormalization of Ff in F* is equal to bj_rF}i.
Moreover we have

Ff = ibj‘er.
j=1

Note that this equality shows that /" F, } is a sub-module of F* where r — j is the co-rank of

Proof. Since our assertions are obvious for r = 1, assume that they are already proved for r > 1
and consider the case where F' is of rank r + 1.

So we assume that {0} = F; C F; C --- C F. C F41 = F is a J-H sequence for F' and
that Ff = > i1 V~"F;. Then, assuming that F/F, ~ E,, let x be a generator of F (as a
Bla]-module) whose image in FE,, is the standard generator of E,, (see the point 4 in paragraph
2.1 which recalls the classification of rank 1 geometric (a,b)-modules).

CramM 1. Then y := (a — ab)x is a generator of F..

9Corollary 3.2.5 in [6] implies the existence of a normal sub-module of rank 1 in a regular (a,b)-module. An
induction is then enough to obtain the existence of a J-H. sequence for any regular (convergent) (a,b)-module.
10The regularity of E is enough in fact, as explained in the previous footnote.
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PROOF OF THE CLAIM 1. As z is a generator of F' it is enough to show that if P € Bla] satisfies
Pz € F, then there exists Q € Bla] such that Pz = Qy.

Make the division of P by (a — ab) in B[a]. This gives P = Q(a — ab) + R with R € B. Since
Px € F, is equivalent to Pe, =0 in E, = F/FT, we find that Re, = 0in E, and so R = 0 and
we obtain Px = Qy proving the claim.

This implies that b~y is in F* and so that b= (F}f) = (b’lFr)ii is contained in F*.

Indeed we have in any simple pole (a,b)-module and for each integer p > 0 the equality
b(b~ta)? = (b=ta — 1)Pb.

Remark now that the surjective Bla]-linear map m : F' — E, extends to a surjective Bla]-
linear map « : F* — E,, because E, has a simple pole. Since F, is the kernel of 7, the kernel of
7 is the normalization of (F}.)* in F* (the inclusion between the kernel of 7 and the normalisation
of (F,) is clear and both are normal sub-modules with the same rank).

CLAIM 2 . We have F* = Bx+b~!(F,)* as a B-module and the kernel of 7 is equal to b= (F}.);
thus the normalisation of (F,)* is b=1(F})".

Note that b=1(F,.)? is an (a, b)-sub-module of F* but that Bz is not stable by a (at least when
r > 1); so F* is the direct sum of Bz and b~!(F,)* as a B-module but not as a B[a]-module.
PROOF OF THE CLAIM 2. We know (see Claim 1) that y is a generator of F,. and that b~y is in
F*, so the inclusion Bz +b~!(F,)* C F* is clear.

Conversely, if z is in F* there exists 21, ..., zp € F such that z = Z;’:l(b_la)jzj. Now, for
each j € [1, p] write z; = S;(b)xz +t; where S; € B and t; € F,.

Then we obtain the opposite inclusion because (b~1a)! Bx C Bx +b~1(F,)* is consequence of
the following computation in which S € B:

(b"'a)S(b)z = b~ (aS(b)ba + S(b)y + bS5’ (b)z) € Bz + b 'By C Bz + b '(F,)

Thus we have (b~ta)it; € (F,.)* C b=1(F,)*, proving our first assertion.

Since the restriction of 7 to Bz is bijective, we conclude that Ker(r) C b~1(F,)!. But there
exists an integer n > 1 such that b"(F},)* is contained in F, and so " !(F,)* is in b~ ' F,. This
implies that b=1(F,)* = (b~1F,.)* C Ker(r) by B-linearity and normality of Ker(w). So Claim
2 is proved.

Now our induction hypothesis gives, since Bx C F,,; that F* = Z;Zi i 'S O

We have proved in fact the more precise result for a fresco F' with rank r and generator z:

Corollary 3.2.4. For a fresco F' with rank r and generator x there is a direct sum decomposition
of F* as a B-module
F*= a7 BY "x;,

where x; for each j € [1,k] is the generator of the j-th term F; of a J-H sequence of F. The
xj,j € [1,7] are obtained as follow:

Let P be a generator in Bla] of the annihilator of x in F which may be written as (see point
2 above)

P :=(a—a1b)Si(a — asbh)Ss...S._1(a — a,b)S,

where Si,...,S, are invertible elements in B and where the x; are defined by the formula

zj = (a —aj41b)Sj41...(a—a,b)Srz je[l,r—1] and z, =z.
Corollary 3.2.5. For a fresco F' and any normal sub-module G of co-rank g in F' the normali-
sation of G* in F* is equal to b=9GE.

Proof. With the notation of the previous proposition, we have shown that b=1(F,.)* is normal
in F* = (F.;)". This implies, since each F}, is normal and is a fresco, that for each h the



80 DANIEL BARLET

sub-module b"~"~1(F})* is normal in F* = (F,,;)f. Since it contains (F})? and has the same
rank, it is the normalization of (F},)* in F¥.

Now the conclusion follows because we may assume that G = F}, for some J-H. sequence of
F: choose a J-H. sequence for F//G , lift it in F' and complete with a J-H. sequence for G. O

As a consequence we obtain that for any fresco F and any j € [1,d(F')] the equality:
Sj(FF) = b7 8;(F ),

where r; is the co-rank of S;(F) in F. So the Bernstein polynomial of S;(F*) is deduced from
the Bernstein polynomial of S;(F) by the formula

Bg, (pe) (%) = Bg,(r)(x +15).
Corollary 3.2.6. For each fresco F' and each integer j € [1,d(F)], the equality

Bs;(rt)s;-1(r%) (%) = Bs;(py/s;_1(F) (T +75)
holds true.

Proof. We shall prove that there is an isomorphism of (a, b)-modules between (S; (F)/Sj_l(F))ti

and b"7 (S;(F*)/S;—1(F*)). We have, thanks to Lemma 2.1.5:

(S;(F)/S;-1(F))F = S;(F) /N, pye (S;-1(F)F).

Recall that Ny (X) denotes the normalisation of X in Y (this notation is introduced in paragraph
2.1 point 2).

For an inclusion X C Y of regular (a,b)-modules, the following three properties are easy to
prove and left to the reader (see [6]):

(1) For any non-negative integer s, Ny (b°X) = Ny (X).
(2) For any positive integer r, we have b="X C b™"Y and Ny (b""X) = b"(Ny (X)).
(3) For any positive integer j and any n € Z we have 5;(b"X) = b"S;(X).

Denote by r; the co-rank of S;(F) in F' and by s; the co-rank of S;_1(F') in S;(F). Then we
have S;(F*) = b7 S;(F)* and S;_1(F*) = b="%5,;_;(F)* thanks to Corollary 3.2.5. Using
the three properties above we see that

N, (s (Sj-1(F)?) = 07 (N, () (b Sj -1 (FF)) = b7 Ng, (o) (-1 (F¥)) = b7 -1 (FF)

as S;_1(F*) is normal in S;(F*). Since S;(F)* = b™.S;(F*) the proof is complete using the easy
fact that for X a normal sub-module in an (a,b)-module Y we have for each integer r € Z a
natural isomorphism b"(Y/X) ~ b"Y/b" X. O

As a consequence, the definition of the polynomials B{, given in [2] for a fresco F coincide with
the general definition of the higher Bernstein polynomials of a geometric (a,b)-module given in
the previous section.

Corollary 3.2.7. For a fresco F' we have the equality

d(F)
Bp =[] Bi-
j=1

Proof. We know that Bp and the product ng) B% have the same degree equal to the rank of
F. Since Bp divides ng) B% and they are both monic, the equality follows. O
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3.3. Complements. Since in Theorem 1.2.1 we consider a fresco F with d(Fl®l) = d and a root

—a—m of Bg- we want to show that we may reach this situation if we begin with the hypothesis

that B?{"“ has a root —a — m’. Proposition 3.3.1 below shows that in this situation we may
0

find such a fresco F inside Hy ' with B% having a root —a — m with m > m’. In the case
where d = d(H!*)) we may choose F such that m = m'.

Proposition 3.3.1. Let £ be an [a]-primitive geometric (a,b)-module and let j be an integer in
[1,d(E)] where d(E) is the nilpotent order of £ . Assume that —a —m is a root of the Bernstein
polynomaal Bg.

Then there exist an integer m’ > m and a fresco F C & with that d(F) > j such that —(a+m')
is a root of some h-th Bernstein polynomial B;‘_- of F, for some h > j.

Moreover, if j = d(£) then we may take m’ = m with h = d(£).

Note that, thanks to Corollary 2.2.5, we have also a root —(a +m’) for B} but may be with
m' € Z.

Proof. Our hypothesis implies that there exists a B[a]-linear surjective map, where 8 := a +m:
7:S;(EH)/S;_1(E%) — Eg.

Let n € N be such that b"S;(E¥) C S;(€)*. Remark that if we assume that j = d(€), we may
take n = 0, since we have S;(E¥) = &%

We also denote by 7 the map S;(£%) — &z obtained by composition with the quotient map
to ,(£9)/5,1(69)

Take x € S;(£%) such that 7(x) = eg where eg is the standard generator of Es (so Eg = B.eg
and aeg = Bbeg). Since there exists some non-negative integer n such that b"z is in S;(€)* we
may find yo,...,y, in S;(€) such that b"zx = Zévzo(b’la)pyp. Then there exists at least one
po € [0, N] such that 7(y,) is not contained in 6"+ FEjs. Since 7 vanishes on S;_1(E%) we have
Ypo & Sj—1(€). Then applying a suitable invertible element in B to y,, we obtain an element
z € S;(€) \ Sj-1(€) such that the fresco F := Bla]z satisfies d(F) > j and F/S;_1(F) has a
surjective map to Eqip with m’ <m +n. So —(a+m’) is a root of the Bernstein polynomial

. : h — j+h—1 >
of F/S;_1(F) and also of at least one polynomial B]—‘/Sj,l(}‘) By for some h > 1. O

The following example shows that, in general, for 1 < j < d(€) we cannot avoid the integer
shift for the root of the Bernstein polynomial of the fresco constructed in the previous proposition.
EXAMPLE. Fix 8 # ~ in ]0,1[NQ. Let £ be the geometric (a,b)-module generated by
£€:=5s°"1Logs®@wv; and 1 := s7~! @ vy inside ESL ® V where (vq,vs) is a basis of V. Then we
have S3(€) =&, so d(€) =2,

5u =& + (CSB_l (9 V1, Sl(g) = Sl(g)ﬁ = (E5+1 024 ’Ul) D (E’Y ®’02)
and
S1(E) = (Bsg @ v1) @ (Ey ® v2).
So — is a root of Bg.

The only surjective map 7 : S (EF) — Ej is given (up to a multiplicative constant) by the
projection of S;(€%) onto Es ® v1 and the only choice for an element z such that 7(x) = eg
is z = %71 ® v; up to a multiplicative constant and an element in E, ® vy . Since we have
z = —(b"ta — )¢ modulo E, @ vy the map 7 is not defined on £ but only on bz which is in
S1(E)F = S1(E). So the fresco Bla]bxr which is semi-simple has —(8 + 1) (and may be —7) as

root of its Bernstein polynomial. There is no fresco in £ which is semi-simple and having —3
for root of its Bernstein polynomial.
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3.4. Jordan blocks. Recall that a theme is, by definition, a fresco which may be embeded in
some SES{V) (so with V' = C) (see Definition 5.1.3 in [6]).

Lemma 3.4.1. Let a €]0,1[NQ and let ¢ be an element in SE,(IN) which is of degree N in Log s.
Then inside the rank N + 1 theme T := Bla].¢ C SE&N), there exists an element
N
. oat+m—1 (LOg S)
YN =5 —NT
where m 1s an integer.
Fora =1, if p € SESN) is the class of a series which has degree N + 1 in Logs, then
inside the rank N + 1 theme T := Bla]y C SE%N) there ezists an element which is the class of
m (Log s)™ !
(13+1)!
Proof. Note first that T':= Blap is a rank (N + 1) fresco thanks to Lemma 5.2.4 in [6].
We shall prove the lemma for « # 1 by induction on N > 0. We leave the case o = 1 which
is similar as an exercise for the reader.
Since the case N = 0 is clear, assume that the lemma is proved for N — 1 and let T C SE((IN)
be a rank N + 1 fresco. Then S1(T) is equal to T'N 5= and we may embed the rank N fresco
T/S1(T) in

, where m is an integer.

SEND ~ 5=V /5=,
Thanks to our inductive hypothesis there exists an integer m’ such that
st =1(Log s)N /NI modulo SE

is in T/S1(T) and, since S1(T) C SE, we may find an invertible element S in B such that
@ == 52T "1 Log s)N /NI + S(b)s*+tM =1 is in T. Since S)(T) is isomorphic to E, 4 for some
positive integer g, for an integer m” large enough, sa“”/*m”*l(Log s)N/N! will be in T, since
S(b)sotM+m" =1 ig in G\ (T), concluding the proof. O

Corollary 3.4.2. Let F be a fresco and assume that the p-th Bernstein polynomial of F has a
root in —a— N, where o is in |0, 1] N Q. Then there exists wy, ..., w, in F (in fact in Fiy)) and
an integer m € N satisfying the relations:

(%) aw; = (e +m)bw; +bw;_1 Vj € [1,p] with the convention wy =0
and which are B-linearly independent in F.

Proof. We assume that o # 1 leaving the case o = 1 which is analogous as an exercise for the
reader.

Since Sp(Fia)) = Sp(F)[a), thanks to Lemma 4.2.5 in [6], we may find an [a]-primitive theme
T of rank p in F,), thanks to Proposition 6.3.3 in [6]. As we may assume that 7" is embedded in

SEPY the previous lemma shows that there exists an integer mq such that s*=m0=1(Log s)? /p!
is an element in 7.

Define w; = s**™0~1(Log s)7 /4! for j € [1,p]. Then the relations (x) are satisfied and imply
that w.,...,w, are elements in T,

To show that wy, ..., w, are B-linearly independent, note J the B-sub-module generated by
w1, ..., wp. Then it has rank at most p. But the relation (x) shows that J is an (a,b)-sub-
module of T* with a simple pole. Moreover, as ws, ... ,wp are clearly linearly independent over
A = C{s}, we have

dim¢ J/aJ = dime J/bJ > p
and so J has rank p as a B-module.

Since there exists a non-negative integer ¢ such that v¢T% C T C Fla) the conclusion follows
considering b%wy, ..., b%w, and m := mgy + q. O
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REMARK. Let J = le Bw; the sub B-module generated by wi,...,w,. Then J is a sub
(a,b)-module of F which has a simple pole and is [a]-primitive; it is equal to E(Ja4m,p) Where
Jotm,p 18 the matrix of the standard Jordan block with rank p and eigenvalue o + m (see the
end of Section 2.3 in [6]). The action of b=a on J/bJ is given by Jaim,p. So the Bernstein
polynomial of J is equal to (z + a + m)P.

It is interesting to compare this result with Corollary 3.2.5 in [6]. Here we do not assume
that the action of b='a on F*/bF* has a Jordan block of size p for some X in a + N but, in a
way, that this happens for the eigenvalue exp(2ira) of exp(2inb~'a) acting of F*/bF*. And this
hypothesis is precisely formulated by the existence of a root in —a — N for the p-th Bernstein
polynomial of the fresco F.

Note that contrary to the result in Corollary 3.2.5 in [6] we have no control here on the integral
shift between the root of the p-th Bernstein polynomial and the (multiple) root of the Bernstein
polynomial of the Jordan block which is obtained.

4. EXISTENCE OF POLES

4.1. The complex of sheaves (Kerdf*,d*).
THE STANDARD SITUATION. We consider now the following situation:

Let f : U — C be a holomorphic function on an open polydisc U with center 0 in C**!. We
shall assume that U is small enough in order that the inclusion {df = 0} C {f = 0} holds in U.

We denote Y the hypersurface {f = 0} in U and we assume that Y is reduced. For each
point y € Y we denote f, : X, — D, a Milnor representative of the germ of f at y. So X,
is constructed by cutting a small ball, with center y and with radius € > 0 very small, with
f~Y(Ds) where D; is an open disc with center 0 and radius § < e. For y = 0 we simply write
f X — D such a Milnor representative of the germ of f at the origin.

Let m : H — D* be the universal cover of the punctured disc D* := D \ {0} and choose a
base point 59 in H over a chosen base point sg in D*. Fix a point y € Y and take for D the disc
of a Milnor representative of f,. Then we identify the Milnor fiber Fy, of f at y with f~!(s).

For any p-cycle v in H,(F,,C) let (vs)sen be the horizontal family of p-cycles in the fibers
of f xp« m over H taking the value v at the point §y. Then the regularity of the Gauss-Manin
connection of f at y insures that for any w € QZH which satisfies dw = 0 and df A w = 0 the
(multi-valued) function s +— f% w/df has a convergent asymptotic expansion when s goes to 0,

which is in ngl), where exp(2im«?) contains the eigenvalues of the monodromy of f at the

point y.

We define on Y the following sheaves ( see [8] or [9] ) for each integer p € [1,n]:

First let Kerdf*t! c QP*! be the kernel of the map Adf : QPT1 — QP2 of coherent sheaves
on U and Ker dP*! be the kernel of the (C-linear) de Rham differential

drtt . QP — Pt

Then for p € [1,n] define the sheaf HPT! as the (topological) restriction on Y of the sheaf
Kerdfr™ n Ker dP™ /d(Ker df?).
By convention we put HP*! =0 for p & [1,n).

Then we have a natural structure of A := C{s}-modules on the sheaves HPT! for each p
induced by the natural action of A on €2}y given by (g,w) = f*(g)w where g is in A and w is in
Qpt! for each y € Y.

We have also an action of C[b] on HPT! for each p € [1,n] which is defined as follows:

e For w, € Kerdl*! N Kerdf?*! write w, := du, for some u, € QF (holomorphic de
Rham Lemma) and put blw,] := [df A uy].
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Then clearly d(df Au,) =0 and df A (df Auy) = 0.
e Of course, if we change the choice of u, ( for p € [1,n]) in u, + dvy, v, € Q™1 the class
of blwy] € HPT! is the same since df A dv, = —d(df Awv,) is in d(Ker df?).
The sheaf HP™! modulo its a-torsion'!, denoted by HP*!, is the (a,b)-module version of the

Gauss-Manin connection in degree p. As we assume that Y is reduced, the 0-th cohomology of
the Milnor fiber is C and the corresponding monodromy is trivial.

Lemma 4.1.1. The actions of a and b on HPT! satisfy the commutation relation
ab — ba = b2.

Proof. For w, = du, € Kerdff™' N Kerd?™" we have
blalwy] + blwy]) = bfduy + df A duy] = bld(fuy)] = [df A fuy] = ablw,],
which gives the relation b(a 4+ b) = ab concluding the proof. O

Note that the action of @ is well-defined on Ker df?*! but the action of b is only well-defined
on the cohomology szﬂ-l for each p € [1,n] and each y € Y.

Theorem 4.1.2. We keep the notation introduced above and let p be an integer in [1,n]. Let
w e W be in KerdfP™ such that dw = 0. Then for each v € Hy(F,,C) define ®(v,w) as the
element in SEE;’) given by the singular part of the asymptotic expansion 2 of the period-integral
f% w/df, where &/ is the image in |0,1] of the opposite of the roots of the reduced Bernstein
polynomial of f at the point y € Y and where (vs)secm s the horizontal family of p-cycles taking

the value v at the base point §y. So we have:

D(w, ) ::/ w/df € SEEAZ;).

s

Then using the fact that H?(F,,C) is the dual of Hy(Fy,C) and the linarity of ® in v, ® defines
a map

U HIH o SEY e HP(F,,C), (W) := [y B(w,7)]
which is A-linear and b-linear and whose kernel is equal to the a-torsion of ’ng“. So U is
well-defined and injective on H5+1.

Proof. The A-linearity of ¥ is obvious. The b-linearity is an easy consequence of the derivation
formula
as(/ W= [ dujdf
s ¥s
when v is in QF satisfies df A du = 0.

Consider now w € KerdfP*! such that dw = 0 and assume that w is in the kernel of W.
Then for each v the corresponding period-integral vanishes because the asymptotic expansion
is convergent (thanks to the regularity of the Gauss-Manin connection). So the class induced
by w/df in HP(F,,C) vanishes, and this implies that the class defined by w in the f-relative
de Rham cohomology vanishes. So we may find a meromorphic form v € Qg_l[ 1] such that
w = df Adv (see [4] and [3] for a = 1). This implies that o™V [w] = 0 in HZF!. O

1 An element ¢ is of a-torsion if there is an positive integer m such that a™¢ = 0. In "Hngl foreach z € {f = 0}
the a-torsion subspace is stable b and contains the b-torsion sub-space; see [8] paragraph 2.3.
12Since for the eigenvalue 1 we consider only the singular part of the asymptotic expansion, so we replace

Egpfl) by SEgpil) = Egm/EgO) which is isomorphic to Egpil) ( see [3]), the I'-factor that we introduce below

shifts the order of poles at points in —N in the complex Mellin transform F;;’wl()\) (see [11]) of the associated
hermitian periods ff:s pw A&’ /df Adf.
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Remark 4.1.3. The map ® satisfies also the relation ®(w,Tvy) = T (P(w,v)) where T is

the monodromy acting on Hp(F,,C) and where J is the monodromy acting on SEEZI;) via

Log s — Log s + 2im.
So the image of U is contained in the sub (a,b)-module of SEg;) ®c HP(F,,C) which is
invariant by 7 @ T* where T* is the action of the monodromy on H?(F,,C).

Corollary 4.1.4. Fory € Y let HE™! be the quotient of HEY' by its a-torsion. Then HET! is
a geometric (convergent) (a,b)-module.

Proof. The point is that H?™! is a finite type A-module since A is noetherian and SEEZ’;) is a
finite type (free) A-module. Then Hg“ is closed for the natural dual Fréchet topology induced

by SEE?;) ® HP(F,,C). As it is also a free finite type B-module, it is also stable by the action of
Bla]. So it is a geometric (a,b)-module. O

Note that it is not obvious to show directly that B acts on Hg“ contrary to the formal case
(corresponding to the algebra B := C[[b]]. .

Definition 4.1.5. In the situation above, let w be a germ at y € Y of the sheaf Ker dfP*!
which is d-closed. Then we define the fresco Fy ., associated to these data as the fresco
Bla][w] € HETY. So it is generated in the geometric (a,b)-module HYT' by the class of w.

Note that for p = n each germ w at a point y of QZ"H satisfies df Aw =0 and dw = 0.

In the sequel we shall mainly use the case p = n with y = 0. So we simplify the notation to
F., when we consider the fresco Ff o in HJ 1.

4.2. The use of frescos. Now comes the main hypothesis we make in the sequel on the holo-
morphic germ f.

Definition 4.2.1. In the standard situation, fix a rational number « €]0,1]. We say that the
germ f has an isolated singularity for the eigenvalue exp(2im«a) of its monodromy when,
at each point y # 0 in the reduced hypersurface Y = f~1(0), the local monodromy of f, acting
on the reduced cohomology of the Milnor fiber at the point y, does not admit this eigenvalue.
This hypothesis is denoted H(«, 1) in the sequel.

Let us recall some known facts.

(1) The hypothesis H (v, 1) is equivalent to the fact that, in open neighborhood of the origin,
the local reduced b-function of f at any point = # 0 has no root in —a — N.

(2) The hypothesis H(a, 1) is equivalent to the fact that, in an open neighborhood of the
origin, the polar parts of the meromorphic extension of the distributions

1 2X F—h
— , VYhez,
]
at points in —a — N have their support contained in {0}.
(3) The hypothesis H(«,1) is equivalent to the fact that, for any test form ¢ in
€ (CrryntLntl with compact support in X \ {0}, the meromorphic extension of the

functions .
2)\ F—h

has no pole in —a — N for each h € Z.

(4) Since the monodromy of f is defined on H?(F,,Z), for « €0, 1] the hypothesis H (e, 1)
is equivalent to the hypothesis H(1 — a, 1).
Thus, for a holomorphic germ f, the hypotheses of isolated singularity at the origin for
the eigenvalues exp(+2ira) of the monodromy are equivalent.



86 DANIEL BARLET

Assume that, in the standard situation, the germ f satisfies the hypothesis H(«, 1). Let w,w
be in Qg“, p € €>(C"*1) be such that p = 1 near 0, with a support small enough in order
that pw A&’ is a well-defined €>° differential form of type (n+1,n+1) on C**!. Then, for any
h € Z, the holomorphic function, defined for 2R(X\) > sup{0, h} by the formula

, 1 _
(F) B0 = 5 /X P oA e,

has a meromorphic continuation to the all complex plane, with poles contained in —&/ — N,
where &7 is the finite subset of Q*T of the roots of the reduced Bernstein polynomial l;f,o of f
at the origin.
Moreover, thanks to our hypothesis H(«, 1), we have the following properties (see [1] for a
proof):
(1) The polar parts of F}’ “’(\) at the points in —a — N do not depend on the choice (with
the conditions specified above) of the function p.
(2) The polar parts of FZJ’“/()\) at points in —a — N depend, for given w’ and h, only on the
image of w in the formal (a,b)-module ﬁg“, which is the formal b-completion of the
geometric (a,b)-module Hy ™ defined in section 4.1.

The following result is proved in [1] Proposition 3.1.1.

Proposition 4.2.2. In the standard situation assume that hypothesis H(«, 1) is satisfied. Let w
and w' be holomorphic (n + 1)-differential forms on X and let p be a € function with compact
support in X which satisfies p = 1 near 0. We have the following properties:

i) If there exists v € Q" (X) satisfying df Av =0 and dv = w on X, then F,:”w,(/\) has no pole
in —a—N for any h € Z and any w' € Qg“.
ii) For any h € Z and any ' € Q4 the function F,fw"”’()\) — A+ 1)E 4 (A +1) has no pole
at points in —a — N.
iii) For any h € Z and any ' € Qi the function F;Zw’w/()\) + F;ff{ (A+ 1) has no pole at
points in —a — N
iv) For any complex number u, for any h € Z and for any w' € Qg“ the function

BT 0) = Ak i+ DES (4 1)
has no pole at points in —a — N.
An easy consequence of the proposition above is the following;:

Corollary 4.2.3. Under the hypothesis H(«, 1) assume that the meromorphic extension of the
holomorphic function F}* (X\) has never a pole of order > p at a point in —a — N for some

given w' € Qg“ but for each h € Z. Then the same is true replacing w by any w € Qg“ such
that [w)] is in the fresco F,, = Bla]lw] C Hy .

Proof. Points ii) and i) of Proposition 4.2.2 show that for any integers ¢ and r the function

F B! (M) has no pole of order > p at the point —a—m. The conclusion follows from Property
2 above. O

The following important tool for the sequel is also a consequence of Proposition 4.2.2, using
the Structure Theorem for frescos of [7] extended to the convergent case (see Point 2 in the
beginning of Section 3.1). It needs the following terminology:
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THE PROPERTY P(w,w’,p). In the standard situation, assuming the hypothesis H(q, 1), fix two
holomorphic germs w,w’ in Qg‘“. Let p > 1 be an integer and assume that there exists h € Z
such that F}”* () has a pole of order at least equal to p at a point in —a — N. Then we say
that the integer m has the property P(w,w’,p) when m is the smallest integer such that

there exists h € Z and a pole of order > p at the point A = —a — m for the function F;:’w/()\).

Proposition 4.2.4. In the situation described above, assume that, for some h € Z, there exists
a pole of order > p at the point —a —m for the function F;”* ().
Then the following properties hold true, :

(1) Assuming that the integer m satisfies the property P(w,w’,p), for each S € B such that

S(0) # O there exists a pole of order at least equal to p for F,f_&bl)w’w/()\) at the point
—a —m. Moreover, the integer m satisfies also the property P(Sw,w’,p).

(2) If u # a+m there exists a pole of order at least equal to p for F,S(rl“b)w’w/()\) at the point
—a —m — 1. Moreover, if the integer m satisfies the property P(w,w’,p), the integer
m + 1 satisfies the property P((a — pb)w,w’, p).

(3) For u = «a+ m, there exists a pole of order at least equal to p — 1 for F}(Li__l“b)w’wl()\) at
the point —a —m — 1.

Proof. Assume that X is a sufficiently small open neighborhood of 0 in C"*! such that the
germs w and w’ are holomorphic on X and that there exists u € Q"(X) satisfying du = w on X.
Thanks to Stokes’ Formula and Hypothesis H(a, 1) (see Proposition 3.1.1 in [1] or Proposition
4.2.2 above) the meromorphic function

7 ’ 1 -
FR ) O DEZY Ok 1) = = o [ 1P T dp nuns
T Jx

has no poles at points in —a — N for any choice of w’, h and p € €2°(X) which is identically 1
near the origin (since 0 is not in the support of dp).

Since m satisfies Property P(w,w’,p), it is clear that for any positive integer g, F}lz,q“”w/ (M) has
no pole of order > p at —a—m’ for each m’ < m — ¢. Since we have never a pole for FZJ’W/ (\) at
points where R()\) > 0, we conclude that for any S € B with S(0) 0 we have a pole of order
p for F,i(rbl)w’wl (M) at the point —a — m. Moreover m satisfies the property P(Sw,w’,p).

With the same arguments (and the same Proposition 3.1.1 in [1] or Proposition 4.2.2) the
meromorphic function

E 9 () = ki DES (A4 1)
has no pole at points in —a — N for any choice of w’, h and p € €>°(X) which is identically 0
near the origin.

Now the same line of proof gives points 2 and 3 of the proposition using point iv) in Proposition
4.2.2. 0

Now appears the main strategy of proof to locate the bigger order p pole in —a — N for a
given pair w,w’.

Corollary 4.2.5. Assume that there exists a pole of order at least equal to p at the point —a—m
for F,“:"”l()\) for some integer h € Z and assume that the integer m satisfies Property P(w,w’, p).
Put TI := (a — p1b)S1(a — p2b)Sa ... (a — upb)Sk where Sy, ..., Sk are invertible elements in B
and [, ..., 1 are positive rational numbers.
(1) Assume that p1; + j — k # oo+ m for each j € [1,k]. Then F,?fl;w/()\) has a pole of order
at least equal to p at the point —a — m — k. Moreover the integer m + k satisfies the
property P(lw,w’, p).
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(2) If py is the only value of j € [1,k] such that py + j — k = o+ m then F}?fléwl()\) has a
pole of order p — 1 at the point —a —m — k.

Proof. The result is easily obtained using inductively the assertions 1,2, 3 of the previous propo-
sition. 0

Corollary 4.2.6. Assume H(a, 1) and that the nilpotent order of (Bla]w)l®! (the [a]-primitive
quotient'? of the fresco Blalw) is at most p—1. Then for any choice of w' and h, the meromorphic

extension of FZ”“’/(}\) has no pole of order > p at any point in —a — N.

Proof. We shall prove the result by induction on p > 1. For p = 1 our hypothesis means that
(Bla]w)!®) = {0} so if IT := (a— pu1b)S1(a — pab)Ss . . . (a — uxb) Sy, where Sy, ..., Sy, are invertible
elements in B, generates the annihilator of [w] in the geometric (a,b)-module HJ ', we may
assume that py, ..., g are not in —a — N. Then, since F,?w"” (M) has no poles in —a — N (see
Proposition 4.2.2 (i)), we obtain immediately a contradiction with the assertion of Corollary

4.2.5 if we assume that for some choice of w’ and h the meromorphic function F}’ ’w/()\) has a
pole at some point —a — m.

Thanks to the case proved above, we may replace w by a generator of the fresco (Bla]w)!,
which means that we may assume that Bla]w is an [a]-primitive fresco with nilpotent order at
most p — 1 with p > 2 (see again the previous footnote 11).

Define F := S,_1(Bla]w)/Sp—2(B[aw). This fresco is [a]-primitive, semi-simple and gener-
ated by [w]. So the generator II := (a — p1b)S1(a — 2b)Ss ... (a — prb)Sy where Sy,..., Sy are
invertible elements in B, of the annihilator of the class [w] in this semi-simple fresco'* may be
chosen such that we have any order for the sequence uj; + j. Since these numbers are pairwise
distinct there exists at most one j € [1, k] such that p; +j —k = o+ m. So we have have only
two possibilities:

either there is no such j € [1, k] or there exists a unique j € [1, k] such that u;, +jo—k = a+m
and in this case we may choose jo = 1.

So using inductively Corollary 4.2.5 we see that if we assume that F}f’”/()\) has a pole of

order > p at the point —a — m, we shall find a pole of order > p — 1 for F}?f,;w/()\) at the point
—a —m — k. Since the fresco G generated by the class ITjw] satisfies G = S,_o(B[a]w]), its
nilpotent order is at most equal to p — 2. This contradicts our induction hypothesis.

The case where there is no j € [1,k] such that p; + j — k = a + m leads to a pole of order
> p at the point —a — m — k, so gives also a contradiction. (I

4.3. The final key. Note that in Section 4.2 we always assume the existence of poles at some
point in —a — N for F}’ “’(A\) (under our hypothesis H (e, 1)) and obtain consequences on the
Bernstein polynomial of the fresco F,,. These results improve the results in [1]. To go in the other
direction, that is to say to prove that the existence of such poles is consequence of informations
on the Bernstein polynomial of F,,, we shall use now the main idea of [4] (and also [3] in the case
a = 1). This is the point where the use of convergent (a, b)-modules is essential. It allows to show
that the non-vanishing of the class induced by w in the [a]-primitive quotient of Hé”l implies
that the cohomology class induces by w/df in the spectral part for the eigenvalue exp(2ima) of
the monodromy of f acting on H"(Fp,C) does not vanish, where Fj is the Milnor’s fiber of F'
at 0.

13The nilpotent order of El®] and of E[o) are the same since the natural injection Ejy] — El“] has a finite-
dimensional co-kernel, because they have same rank; see Lemma 6.3.6 in [6]).

MRecall that the saturation of this semi-simple fresco is a direct sum of rank 1 geometric (a,b)-modules
corresponding to pairwise distinct numbers since the Bernstein polynomial of a fresco F is the characteristic
polynomial of —b~1a acting of fﬁ/b]:ﬁ.
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Theorem 4.3.1. Let f : X — D be a Milnor representative of the holomorphic germ of f near
the origin in C"*1 and assume that H(«a,1) is satisfied. Let u € Q"(X) such that there exists
m € N with fdu = (a+m)df Au on X and assume that the class induced by u in H"(Fy, C) is
not 0. Then there exists a germ W' € Qg“ and an integer h € N such that for any p € €°(X)
which is identically 1 near 0 and with support small enough in order that pw' is in €>°(X )"0,
the meromorphic extension of

(2) ﬁ /X |f|”f*hp$um;f

has a pole at —ac — m.

Proof. Define, for j € N, the (n,0)—current on X by the formula!®
1 y
T, 0) = Pf(A= —a—m, —— 22 i

where 1 is a test form of type (1,n + 1) which is in €>°(X).
CrAM. Then we have the following properties for each j € N
(1) fTTjJrl = Tj on X
(2) The support of the current d'T; is contained in {0}.
(3) The support of the current d"T; + (o +m + j)df A Tj41 is contained in {0}.

PROOF OF THE CLAIM. The first assertion is clear.
Let us compute d'T;. Let ¢ be a €°(X) test form of type (0,n + 1). We have

(d'Tj, ) = (-=1)(Tj,d'¢) = (=1)"(T}, dp)

But for R(\) > 1 the form |f|*f~u A ¢ is in €}(X) and applying Stokes’ Formula and
meromorphic continuation give

— 1 A r—j _<)‘+a+m) /\*—‘df _1\n/7. J
O—W/qufﬁ f ]UAW)—W/XWQ f 37/\u/\<p+( )™(T;,d'¢)
because du:(a—i—m)%f/\u and df A ¢ = 0. Then we obtain'®
/ _ _ 1 i df
(3) (de,g?)—Res()\——a—m, m/x|f|2)‘f 37/\u/\g0).

This gives our assertion 2 because we know that the poles of the meromorphic extension of
ﬁ fX |f|>*f~70 at points in —a + Z are supported by the origin, thanks to our hypothesis
H(a,1).

In an analogous way let us compute d”T}; let ¢ be a €°(X) test form of type (1,n). We
have:

(d'Ty, ) = (=1)"(Ty,d"y) = (=1)" (T}, dip)
But for R(A\) > 1 the form |f|?*f~7u A1 is in €} (X) and so:
d(|fPFund) = A= DIFFAFI Aund+ () FPAF T undy
because the type of du as well as the type of df Au is (0,n + 1). Then Stokes’ Formula and the
meromorphic continuation give

_ 1 o
(d"T; + (a+m+5)df ANTj41,9) = Res()\ =—a—m, ey /X |f122f7af /\u/\w).
This proves the assertion 3, again thanks to our hypothesis H(c,1).

15Here Pf(A = Ao, F(A)) denotes the constant term in the Laurent expansion at A = Ag of the meromorphic
function F(\).
I6Here Res(A = Ao, F'(A)) denotes the residue at A = Ag of the meromorphic function F().
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Now we argue by contradiction and we assume that for each jo € N, the current d'T}, in-
duces the zero class in the conjugate of the space H[T(L)]JFI(X ,Ox). This means that there ex-
ists a (n,0)—current ©;, with support {0} satisfying d'0;, = d'Tj, on X. Then, as we have
fij = T),— for any k € N thanks to point 1 proved above, we obtain that

d' f*0;, = f*d'0;, = f*Tj, = Ty
Now we fix jo >> 1 and define, for each j < jo, ©; := f70=70;,. So for any such j < jy this gives
d'e,; =d1T;.

Now we use Lemma C7, Cy and Lemma D in [4] and Lemma C7, C4 in [3] in the case o = 1,
for the family of currents Tj :=1T; — 0, for j < jo to obtain a contradiction.

These currents satisfy:

(1) d'T; =0 on X.
(2) d"Tj + (o +m + 5)df A Tj;q has its support in {0}.
(3) The current T} coincides with | f|~2(®+™) f=iy on the Milnor fiber Fyy = f~'(so) (these
currents are smooth outside V).
Note that we have HP(X \ {0},0x) = 0 for 1 < p < n — 1 which is used for checking the
hypothesis of Lemmas C7,C} in the case a =1 .

Then the cited lemma contradicts our assumption that the class induced by v in H™(Fp, C)
does not vanish.

Thus we obtain that there exists jo € N such that the class induced by d'T}j, does not vanish

in the dual of the space Qg“ of the germs at the origin of anti-holomorphic volume forms on
C*+! (and then for any jo + k for k € N also). So there exists w’ € Q! and p € €2°(X) which

is identically 1 near 0 and with support small enough in order that pw’ is in €>°(X)" 1 such
that
(d'T; pw’>:Res<)\:—a—m L/ |f\2)‘f_j°£/\u/\pw')7é0
" " TN Jx f
concluding the proof of the theorem. O

Corollary 4.3.2. Assume that we have holomorphic forms u; € Q*(X) for each integer j in
[—N,p| such that

fdu; = (o +m)df ANuj +df ANuj_q
with the hypothesis that [du;] = 0 in HY ™' for each j € [~N,0] and such that u; induces in
H™(Fy,C) a class which is not 0.
Then there exists h € N and w' € Qf* such that the meromorphic extension of

(4) o J T n vy n

has a pole of order at least equal to p at the point A = —a — m.

Proof. For R(\) > 1 the differential form |f|?*f~"pu; A &' is of class ¢! and satisfies
AF P F s A) = (0 @+ m) FIPAF o df ) Ay A+
(PP pldf [ £) Nujoy A&+ [FIPA 7 dp Ay A&

Then Stokes’ Formula and the meromorphic continuation give that for each ¢ > 1 and each j we
have:

1

Pt (3= —a—m. g [ P o/ ) s 0 ) =

= P(h=—a—moggs [P0 hu 0 &),
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where Py(A = X, F'(\)) means the coefficient of (A — Ag)~? in the Laurent expansion of the
meromorphic function F' at the point A = Ag.
Then the fact that there exists h € N and o’ € Q0! with (here P, = Res !)

1 _
Pi(A=—-a—-m, =—— Afho(df Jf) Aug A@') #0
(3= —ammoggs [P/ nana) #
completes the proof of the theorem using the formulas above with ¢ € [1,p—1] with j = ¢+1. O

To be able to use the previous corollary, the following lemma, combined with Corollary 3.4.2
will be useful.

Lemma 4.3.3. Let wy,...,w, be in Q0" such that the induced class in HJ'' satisfy the
relations:

(%) alw;] = (o + m)blw;] + blw;_1] Vj € [1,p] with the convention [w] = 0.

Then there exists an integer N and uy ..., up in Q such that

(k) fduj = (o +m+ N)df ANuj +df Auj—1  with the convention ug =0

and such that we have [du;] = (a+b)N[w;] in Hy L.
Proof. Choose, for each j € [1,p], a form v; € Qf such that dv; = w;. Then for each j € [1, p|
the class induced in H{™' by the form
fdv; — (o +m)df Avj —df Avj_q with the convention vy =0
is of a-torsion in H{T'. So there exists an integer N and a germ ¢; € (Kerdf)§ such that, for
j € [1,p], we have
N dvy — (@ +m)df A fNoj—df A Ny = fdt;.
This equality may be written
fd(fNvj +t;) — (a+m~+ N)df A (fNvo; +t5) —df A(fNvj_1+tj-1) =0
with the convention ¢y = 0, using the fact that df At; = 0 for each j. Then defining

uj := fNv; +t; for j € [1,p] concludes the proof since the class induced in Hj™' by du; is
equal to a™ [w;] + Na™ ~1blw;], thanks to the equality a® + Na®¥=1b = (a+b)" (see the exercise
below). O

EXERCISE. Show that the commutation relation ab — ba = b? implies the relation
(a+0)=a? (a+qgb) VqeN*.

Note that b(a + b)Y = a™b implies that in a geometric (a,b)-module an element x which
satisfies (a + b)Nx = 0 is null, since a and b are injective.

4.4. Statements and proofs. Our first result gives an improvement of the result in [1] but is
also a precise converse of this statement. It shows the interest in considering the higher Bernstein
polynomials introduced in Section 2.

The content of the following result is the direct part of Theorem 1.2.1 in the introduction.

Theorem 4.4.1. In the standard situation described in Paragraph 1.2, assume that the hypoth-
esis H(a, 1) is satisfied. Consider a germ w € Qg“ such that the p-th Bernstein polynomial of
the fresco F,, := Blalw in HJ™" has a root in —a — N. Then there exists w' € Q4 and an
integer h € Z such that the meromorphic extension of the integral

’

(4) FE0) = 7 J P na

s
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has a pole of order at least equal to p at A = —a — m for m a large enough integer, where
p € €X(X) is identically 1 near zero.

Remark 4.4.2. The converse of this result which is the second part of Theorem 1.2.1 in the
introduction, proves that, for a germ w € QS'H, the existence of such W', h,m giving a pole of
order p at the point in —a —m for (A) implies that the p-th Bernstein polynomial of the fresco
F. = Bla]w has a root in —a — N.

This result is a consequence of the Theorem 4.5./4, using the following consequence of Corollary
2.2.5:

e [f the g-th Bernstein polynomial of the geometric (a,b)-module £ has a root in —a — N
then for each p € [1,q| the p-th Bernstein polynomial of £ has also a root in —a — N.

For the proof of Theorem 4.4.1 we need the following result.

Proposition 4.4.3. Assume the hypothesis H(a, 1). Suppose that uy € Qf satisfies the relation
fduy = (a+m)df Auy for some integer m. If [duy] is not zero in Hi™', then the cohomology
class induced by uy in H"(Fy, C) is not zero. So u|p, induces a class which is an eigenvector of
the monodromy for the eigenvalue exp(—2iTa).

Proof. Thanks to Grothendieck (see [13]), the meromorphic relative de Rham complex of f
computes the cohomology of X \ f~1(0) and under the hypothesis H(a, 1) the spectral sub-
space H"(Fp, (C)exp(,gim) of the monodromy is isomorphic to the n-th cohomology group of the
complex

<Qo[f 1/df A9 ] (d fA>).

If we assume that u; induces 0 in H"(F, C), since we have

d(f~"uy) — a% A f7u =0,

there exists v,w € Q0 *[f~!] such that

dv—a%/\uzf_mul—i—df/\w.

This gives
d(f~"uy) = —df Ndw+ adf Av/f and then

fM™duy — mﬁ ANfTup =1 —m/(m+ ) f~"duy =df ANd(—w + awv/f).

f
This implies, since « is in ]0, 1], that [du;] is of a-torsion in H{ ™+ and then 0 in Hy™'. Contra-
diction. O

PRrROOF OF THEOREM 4.4.1. Using Corollary 3.4.2 there exist [w1], ..., [wy] in F,, and an integer
m € N satisfying the relations:

(* alw;] = (o +m)blw;] + blwj_1] Vj € [1,p] with the convention [wy] =0

and which are B-linearly independent in F,. Assuming that the Theorem does not hold would
imply, thanks to Corollary 4.2.3 and to Corollary 4.3.2, that writing w; = du; with u; € Qg,
the class induced by uy in H"(Fy, C) vanishes.

But this contradicts the hypothesis that [w;] is not zero in F,, C Hy ™, thanks to Proposition
4.4.3. d
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The following corollary of Theorem 4.4.1 is clear since we may use a Bernstein identity at the
origin to describe the poles of the meromorphic extension of the distribution ﬁ| fIPAf=" for

any h € Z (see [5] or [12]).

Corollary 4.4.4. In the situation of the previous theorem, the existence of a germ w € Qg“
such that the p-th Bernstein polynomial of the fresco Blalw C Hg)”l has a root in —a—N implies
the existence of at least p roots of the reduced b-function by o of f at the origin in —a—N counting
multiplicities.

SKETCH OF PROOF. We know, thanks to Theorem 4.4.1, that there exists w’ € Qg“ and h € Z
such that the meromorphic extension in (A) has a pole of order at least equal to p at —a —m
for some integer m. But the use of the Bernstein identity for f at the origin implies that such a
pole may occur only when the reduced Bernstein polynomial of f has at least p roots (counting
multiplicities) in the set {—a — N} N [—a — m, —a]. The conclusion follows. O

Remark 4.4.5. The interest of the higher Bernstein polynomials lies in the fact that the ex-
istence of p roots in —a — N for the reduced Bernstein polynomial by does not implies, in
general under our hypothesis, the existence of a pole of order p at some point A = —a — m with
m € N, for the meromorphic extension of ﬁ Jx [fI? 7" for some test (n+ 1,n + 1)-form
w. Theorem 4.4.1 gives a sufficient condition to obtain a pole of order at least p.

Our next result is an improvement of Theorem 4.4.1.

Theorem 4.4.6. In the standard situation defined in paragraph 1.2, we assume that the hypoth-
esis H(a, 1) is satisfied. Assume that there exists w € Qg“ such that B;-[a] has a root in —a—N
where F := Blalw C Hy™ and where p = d(Flel) is the nilpotent order of the fresco Fl®l. Let
—a —m be the biggest root of B}_[Q —a — N. Then there exists w' € Qg“ and h € Z such

that Fy” o' (X\) has a pole of order p at the point —a — m.

Recall that, of course, in the previous statement B denotes the p-th Bernstein polynomial
of the fresco F.

Proof. First recall that, thanks to Lemma 6.3.6 in [6], we have, for any geometric (a,b)-module
&, the equality d(E]n)) = d(€ /Eza)) = d(E).
Let —a — m be the biggest root of Bf[(,. Then we may choose a J-H. sequence of
/ Sp_1(F [a] such that its last quotient is isomorphic to Ey4,,. This is possible because
the fresco Flel / S,—1(Flel) is semi-simple and has —a —m as a root of its Bernstein poly-
nomial (recall that the Bernstein polynomial fo F1° /S, ;(Fl®) divides BL. Which also di-
vides BY%). Then if Iy is the generator of the annihilator of [w] in Fl&) /S, ;(Flel), it may
be written Iy = (a — (o +m + 1 — k)b)IIj where k is the rank of F(* /S, 4 .F[ 1). Then,
choosing a J-H. sequence of F which begins by a J-H. sequence of F.q) and ending by the
J-H. sequence of FI® chosen above, we see that the annihilator of w in F may be written as
IT = 11 (a — (v +m+ 1 — k)b)IIf) with Bla]/Bla]Il}, semi-simple [ ] primitive with a Bernstein

polynomial having roots strictly less than —a—m, with d(B / Bla]ll;) < p—1, since this fresco
is isomorphic to Sp_ 1(Flel) and with ( /B Mla)[a) = {0} since B /B JII5 is isomorphic
t0 Flzal-

Now, applying Theorem 4.4.1 we find ' € Q4" h € Z and m; € N such that F;;’wl()\)
has an order p pole at the point —a — m; and such that the integer m; satisfies the property
P(w,w', p).

Using then Proposition 4.2.2 we see that if m # m; we obtain a contradiction with Corollary
4.2.3 because we find a pole of order p at a point —a — my — k for the meromorphic extension
of F,?f;’;‘i/()\) where k is the degree in a of IIj.
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So we obtain that m = mj, concluding the proof. O
The following corollaries are obvious consequences of the previous result.

Corollary 4.4.7. In the standard situation defined in paragraph 1.2 and under the assumption
H(a,1), consider a germ w € Qo and assume that —a—m is the biggest possible pole in —a—N for

any choices of W' € QY and any h € Z for the meromorphic functions F}“:’”/()\). Then —a—m
n+1

is the biggest root in —a — N of the Bernstein polynomial of the fresco F,, := (Blalw) C H}
Corollary 4.4.8. In the standard situation defined in paragraph 1.2 and under the assumption
H(a, 1), assume that —a — m is the biggest root of the Bernstein polynomial in —a — N of the
geometric (a,b)-module Hg“. Then there exists h € Z such the meromorphic extension of the
distribution F({\) |f|?*f~" has a pole at —a — m.

The following consequence of the previous corollary is obvious, since in the case of an isolated
singularity at 0 for f it is known (see [15]) that the Brieskorn module coincides with Hy ' and
that its Bernstein polynomial coincides with the reduced Bernstein polynomial by of f.

Corollary 4.4.9. Assume that the germ f : (C"*t1,0) — (C,0) of holomorphic function has an
isolated singularity at the origin. For a €]0,1]NQ let —a— m be the biggest root of the reduced

Bernstein polynomial of f in —a—N. Then there exists h € N such the meromorphic extension
of the distribution | f|** f~" /T()\) has a pole at —a — m.

Remark 4.4.10. This result is more precise than the information coming from the general
theorem of [4]. The singular part of the asymptotic expansion at s =0 of a fiber integral
—/
w W

— with pe €°(X),p=1 near 0,

S pP—= N
j=s df d

is described by the polar structure of the meromorphic extension of its complex Mellin transform!'”
giwen, for A € C and h € Z by:

FOLR) = ﬁ/x|f|2)‘f_hpw/\®/.

The general result of [4] says only in this situation that for some h € [—a —n — 1, —a] and for
some integer q € [—a —n — 1, —a] we have a pole at A\ = —a + q for this Mellin transform. The
corollary above makes precise that there is a pole for some h € [—a —n — 1,—a] at the point
—a—m where —a—m is the biggest root of the Bernstein polynomial of f in the set {—a — N}.

QUESTION. In the case of an isolated singularity for the eigenvalue exp(2ima) of the monodromy
(so with our hypothesis H(a,1)), is the Bernstein polynomial of the geometric (a,b)-module
(HSLH)[“] = HSLH/(HSLH)#(X] (which is the biggest polynomial having its root in —a — N
and dividing the Bernstein polynomial of the (a,b)-module HJ*') coincides with the biggest
polynomial having its root in —a — N and dividing the reduced Bernstein polynomial of f at the
origin?

4.5. Some improvements of Theorem 3.1.2 in [1]. The goal of this paragraph is to show
that, using the higher Bernstein polynomials of the fresco Fy,, generated by the class of w in
H! and the tools introduced above, we improve the main result in [1] Theorem 3.1.2.

We begin by some remarks to make clear the correspondence between our present notation
with that used in [1].

17This combined a radial Mellin transform of R+ and a Fourier series on the ?argument variable” of complex
numbers; see [11].
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Remark 4.5.1.

(1) We use here the notation H(«, 1) with o €]0,1] N Q instead of the notation H(E,1) with
£€Q.

(2) To consider a form ¢ € €>°(C" )01 with small enough support and such that dip = 0
in a neighborhood of 0 is equivalent to consider p.@' where W' is in Qg"H and p is a
function in €>°(C™+1) with small enough support which is identically 1 near the origin.

Indeed any such 1 may be written as v = & for some w’ € Q"1 near the origin thanks
to Dolbeault’” Lemma, and then ) — pi’ is identically O near the origin. So replacing 1
by pw’ do not change the poles which may appear in —a — N for the functions we are
looking at, what ever is the choice of h € Z, thanks to our hypothesis H(«, 1)).

For w,w’ in QT we use the notation F;f’w/ (\) where the function p € €*°.(C"*1)
which is identically 1 near the origin and has a sufficiently small support in order that
pw A@' is smooth, does not appear in this notation because the poles at points in —a — N
do not depend on the choice of this p.

This corresponds to the notation F,j’()\) where 1 is in €°(X)O" L is d-closed near
the origin (where w is given in Q"TY(X)) and with ¢ = p&'.

(8) Note also that we change the sign of the integer h € 7 between these two articles.

Theorem 4.5.2. Let « €]0,1] be rational number and assume that the holomorphic function
f satisfies the hypothesis H(a,1). Assume that w in Qg“ is such that there exists an integer
h € Z and a form o' € QU for which the function FZ”“’/(}\) has a pole of order p > 1 at some
point & in {—a — N}. Denote by &, = —a —m the biggest such number & in {—a — N} for any
choice of w' and h € Z. Then the p-th Bernstein polynomial of the fresco Fy ., := Blalw C Hy™!
has a root in [—a. —m, —a] N {—a — N}.

Proof. Note P := P; P, the annihilator of the class of [w] in the [a]-primitive quotient
FO i i (Fra),

of the fresco Fy, := Bla][w] inside the (a,b)-module HJ"" associated to f, where P is the
annihilator of [w] in ]-'[“]/Sp,l (F). If Ff:’w/()\) has a pole of order at least equal to p at the
point —a —m and if —a —m is not a root of the p-th Bernstein polynomial of F[®!, then —a —m
is not a root of the (usual) Bernstein polynomial of the fresco Bla]/B[a]P» which is isomorphic
to Sp_1(FI°). In this situation, using Corollary 4.2.5 we see F,fj‘,’:’w/(/\) has a pole of order at
least equal to p at —a — m — k, where k is the rank of the fresco f[a]/Sp,l(]:[o‘]). But this
is impossible, according to Corollary 4.2.6 since the nilpotent order of S, (F() is p — 1. So

—a —m is a root of some (p + j)-th Bernstein polynomial of Fl®! for some integer j > 0.
The conclusion follows using Corollary 2.2.5. O

The end of Theorem 3.1.2 in [1] is also improved as follows:

Corollary 4.5.3. In the situation of the previous theorem, let &, for each integer s in [1,p], be
the biggest element in —a —N for which there exists h € Z and w' € Qi such that F;f’w'()\) has
a pole of order at least equal to s at . Then & is a root of some (s+ j)-th Bernstein polynomial
of the fresco f}aj} for some j € N.

Moreover, if £ = Es41 = -+ - = Es4p then there exists at least p distinct values of j € N such
that & is root of the (s + j)-th Bernstein polynomial of the fresco f][c(ji

Proof. The proof of the first assertion is analogous to the proof of the theorem above.
The second assertion is an immediate consequence of the fact that the roots of the Bernstein
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polynomial of a semi-simple fresco are simple, applied to the successive semi-simple quotients
SulF1)/S-1(F1)
ford=s+1,s4+2,...,5s+p. O

Now we conclude by a result which combines the previous results in order to precise, for a
given pair (w,w’), the link between the first pole of order at least p in —«a — N with the roots of
the g-the Bernstein polynomials for ¢ > p of the fresco Fi,.

Theorem 4.5.4. In the standart situation, assume that the hypothesis H (v, 1) is satisfied. Let
w be in Q0T and define the fresco F,, := Bla)w. Assume that p := d(}"La]) is at least equal to

1 and choose'® W' € Qg“ and h € Z such that F,“L“’w/()\) has a pole of order p at some point
in —a— N. For each j € [1,p], let m; be the integer which has the property P(w,w’,j). Then
—a —myj s a root of at least one of the polynomials Bj+q(fLa]), for some integer q in N.

Proof. If, for some j > 1, no root of the polynomials B}Tf] for ¢ > 0 is equal to —av — m;, we
can find a J-H. sequence of F,, such that the corresponding generator of the annihilator of w is
of the form IT := II,II; where IT; has no factor (a — Apb) with A\, +h — k equal to a +m, where
the nilpotent order of the fresco (B[a]/B[a]ll>)[®)) is at most j — 1 and where k is the rank of
Fu. Then we conclude as in the previous Theorem using Corollary 4.2.3. (]

5. EXAMPLES

It is, in general, rather difficult to compute the Bernstein of the fresco associated to a given
pair (f,w), even in the case where f has an isolated singularity.

Nevertheless, in the case where f is a polynomial in C[zy, . .., ,] having (n+2) monomials, we
describe in the article [1], a rather elementary method to obtain an estimation for the Bernstein
polynomial of the fresco Fy,,, associated to a monomial (n + 1)-form w.

Of course, when the full Bernstein polynomial has a root of multiplicity £ > 2 then this root
is also a root of the j-th Bernstein polynomial for at least &k values of j (see Proposition 2.2.3
and Corollary 2.2.5).

But when the Bernstein polynomial has only simple roots, the computation of the higher
Bernstein polynomials, even in the special situation of [1], is not easy. We present below some
examples where the second Bernstein polynomial is not trivial but where the full Bernstein
polynomial has no multiple root.

Proposition 5.0.1. Let f(x,y,2) = 23> +y23 + 20+ \vyz where X # 0 is any complex number
which is a parameter, and consider the holomorphic forms

wi i=dr Ady Adz, we = 1y>2%w1, ws =y wi, and wy = zyiw.

Then, in each of these cases, the fresco Fy ., s a rank 2 theme and the second Bernstein
polynomial is equal respectively to x +1, x+4, x + 5 and  + 3.

Moreover, for i = 3,4 the corresponding (full) Bernstein polynomial of the corresponding
frescos has only simple roots.

Note that this proposition allows to apply Theorem 4.5.2 to conclude that for each
i € {1,2,3,4}, there exists some integer h and some germ w} € Q3 such that the meromor-
phic extension of

wi,w'. 1 r— —
F, I(A)ZW/XW%JC " pwi A @

has a double pole at the point \; equal to the root of the second Bernstein polynomial of the
fresco Fr ;-

185uch a w’ exists thanks to Theorem 4.4.1.
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The proof of this proposition uses several lemmas and the technique of computation described
in [1] (see paragraph 4.3.2 in in this article).

Lemma 5.0.2. Let e be a generator of the rank 2 theme T := Bla]/Bla](a — 2b)(a —b) (which is
the unique fresco with Bernstein polynomial (x + 1)?). Assume that we have three homogeneous
polynomials P,Q and R in Bla] of respective degrees 3,4 and k with the following conditions

(1) P,Q and R are monic in a.

(2) Then exists a non-zero constant ¢ such that P+ cQ kills e in T.

(3) The Bernstein polynomial of Q' is not a multiple of (x + 1) or of (x + 2).
(4) The Bernstein polynomial of R is not a multiple of (x + 3)(z + 2)(x + 1)

Then Re generates a rank two sub-theme in T

Proof. First, remark that our hypothesis implies that P = (a — vb)(a — 2b)(a — b) for some
v € C since T is isomorphic to Bla]/B[a](a — 2b)(a — b). We may realize T in the simple pole
asymptotic expansion module with rank 2 which is isomorphic to T*

sz =2 /21 ~ C[[s])(Log 5)* @ C[[s] Log 5
where @ is the multiplication by s and b is defined by ab — ba = b? and
b(Logs) = sLogs and b((Logs)?) = s(Logs)* — 2sLog s.

—_

Then let us prove that image of e in :§2) / Ego) may be written

(@) e = u(Log s)? +vs(Log s)? + ws®(Log s)* 4 s*C[[s]](Log 5)* + C[[s]](Log s)

where ¢ is in E:(LQ) / Ego) and where uvw # 0 are complex numbers.

Remark that the only restrictive condition for writing e as in (@) is the condition wvw # 0.
The condition u # 0 is easy because we assume that e is a generator of 7" with Bernstein
polynomial (x + 1)2; so, writing e as a C[[b]]-linear combination of the C[[b]]-basis e; = (Log s)?
and ex = Log s of T', we see that the coefficient of e; must be invertible in C[[b]].

But the condition (P +¢Q)(e) = 0 implies, since the Bernstein element of T is (a — 2b)(a —b),
that we may write?® P = (a — vb)(a — 2b)(a — b).

The annihilator of (Logs)? in Egz)/Ego) is the ideal Bla](a — 2b)(a — b) and so we have
P((Log s)?) = 0 in T. Since Q((Log s)?) has a non-zero term in s*(Log s)?, because —1 is not a
root of Bg, only the term coming from

P(s(Logs)?) = 42_741/34(Log 5)?  modulo C[[s]|Log s

can compensate for this term, in order to obtain the equality (P + c@)(e) = 0. Then u # 0
implies v # 0.

But now, the only term which can kill the non-zero term in s°(Logs)? coming from
Q(vs(Log s)?) (using that Bg is not a multiple of (z + 2)) can only come from P(ws?(Log s)?)
and this proves that w # 0. So the assertion (@) holds true.

Now if R is homogeneous of degree k in (a,b) a necessary condition on R such that R(e)
has no term in s**%(Log s)?, for i = 0,1,2, is that Bg divides (x + 1)(z + 2)(z + 3). So, when
it is not the case, Lemma 5.2.4 in [6] implies that R(e) is a rank 2 theme and that its second
Bernstein polynomial has a (unique) root equal to —(k + j) where —j is the smallest integer
among {—1,—2, —3} which is not a root of Bp. O

19By definition Bp is defined by the formula
(=b)PBp(—b"la) =P
where P is in Bla], is homogeneous in (a,b) of degree p and monic in a. This is the Bernstein polynomial of the
fresco Bla]/Bla]P.
20With our choices of f and w1, we have v = 3.
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Note that the Lemma above may be easily generalized to many [a]-primitive frescos provided
that the nilpotent order is known and that it has a generator which admits a enough simple
element in Bla] belonging to its annihilator.

Lemma 5.0.3. In the situation of Proposition 5.0.1, the frescos generated by the forms
wi =dz Ady Adz, wo = 1y°2%w1, w3 =1y wi, and wy = zyPw,
generate rank 2 [1]-primitive themes. Their Bernstein polynomials are respectively equal to
(x+1)% (z+3)2or (z+2)(x+3), (x+3)(z+5) and (z+2)(x+3)

and their respective 2-Bernstein polynomials are (x + 1), (x + 3), (x +5) and (x + 3). In the
cases 1 = 3,4 there is no double root for the Bernstein polynomial of Fy ., .

Proof. The first point is to show that Fj,, has rank 2. Since f has an isolated singularity at
the origin, we have Kerdf™ = df A Q"' and then Hy™' /bHJ T ~ Oy/J(f) and H™" has no
b-torsion and no a-torsion. Since f is not?' in J(f), the image of wy and aw; = fw; in Hy !
are linearly independent (over C) and then the rank of Bla|w; is at least equal to 2. Now the
computation in [1] (see 4.3.2) shows that the Bernstein polynomial of this fresco divides (z +1)3
(see also the detailed computation below). So it is a theme of rank 2 or 3. But using our main

result, the rank 3 would imply that there exists a pole of order 3 for some F}’ l""’()\) which
is impossible?? in C3. So F;,, is a rank 2 theme with Bernstein polynomial (x + 1)2. The
computation in [1] gives that Py + cA™*Py kills wy in HJ™' where

Ps := (a — 3b)(a — 2b)(a — b), Py = (a — (13/4)b)(a — (5/2)b)(a — (7/4)b)a,and c = 4*.

This is easily obtained by using the technique of the computation of the cited article (see
the detailed computation in the Appendix of [2]). Then we may apply Lemma 5.0.2 to see
that Amymaow; = A(a — 2b)(a — b)w; generates rank 2 themes in Hy™'. But the identity
Amima = may>2? shows that wy generates also rank 2 fresco in Hg“, since

mawe = Amimowr = A(a — 2b)(a — b)w;

thanks to Lemma 5.0.2 with R = (a — 2b)(a — b). Moreover we see that R(e) has a non-zero
term in s3(Log s)?.

Since mywo generates a rank 2 theme, then wo generates a rank 2 theme also (the rank 3 is
again excluded because it would imply that f2 ¢ J(f) which is impossible as explained above).

The technique of computation in [1] applied to ws gives now that the Bernstein polynomial
of the rank 2 theme B[aws has to divide® the polynomial (z + 2)(z + 3)2.

But the fact that mjws has a non-zero term in s3(Log s)? (and no term in (Logs)? or in
s(Log s)?) implies, since we have

maws = 4(a — 2b)ws,

that wo has a non-zero term in s%(Logs)? and then —3 is a root of the second Bernstein poly-
nomial of the fresco Fy,. So the Bernstein polynomial is either (z + 2)(z 4 3) or (z + 3)%.

We know that the Bernstein polynomial of Fy,,, divides (z 4+ 5)(z + 3)(x + 2) by using the
technique of [1].

We know also that m2myw; = Mmsws has a non-zero term in s°(Log s)? (as a consequence of
Lemma 5.0.2) and, since —mgaws = (a — 2b)ws implies that w3 has a non-zero term in s*(Log s)?,
the second Bernstein polynomial of Fy,, is  + 5.

2lhig point is not so easy to check directly. But the rank is not 1 since this would implies that this fresco
has a simple pole and the argument used in Lemma 5.0.2 gives then a contradiction.

22This would give an order 4 pole for the meromorphic continuation of |f|?* !

23This computation gives that Q3 + dA~4Q4 kills wo in H(T)L'H7 with Q3 := (a — 4b)(a — 4b)(a — 3b).
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Note that the Bernstein polynomial of the fresco F .., has two simple roots.

The last case is similar, since we know that mjw; has a non-zero term in s?(Log s)?. So our

assertion is consequence of the estimation of the Bernstein polynomial. O

The reader may find more details on the previous computations in [2].
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