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NON-SMOOTHABLE CURVE SINGULARITIES

JAN STEVENS

ABSTRACT. For curves singularities all smoothing components of the deformation space have
the same dimension, but there can be components of different dimensions. We are interested
in the question of what the generic singularities are that appear in the fibre over a component.
To this end we revisit the known examples of non-smoothable singularities and study their
deformations.

There are two general methods available to show that a curve is not smoothable. In the
first method one exhibits a family of singularities of a certain type and then uses a dimension
count to prove that the family cannot lie in the closure of the space of smooth curves. The
other method uses the semicontinuity of a certain invariant, related to the Dedekind different.
This invariant vanishes for Gorenstein singularities, so in particular for smooth curves. With
these methods and computations with computer algebra systems we study monomial curves
and cones over point sets in projective space.

We also give new explicit examples of non-smoothable singularities. In particular, we find
non-smoothable Gorenstein curve singularities. The cone over a general self-associated point
set in P9~2 is not smoothable if g is at least 11, as then the point set can not be a hyperplane
section of a canonical curve of genus g.

INTRODUCTION

Deformation spaces of singularities can be very singular [43]. Reduced curve singularities seem
to be better behaved, as the dimension of a smoothing component of the versal deformation,
that is a component over which the general fibre is smooth, is an invariant of the singularity [9].
But if the singularity deforms into a non-smoothable curve singularity, there are in general also
components of other dimensions.

One of the purposes of this paper is to investigate which singularities can occur as general
fibre over a (non smoothing) component. Such singularities may be called generic singularities.
To this end we revisit the known examples of non-smoothable singularities and study their
deformations. We also give new explicit examples of non-smoothable singularities. In particular,
we find non-smoothable Gorenstein curve singularities.

The existence of non-smoothable curves was first shown by Mumford [26]. He constructed
families of curves with one irreducible singularity, such that the general element of the family is
not smoothable, basically because the family is too large to come from a closure of the moduli
space of smooth curves. New examples, of lines through the origin, were given by Pinkham
[29]. These examples were treated and extended by Greuel [14, 15], see also the survey [16],
using a local argument. The dimension of a smoothing component can be expressed in terms
of invariants of the curve singularity C, see Proposition 1.1; we call this number the Deligne
number e(C). The idea is now to exhibit a large family of singularities 7: Cr — T with singular
section, such that for ¢ # 0 the singularity (Cy, o(t)) is not isomorphic to (Cp,o(0)). Here large
means that the dimension of T is at least the Deligne number e(Cy). If (7,0) is irreducible,
then the general C} is not smoothable, because the image of T in the versal deformation has
dimension dim T > e(Cp), but cannot be a smoothing component, as there are no smooth fibres
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over T'. For quasi-homogeneous curves the number e can be expressed in familiar invariants of
the curve, making this an effective criterion.

This large family argument shows the existence of non-smoothable singularities, but does not
give specific examples. The first such examples of monomial curves are due to Buchweitz [4]. He
observed that a necessary condition for smoothability, in fact for deforming into a Gorenstein
singularity, is that the length of the Dedekind different is at most 24, something conjectured,
or at least seen as a possibility, to hold for all singularities by Herzog [17]. More generally,
Buchweitz defined a k-th normalised Dedekind invariant. Furthermore he showed how to com-
pute this invariant for monomial curves in terms of the semigroup. This has applications to
Weierstrass points. A semigroup is the semigroup of a Weierstrass point on a smooth projective
curve, if the curve occurs as a deformation of the completion of the corresponding monomial
curve in an appropriate weighted projective space, with the Weierstrass point at infinity. The
non-smoothability condition is thus also a condition that the semigroup cannot be a Weier-
strass semigroup, and this application can be proven directly from Riemann-Roch. In this form
Buchweitz’ criterion occurs most often in the literature, but the original criterion applies more
generally.

These two methods to prove that singularities are not smoothable are the only known general
methods. In certain cases one method succeeds, in other cases the other. For not too complicated
singularities direct computation of infinitesimal deformations with computer algebra systems, in
particular Singular [8] and Macaulay?2 [13], can also be used in studying smoothability. Exper-
imentation with such singularities has led to conjectures, which can be found throughout this
paper. Not too complicated means in practice quasi-homogeneous. The G,,-actions vastly sim-
plifies computations. Also the occurring invariants of singularities are easier to compute in the
quasi-homogeneous case. For monomial curves the generators of the defining ideal are particular
simple, as they are binomials. We do give examples of non quasi-homogeneous non-smoothable
curve singularities, but they occur as deformations of non-smoothable quasi-homogeneous ones.
If a singularity is not smoothable, then by openness of versality every singularity into which it
deforms, is also not smoothable.

The Buchweitz criterion does not give any non-trivial condition for Gorenstein curves and
therefore it cannot be used to show that symmetric semigroups are not Weierstrass semigroups.
A double cover construction yields symmetric non-Weierstrass semigroups [41]. We study de-
formations of the simplest example and show that it deforms into a Gorenstein curve consisting
of lines through the origin, which is not smoothable. This singularity is the cone over a self-
associated point set, a concept introduced by Coble [7]. The condition that the general cone is
smoothable is that the general self-associated point set is a hyperplane section of a canonical
curve. The large family argument shows that this is in general not the case if the genus of the
curves is at least 11.

Besides showing that the general singularity of a certain type is not smoothable, we give
explicit examples of non-smoothable curve singularities. We mention in particular a non-
smoothable Gorenstein curve singularity (Proposition 4.2), an irreducible smoothable but not
negatively smoothable quasi-homogeneous curve (Example 2.13) and a singularity where the
dimension of the base space is less than the Deligne number e (Example 1.9).

The evidence collected in this paper leads to the conjecture that generic singularities have
only smooth branches. The tangents to these branches are not necessarily in general position.

1. PRELIMINARIES

1.1. Let C be a reduced affine curve over an algebraically closed field k of characteristic 0, lying
in A", and let 0 € C be a closed point. We denote by O = O¢ g its local ring with maximal
ideal m. Let n: (C,n~1(0)) — (C,0) be the normalisation with semi-local ring O = n:0g ,-1(0)-
It is the integral closure of O in its total ring of fractions K. Then the d-invariant of (C,0),
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sometimes called the degree of singularity or (mostly for plane curves) the number of virtual
double points, is § = §(C,0) = dimy O/O. For reducible curves C; U Cy the é-invariant can be
computed as

(5(01 UCy) =6(C1) +6(C2) + (Cl - Cy),
where the intersection multiplicity (C; - C2) is given by (C; - C2) = dimy O, /(11 + I2) with I
and I the ideals of C7 and Cj in the local ring O,, of (A™,0).

The conductor ideal is C = Anngz(0/0) = {f € O | fO C O} and ¢ = dim; O/C is its
multiplicity.

Let w = we o be the dualising module of (C,0). It can be described by Rosenlicht differentials:
if Q is the module of Kéhler differentials on (C,0) and Q = n.Qg , 1 (0) the module of differentials
on the normalisation, then w = {a € QR K | > pen-1(0) Tesp(a) = 0} [35, IV.9]. Composing the
exterior derivation d: @ — € with the map Q — Q < w gives a map d: O — w, which allows
to define the Milnor number as p = dimy w/dO [6]. Tt satisfies Milnor’s formula p = 26 —r + 1,
where r is the number of branches. We say that the genus of the curve singularity is g = d —r+1.
Over the complex numbers the genus is the genus of the Milnor fibre in a smoothing and the
first Betti number of the Milnor fibre is = 26 —r + 1.

Let (C,0) be embedded in A™ and write O,, for the local ring of A™ at the origin. Let
I={(f1,..., fr) be the ideal of (C,0). Then there is a minimal free resolution

06— 00— OF e Ol +— .. «— Ol «+—0

of length n — 1. The rank of the last free module is the Cohen-Macaulay type t of the curve. It
is also the number of generators, dimy w/mw, of the dualising module. In fact, the dual of the
free resolution gives a resolution of the dualising module.

1.2. A deformation of (C,0) over (S,0) consists of a flat morphism 7: (Cg,0) — (5,0) together
with an isomorphism of (C,0) with the special fibre (Cp,0) of w. Often we identify (C,0) with
(Co,0) . Flatness can be characterised by the property that every free resolution of O lifts to
a free resolution of O¢, ¢ over the local ring of A™ x S. It suffices that every relation ) fir;
between the generators lifts to a relation > F; R; between the generators (F1, ..., Fj) of the ideal
of (Cs,0).

There exists a formally versal formal deformation C'p with B the spectrum of a complete local
k-algebra with k as residue field, see e.g., [2]. A component F of the deformation space B is
called a smoothing component if “the generic fibre is smooth”, that is, if the image of the formal
scheme giving the singular locus does not contain the generic point of E. For curve singularities
Deligne has given a formula for the dimension of smoothing components [9, Thm. 2.27].

Let © = Homp(Q, O) be the module of derivations on (C,0) and let © = Homg(€2, O) be the
module of derivations on (C',n~1(0)). Then define m; = dimy ©/6.

Proposition 1.1 (Deligne). Every smoothing component E of (C,0) has dimension equal to the
Deligne number e = 36 — m .

The formula also holds in finite characteristic, but as then not every derivation of O lifts
to a derivation of O, the definition of m; has to be modified. The derivations of O and O

lift to derivations of the total ring of fractions K and under these embeddings © and © are
commensurable, allowing to define m; = dimy, ©/(0 N O) — dim; ©/(0 N O).

1.3. Many computations simplify considerably if the singularity is quasi-homogeneous. In that
case one can work degree by degree. In computer algebra systems computations with weighted
homogeneous equations are much faster.

In the quasi-homogeneous case the multiplicative group G, of units of k acts diagonally, for
suitably chosen coordinates (z1,...,2,) on A™, by (g,x;) — g“ix;; the integers w; are called
weights. The coordinate ring P/I, where P = k[x1,...,x,], is a graded ring. We continue to
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denote it by O. The generators of the ideal I = (f1,..., fx) can be chosen to be equivariant,
with f; of degree g;. A quasi-homogeneous deformation can be described by power series F}
of the same degree g;, lifting the f;, if one assigns appropriate weights to the deformation
variables. If all the deformation variables have positive weights, then the F}; are polynomials.
In that case the deformation describes a deformation of the closure of the curve in a weighted
projective space, which is trivial at infinity. If we also allow weight zero, then the deformation
still globalises. A deformation with deformation variables of positive weight is said to be a
deformation of negative weight, as the degree of the terms in the space variables x; decreases.
This is in particular true for trivial deformations, those induced by coordinate transformations.
We note that Pinkham [29, 30] uses the Bourbaki definition of positive and negative, according to
which 0 is both positive and negative. It is therefore customary to call a weighted homogeneous
curve negatively smoothable if there exists a smoothing that globalises to a smoothing of the
closure of the curve, in the same weighted projective space.

In the quasi-homogeneous case, the formula for the dimension of smoothing components
simplifies.

Proposition 1.2 (Greuel [15]). For a quasi-homogeneous curve (C,0) the Deligne number e is
e=p+t—1=20—r+t.

Most known examples of non-smoothable curves fall under one of two extremes, either they
are irreducible, or have as many branches as possible, each of them smooth.

1.3.1. Monomial curves. Let S = (aq,...,a,) be a numerical semigroup (for the general theory
of numerical semigroups, see the book [33]). The semigroup ring k[S] can be identified with
the ring @,ecskt?, a ring generated by monomials. The curve Cs = Speck]S] is the associated
monomial curve. The complement N\ § =: L is the set of gaps. The number of gaps is called
the genus of the semigroup. It is equal to g = § of the associated monomial curve. The largest
gap is called the Frobenius number F(S) and ¢ = F(S) 4+ 1 is the conductor: the element ¢°
generates the conductor ideal of k[S].

The dualising module w is easy to describe. It contains Q and w/€ is the vector space
generated by the differentials t{%, l € L. The type of the curve is the number of generators of
w, which is the number of gaps I such that [ +n € S whenever whenever n € S\ 0.

1.3.2. Lines though the origin. A special case of the other extreme concerns homogeneous sin-
gularities. In this case the curve is the cone over a set I' of points in P*~!, and consists of a set
of lines through the origin in A™. We use the notation L] for any homogeneous curve consisting
of r lines in A™. We are mostly interested in lines in general position; for the definition we follow
the definitions in [15] and [12].

Definition 1.3. A set " of » points in P*~! is said to be in general position, if it imposes the
maximal number of conditions on forms of degree d, for all d > 1. The points are in uniform
position if every subset is in general position. A set of r lines through the origin in A™ is in
general (uniform) position if the corresponding point set is in general (uniform) position.

The conditions can also be formulated with the d-tuple Veronese embedding

n—i—d—l)

vg: PP 5 PV where N = ( d

The point set {p1,...,p,} is in general position, if for all d the points v4(p1),...,vi(pr) span
a linear subspace of dimension min(r, N) — 1. After choosing homogeneous coordinates for the
points and an ordering of the monomials of degree d we can write the matrix A, of homogeneous
coordinates of the image of the points under the d-tuple Veronese embedding. General position
just means that the matrix A; has maximal rank, namely rank min(r, N).
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As the dimension of the space of forms of degree d on P*~! is ("+g_1) = (":ﬁ;l), the Hilbert
function of the homogeneous coordinate ring O of I' in general position is

H(l) = min (7‘, (”:: 1)) .

Ifr> (":{:11), there are no forms of degree | in the homogeneous ideal of the points. We can
construct a uniform set I',. of r points by adding one point at a time; note that this does not
hold for general position. This is a practical way to do experiments with (cones over) “random”
point sets.

We compute § for a curve L} of r lines through the origin in A" in uniform position. We add
a line L to a L?_; in uniform position. Let d be the lowest degree of a form vanishing on L ;.
Then L} imposes independent conditions on forms of degree d, if there exist a form in the ideal
of L"_, that does not vanish on L. This gives that the intersection multiplicity (L - L*_;) = d.
Therefore ¢ grows with d. Using the formula for H(l) we see that the lowest degree d of a form
vanishing on L!_; is determined by the conditions ("jﬁ;z) <r< ("+g_1). We introduce a
notation for this number.

Definition 1.4. Given two integers n < r, let d(n,r) be the unique integer d such that

n+d—2 <y < n+d—1
d—1 - d '
With this notation, the discussion above gives the following result.

Lemma 1.5. Let L be a curves of lines in uniform position and set d = d(n,r). Then

n n+d—1
S(Ly) =dr (d—l )

This result holds under the weaker condition of general position [15, Lemma 3.3]. It can also
be proved using the generalisation to higher embedding dimension of Noether’s formula for the
d-invariant [39].

We describe the homogeneous parts of the dualising module w. As the conductor ideal C is
equal to m?, where d = d(n,r), the lowest degree part is w_g4. The condition that a rational

differential form a = 3" a; dttl € Q® K_; lies in w_; is that Y resma = 0 for each monomial

of degree [ — 1. This gives a system of homogeneous linear equations on the coefficients of «,
whose matrix is the ("T_lf) X r matrix A; with entries the coordinates of the r points under the
Veronese embedding v;—1. This matrix has maximal rank if the points are in general position.
Therefore the dimension of w_; is r — ("?'_lzz) The minimal number of generators for w as
O-module is obtained when multiplication with O; generates a subspace of w_g441 of largest
possible dimension. The resulting formula for the type of the singularity was conjectured by
Roberts [32] and the conjecture was proved by Trung and Valla [42] and Lauze [24], to hold for
at least one curve. Therefore it holds for a generic L} in uniform position; in fact a generic L}
is in uniform position. Therefore we have:

Proposition 1.6. For generic L] write r = ("fo) + s, where d = d(n,r). The type t is
d-3
max{s, ("F77) = (n — 2)s}.

In fact it had been conjectured that all Betti numbers of the minimal free resolution have the
minimal possible value given the Hilbert function. For systematic counterexamples see [10].

1.3.3. Non-smoothable L. By a result of Greuel [15, 3.5] (see also Corollary 1.11), a curve L}
of lines in general position has no non-trivial deformations of positive degree if n < r < (";1),
so it is smoothable if and only if the points lie in the closure of the space of hyperplane sections
of (non-special) curves of genus ¢ = r — n in P”. One calls an embedded curve non-special if
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the linear system of hyperplane sections is non-special. For being a hyperplane section there is
a criterion in terms of the Gale transform of the points, that is in terms of associated point sets.

Definition 1.7. Let I' = {p1,...,p,} be a set of r ordered points in P*~!, whose homogeneous
coordinates are given by a n X r-matrix P. The Gale transform of I' is a set of r points {q1, ..., ¢}
in P="~! | given by a (r —n) x r matrix Q satisfying PQ! = 0. The two point sets are said to
be associated.

This concept was introduced by Coble [7]. For a detailed study, including an extensive his-
torical overview, we refer to [11]. If no r — 1 points lie in a hyperplane we can normalise the
matrix P in the form (I, A) with I the n x n identity matrix and no row of A is zero. Then a
solution of PQ! = 0is Q = (—A%, I).

We now have the following criterion [37, Thm. 9], which is a special case of [11, Cor. 3.2].

Theorem 1.8. Let ' = {p1,...,p.} be a hyperplane section of a non-special curve C of genus
g inP"79. Then the Gale transform of T lies on the canonical image of C in P91,

This result enables us to construct simple explicit examples of non-smoothable curves. The
lowest possible embedding dimension is obtained for genus g = 4. The general canonical curve is
the complete intersection of a quadric and a cubic, so for smoothability of the cone over a point
set the points in the Gale transform have to lie on a quadric. The minimal number of points r
for which this is in general not the case is 10. Then n = r — g = 6. Choosing a set of ten points
on a quadric leads to a smoothable L, that deforms into a non-smoothable one and therefore
has a reducible base space.

Example 1.9. As a set of ten points that do not lie on a quadric we take the four vertices of
the coordinate tetrahedron and the six midpoints of the edges.
After taking a suitable basis the 11 equations of the Gale transform in P° are

T1%g = Toxs = x3x6 = 0, T1T2 = T1T3 = TaT3, T3T4 = T3Tp = T4Ts,
TrXg — TrX1 — Tl and ToXy — X2Xg — T4dg-
These points are not in uniform position, as each coordinate hyperplane contains seven points.
The advantage is that the equations are very simple. A computation with Macaulay2 [13] or
Singular [8] shows that T of the corresponding LY, is concentrated in degree 0 and has dimension
15, while T? = 0. This shows that the versal deformation is smooth, and that this particular
curve has only equisingular deformations. The Deligne-Greuel formula for the dimension of a
smoothing component gives e = 20. Therefore we have here an example where the dimension of
the base space of the versal deformation is less than the Deligne number e.

A smoothable L, is obtained by replacing two opposite edge midpoints of the coordinate
tetrahedron in P? by the center (1:1:1:1) and a point on the quadric through the centre and
the remaining eight points, say the point (1:2:2:4) on the quadric y;y4 = y2y3. The resulting
L8, has dim 7' = 21, with dim 7y = 15 and dimT*; = 6, while dim7? = dim7?, = 6. The
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versal deformation has two smooth components, one smoothing component of dimension 20, and
the 15-dimensional component of equisingular deformations, intersecting in a 14-dimensional
space.

1.4. To compute deformations the first step is to compute the vector space of infinitesimal
deformations and the obstruction space, that is 7' and 72. In general these vector spaces are
part of the theory of cotangent cohomology, whose main properties relevant for the case at hand
are summarised in [31].

An elementary definition of T is

T'(C,0) = Coker ©,, ® O — Homop, (I, 0).

One can compute Home, (I, O) from equations and relations. Let f be the row vector of gener-
ators of the ideal of C' and r the matrix of relations, so fr = 0. An infinitesimal deformation is
of the form f + ef’ and flatness requires that fr = 0 can be lifted to

(f+ef)r+e’)=0 (mode?).

This says that 7*(f’)* 20 (mod f). Furthermore ©,, ® O is the free O-module generated by the
derivations 0; = (%i. Computing f’, that is syzygies over the quotient ring of the transpose of
the relation matrix, can be done with a computer algebra system. In particular, to show that a
homogeneous singularity has no deformations of (strictly) negative weight, it suffices to compute
generators of the normal sheaf Home, (I, O) up to degree —1. If there as many generators as
the number of variables, then there are no deformations of (strictly) negative weight, besides the
trivial ones coming from the 0;.

For monomial curves the elementary approach suffices to give a dimension formula for the
graded parts of T (k[S]). The ideal of Cs := {(t*1,...,t%); t € k} C A" can be generated by
binomials f; of the form

fi=alt ey — xlﬂl .xhing
with «a; - 5; = 0. As usual, the weight of f; is ¢; := Zj ajou; = Zj a;B;j. For each i, let
v; := (a1 — Bity - -+, Qin — Pin) be the vector in k™ induced by f;.

Theorem 1.10 ([3, Thm. 2.2.1]). Let k[S] be the semigroup ring of a numerical semigroup
S =(a1,...,an). Forl e Zlet Ay .= {i € {1,....,n} | a; +1 ¢ S} and let V| be the vector
subspace of k™ generated by the vectors v; such that d; +1 ¢ S. Then for | ¢ End(S)

dim T*(k[S]); = #A4; —dim V; — 1,
while dim T (k[S])s = 0 for s € End(S) .

For reducible quasi-homogeneous singularities we need a more sophisticated description of 7.
We follow [31] and [14].
Let as before K be the total ring of fractions of O. The exact sequence

0-0—-K—>K/0O—=0
gives an exact sequence of cotangent modules
0—T%0,0) = T°0,K) - T°0,K/0) = T'(0,0) - 0,

where T1(O, K) = 0 because O is generically smooth over k, and 7°(0, K) = K. Here T (0, O)
is the previously defined T*(0). For any O module M one has

T°(O, N) = Dery (O, N) = Homp (2, N).
If I ={f1,...,fr) is the ideal of (C,0), then
T°(0, K/O) = Homp (22, K/O) C Homp (95, K/O) = (K/O)"
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is isomorphic to the kernel of the map
af : (K/O)" = (K/O)*

induced by the Jacobi matrix (%)

For quasi-homogeneous (C,0) all the modules are graded and the maps have degree 0. The
module (K/O)" has the vector fields a%i as basis, so (K/O)} = ®i(Kitw;/Oi4w,), while
(K/O)} = ®;(Kitq,/Ottq,). We embed Q in K via the map (dty,...,dt;) — (t1,...,t).
Then for quasi-homogeneous curves the image of 2 is m [15, Lemma 2.2]. Therefore

T°(0,0) =2 Homp(m,0) = {a € K | am C O}.

This gives us the exact sequence

(1) 0 — Homp(m, 0); — K; — (ker 0f); — T} — 0.

We apply this in particular to homogeneous curves, so w; = 1 for all 4.

Corollary 1.11. For homogeneous (C,0) we have T} = 0 if K;41 = Oi41. In particular, for

L7 with (":ff) <r< ("+g_1) in general position we have T} =0 for 1 >d — 1.

2. BUCHWEITZ CRITERION

2.1. Buchweitz defined an invariant for curve singularities that varies semicontinously in fam-
ilies. Being published only in a preprint and as second part of his Theése [4], this invariant is
not very well known. The only place in the literature we are aware of, that treats Buchweitz’
original approach is [23, § 6]. Buchweitz’ definition uses Noether normalisation and differents for
finite mappings, in particular the Kéhler and Dedekind differents (see e.g. [36, Tag 0DWH]),
and actually he defines several invariants. Here we use only the Dedekindian one and use an
alternative form [4, Remark after Lemma 3.1].

We embed w in K via the map (dt1,...,dt.) — (1,...,1). For any two O-ideals a,b in K
containing a non-zero divisor one has

Homp(b,a) =a:b={zx e K: zb C a},
where the homomorphism is given by multiplication with z € K. As O C w, we get under this
identification Hom(w, O) C O.
Definition 2.1. The k-th normalised Dedekind invariant of the curve (C,0) is
dy, = di,(C) = dim Coker Hom(w®*, 0) — O.

The following proposition is in [4] a consequence of the definition. Here we give a direct proof.
Proposition 2.2. For Gorenstein curves dy = 2kd.
Proof. If C is Gorenstein, the module w is free, with generator a satisfying vp(a) = —cp for
all P € n71(0), and Hom(w®*, O) is generated by the map which sends a* to 1 € O. This
corresponds to an element f¥ € O, where f generates the conductor ideal ¢ in O and the image
of Hom(w®", 0) is generated by f* as O-module. As dim O/c = 2§ for Gorenstein curves [35,
IV.11], we get dim O/ f*O = dim O/c* — dim O/O + dim f*O/f*O = 2k6 — 5+ =2ks. O

The essential result proven by Buchweitz is the semicontinuity of the invariant by := d — 2k4.
His proof uses Noether normalisation. It is written in the context of complex analytic curve

germs, but it is remarked that the proof also works in the formal category of complete Noetherian
rings.

Theorem 2.3 (Buchweitz). Let m: C — T be a I-parameter deformation of a reduced curve
singularity C, then by (C) < b (C:), where Cy is the generic fibre, and the invariant for C; is the
sum of the invariants of its singular points.
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Corollary 2.4. If C is deformable into a curve with at most Gorenstein singularities (in par-
ticular, if C is smoothable), then dy < 2kd for all k € N.

Example 2.5. The smallest example of a monomial curve, where d; > 24, is the curve with
semigroup (13,...,18,20,22,23). It occurs already in the original paper by Buchweitz [4]. In
this case ¢ = 26, and § = 16. A basis for wX/Qi? is

dt dt dt dt dt dt

where the first four are generators of w, so if ¢ € Hom(w, O) maps % to ¢!, then go(tdz—é) = ¢+l
p() =t and ¢(25) = t'*°. This means that with ¢ also ¢/*1, #/*4 and t'+¢ have to be
elements of O. The smallest possible value for [ is therefore 14, followed by 16, 22 and all values
from 26 on. Such a ¢ corresponds to t'726 € O and therefore d; = 52—3—16 = 33 > 2-16 = 24.

We describe some deformations of the curve. Its equations can be given in a redundant way
by 2 x 2 minors of the following matrix, where the dots cannot be filled in for reasons of degree.
Only minors that do not contain dots lead to equations.

13 Ti14 T15 Tie Li7r Ti8 T2 T22 Z23

Ti4 X15 Tie Ti7 T18 . . T23

Ti5 Ti6 Ti7 T18 . T20 T22

Ti6 T17 T18 . Z20 . Z23 . I%g
Ti7 T18 . T20 . T22 . x%g 13714

Perturbations of the entries of the matrix lead to deformations of the curve. In this way we can
describe the deformation of lowest degree, by replacing 27, with 275 + sx13 and replacing x13714
with 213714+ 5714. The tangent cone of the deformed curve for s # 0 is obtained by replacing %,
with sz13, 13714 With sz14. The resulting equations describe a L??,. Note that this deformation
lies on the cone over a projected rational normal curve, with 13 = v, x4 = vv, 215 = u¥0?,
T1s = w03, x17 = ubv?t, 215 = uV®, 2oy = uPVT, 299 = wv® and x93 = v'°. The deformation is
then the image of the curve u?3 +su'® —v'3. As the tangent cone has no deformations of positive
weight, the deformed singularity is in fact isomorphic to this tangent cone. By semicontinuity of
Buchweitz’ invariant this is a particular L5, for which d; > 26. A direct computation for s = 1
shows that T of this LY, is concentrated in degree 0, of dimension 24 equal to the number of
moduli of points. By Theorem 1.8 we know that the general L{; is not smoothable. We have
here however a rather simple to describe specific example.

The computation of d; can be done in general for L] with r < ("'2"1)

Proposition 2.6. Let L7=9 be the cone over r points in P*=971 in uniform position, with

r> g+ HvBetl VQSQH, and g > 4. If the L7~9 is smoothable, then the Gale transform of the r points
in P91 imposes at most 3g — 3 conditions on quadrics.

Proof. The assumption on r is equivalent to r < (Pgﬂ), so by Lemma 1.5 we have

§(L"=9) = r+g—1. Let T be the image of Hom(w, 0) in O. As Oy = K3 we have m* C Z C m?.
Let s = dimm?3/Z. Smoothability implies d; < 25, so 1 +7 — g+ 7r + s < 2r + 2g — 1, that is
s <3g9—3.

Let P be the matrix describing the points and @ the matrix describing the Gale transform,
so PQ' = 0. Then @ is also the matrix of coefficients of the generators of w, considered as
elements of Q ® K. Multiplying a generator a of w with f = (f1,...,f.) € O3 leads to a
vector of coefficients, which should be a linear combination of the rows of P, so its transpose
should lie in the kernel of the matrix Q. We obtain therefore the matrix equation QFQ* = 0,
where F' = diag(f1,..., fr). Considered as linear equations for the fi,..., f, the coefficient
matrix becomes, after deleting identical rows, a (9;1) X r matrix, where the columns are the
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coordinates of the r points in the Gale transform under the second Veronese embedding v,. This
is the matrix describing the conditions on quadrics, and s is its rank. [l

By this proposition the Gale transform of the r points lies on at least (g —2)(g — 3)/2 linearly
independent quadrics. By Max Noether’s Theorem a non-hyperelliptic canonical curve of genus
g lies on exactly this number of quadrics [1, p. 117]. So the previous result is weaker than
Theorem 1.8, but it suffices to show that the LY, of Example 1.9 is not smoothable. Therefore
this non-smoothability also follows from Buchweitz’ criterion.

Example 2.7. The following example of a non-smoothable monomial curve with d; = 26 but
dy =40 + 1 is due to Komeda [21, Example 2.4 (2)]. Consider the semigroup

(ror+1,...,2r —8,2r —7,2r —4,2r — 3)
of genus g = r + 3 with conductor 2r. The pole orders of differentials are
2r,2r — 1, 2r —4,2r — 5, r,r—1,...,2.

One checks easily that for » > 12 multiplication with
t37" t47"—12 t4r—8 t4r—4 t4r t47‘+1

maps w into O, giving that d; = 3r+9 — (r+3) = 2§. The pole orders of quadratic differentials,

relevant for the computation of dy are 4r,...,4r — 10 with 4r — 3 and 4r — 7 excepted. Therefore

only multiplication by 77, ..., t°" =17 and from t5" onwards works, giving dy = 4r+13 for > 16.
The monomial curve lies on the cone

r—3 r74v 3

4, r—7 r—4 r—
Tr=u""", Tp_1=1u s ooy Top 7 =u0" T Top_g =uwv' %, and xop_3 = v

as the image of u?"~3 = v". It deforms into the L7~ one the cone, which is the image of u™ = v".

The point matrix P involves powers of the r-th roots of unity and the matrix @ of the Gale
transform also. The Gale transform of the r points lies on a non-degenerate quadric, but not on
a curve of type (3,3) if 7 > 16. Indeed, as this L7~% with r > 16 is not smoothable, the Gale
transform cannot lie on a canonical curve; note that the lower bound 16 is sharp, as 15 points
determine a curve of type (3, 3).

2.2. The known non-smoothable monomial curves have non-trivial deformations of negative
weight. By openness of versality the curves occurring in this way are also not smoothable.
Buchweitz’ original example is the smallest, with g = 16, but there is an example with smaller
embedding dimension having g = 17 [21]. For computations with explicit equations this is easier.

Example 2.8. Consider the semigroup of embedding dimension 8 with generators
(13,...,18,21,23)

[21, Example 2.1 (2)]. We do not give equations for the curve here, as their structure is similar to
that in Example 2.5. The equations can be given in rolling factors format, see e.g., [40, Ch. 12].
There are quadratic equations expressing that the curve lies on the cone over a projected rational
normal curve, with Tr13 = ulo, T14 = ugv, 15 — ’11,81127 T — U7U3, 17 = u6v4, Tr18 = u5v5,
291 = u?v® and x93 = v'°. Furthermore there are rolling factors equations obtained from the
equation ©23 — v13 = 0 of the curve on the cone.

A rolling factor deformation is induced by u?® + su'® — v13, to a L§; lying on the cone. More
rolling factor deformations can be obtained from the deformation u?? 4 su!'3~Fv* — '3, Writing

this last expression as

(u10+k + svk)(sum_k _ ,U13—k') U10+k1113_k

)

s s
we see that the curve consists of 13 — k smooth branches and a singular branch of multiplicity k.
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In particular, for k = 2 a direct computation with Singular [8] shows that it is a singularity
with dim 7" = 28, that is the same dimension as for the general L$;. This is maybe unexpected,
but one has to keep in mind that the singularity is not quasi-homogeneous, and there is no
G,,-action on the base space.

If we take s = —1 and consider the 11 lines u!!+v'! together with the curve, which is the image
of u'? —v2, so the curve parametrised by (z13,...,223) = (2,3, t4,1°,16,¢7,#10 ¢12) then it is a
trivial deformation of the previous curve, but the computation of 7' does not finish in reasonable
time. However it is possible to compute the generators of the normal sheaf Home (I, 0), and
conclude that there are no non-trivial infinitesimal deformations with linear part, and that the
number of generators apart from those coming from coordinate transformations is equal to 28.
The same holds for a curve consisting of an ordinary cusp and 11 lines in general position. This
shows:

Proposition 2.9. The general curve consisting of an ordinary cusp and 11 lines in general
position through the origin in A® is not smoothable. It deforms only into curves L$,.

2.3.  For monomial curves the Buchweitz criterion can be expressed in terms of the semigroup.
Recall that L is the set of gaps. Denote by kL the k-fold sumset L + --- + L and by |kL| its
cardinality.

Lemma 2.10 (Buchweitz). For a monomial curve of multiplicity at least three

dim Coker {Hom(w®", 0) — O} = |(k + 1)L| + (2k + 1) — 6.

Proof. Multiplication by t' € O with | > kc is the homomorphism ¢;: w®* — o given by
k

1 ((dt? ) = !~ The image of this map is not contained in O if and only if [ —a ¢ I" for some

a. By the description of w we can write a —k = (a1 — 1)+ -+ + (ap — 1) with a; — 1 ¢ T". If

for some i one has a; — 1 ¢ L, that is a; < 0, then a < (k — 1)c and ¢y ((%k) =t ¢ O as

l—a > c. Therefore the image of ; is not contained in O if and only if [ — k can be written as the
sum of k+1 elements of L. For I =2k+1,...,kc—1 we have that -k =k+1,..., ke—(k+1)
and all these numbers belong to (k 4+ 1)L: as ¢ — 1 is the maximal element of L, this statement
follows by induction from the case k = 1, which is true by [4, 4.2], [27, Thm. (1.3)].

So dj + 6 is equal to the number of #' € O with | < ke plus the number of elements in
(k¢ — k+ N) N (k + 1)L; this sum is equal to |(k + 1)L| + (2k + 1). O

Corollary 2.11. For a monomial curve of multiplicity at least 3 one has di > 2kd if and only
if [(k+1)L| > 24+ 1)(6 —1).

This is the form in which the Buchweitz criterion is mostly cited, but the original form
dy > 2ké is wider applicable.

2.4. Weierstrass semigroups. For a smooth projective pointed curve (C, P) of genus g > 1
defined over k the set of nonnegative integers n, such that there is a rational function on C' whose
pole divisor is nP, form a semigroup S, the Weierstrass semigroup at P. By Riemann-Roch the
set L of positive integers that are not in S (the set of gaps) has size exactly g. The point P € C
is a Weierstrass point if its semigroup is different from the ordinary one {0,g+ 1,9+ 2,...}.

Let Mf’l be the moduli space of smooth pointed curves of genus g whose Weierstrass semi-
group at the marked point is S. Pinkham [29, Section 13] observed that it is related to the
negative part C- — B~ of the versal deformation of the monomial curve Cs. The G,,-action
on the curve induces a G,,-action on the base space B and on B~.

Theorem 2.12 (Pinkham). Let B~ be the base space in negative degrees of the monomial curve
Cs and denote by B, the open subset of B~ given by the points with smooth fibres. Then ./\/l;i1
is isomorphic to B, /G,,.
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This means that Cs is negatively smoothable if and only if S is a Weierstrass semigroup.
Buchweitz’ condition |(k+1)L| > (2k+1)(6 — 1) implies that Cs is not smoothable and therefore
not negatively smoothable, so S is not a Weierstrass semigroup. This can also be seen directly
by Riemann-Roch. Suppose that P is a Weierstrass point on a smooth curve C. If n is a gap,
then there exists a regular differential o with a zero of order n — 1. If aq, ..., ay are differentials
with zeros of order n; — 1, i« = 1,...,k, then their product defines a k-fold differential with a
zero of order Y n; — k. By Riemann-Roch h°(C,QF) = (2k + 1)(g — 1), so the number of zero
orders can at most be (2k 4+ 1)(g — 1). Therefore |(k + 1)L| < (2k + 1)(g — 1) has to hold. In
the literature this argument is most often given to prove Buchweitz’ criterion, with the notable
exception of [23].

2.5.  The known non-smoothable monomial curves have multiplicity at least 13. Komeda has
found examples of non-Weierstrass semigroups with multiplicity 8 and 12 [22]. These monomial
curves are therefore not negatively smoothable, but they might be smoothable. We show that
this is indeed so in the simplest case. This gives an example of a smoothable irreducible quasi-
homogeneous curve singularity which is not negatively smoothable. Earlier Pinkham gave an
example of a reducible curve [30, p. 70].

Example 2.13. The semigroup S = (8,12,18,22,51,55) is not a Weierstrass semigroup [22,
Example 5.1]. The ideal of the monomial curve Cs is generated by 13 polynomials, and the
deformation in negative weight unobstructed, with dimension 57. Fortunately it suffices to write
down the deformation for generators of T as O-module, the other deformations can be obtained
by substitution. We write the deformation in rolling factors format, with 9 equations given
(non-minimally) by the following determinantal and two pairs of remaining equations:

xs T12 T18 22 T51 T55
w12 xg(rs+s8) X2z xis(ws+ss) Xss  wsi(ws + sg)

Ty — g + T22814 + T18S1s + T12824 + TgSos,
x%zl’S(Z’S + 58) — T22x18 + T18(w8 + 58)514
+x22518 + 8(T8 + 58)524 + T12528,
33%23%8 - 90%1 + 55547 + 51851 + T22580 + T18S84 + T12590 + T8So4,
x%ziﬂw — T55251 + 51 (28 + 88)547 + 55551 + T18(T8 + S8) 580
+x22584 + x8(8 + 58)S90 + T12594-

From these equations one sees immediately that the curve is not negatively smoothable: at the
origin the Jacobian matrix has rank at most 4, as only in four equations the z-variables occur
linearly. But the singularity is smoothable, because the general fibre of this deformation has only
a hypersurface singularity at the origin. To see this, take the 1-parameter deformation sg = s%,
s18 = 5%, 594 = s*7, while the other deformation variables are zero. A computation shows that
for s # 0 there is indeed only one singularity, at the origin; the Jacobian matrix has rank 4. The
first two additional equations become z15(s? — x15) = —a3y, T22(s? — 218) = ¥3y28(ws + 5%) with
(59 — 1) a unit in the local ring. This allows to eliminate x1g3 and x32. The last two equations
then allow elimination of zs and x12. What remains is 22, = uz?, with v a unit, so the curve

has an ordinary double point.

3. LARGE FAMILIES

3.1. The second general method for showing non-smoothability is based on exhibiting large
families of singularities, too large to be in the closure of the locus of smooth ones. Iarrobino
[18] used it to study zero-dimensional schemes. The first examples of non-smoothable curve
singularities were given by Mumford [26], using this method. He constructed a family of singular
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complete curves which is too large to lie in the closure of the moduli space of smooth curves
of the genus in question. Greuel [15] used his version of Deligne’s formula for the dimension
of smoothing components for quasi-homogeneous singularities to analyse Mumford’s examples,
and those of Pinkham [29]. In fact, he gave the following general criterion.

Proposition 3.1. Let w: C — T be a deformation with singular section o: T — C of the curve
singularity C = Cqy. If Cy is not isomorphic to C for t # 0 and T is irreducible of dimension
dimT > e(C), then there is a dense open subset T' C T such that (Cy,0(t)) is not smoothable
forteT'.

Indeed, the image of T' in the versal deformation has dimension dim7" > e(C) and the image
cannot be a smoothing component, as there are no smooth fibres over 7.

3.2. Lines through the origin in general position. We first analyse in detail the examples
of Pinkham and Greuel [29, 15]. Consider the singularity L of r lines in A™ through the origin
in general position (see Section 1.3.2); it is the cone over r points in P"~!. The number of moduli
of r points in P"'is (r —n —1)(n —1).

For fixed n the curves Ly}, Ly, and L, , are always smoothable. We now consider 7 > n+3

and determine the Deligne number for generic curves.
Let d = d(n,r). By Lemma 1.5
n+d-— 1)

S(LY) =dr — ( d_1
For generic curves the type t is by Proposition 1.6 given by

t=max(r— ("3, (3457 — (0= 2) (r = (50

Therefore the Deligne number e = 4+t —1=20 —r +tis

n+d—1 n+d—2
e — max 2dr —2("3477) = ( a1 ) s s
(2d+1=n)r = 2("757) + ("357) + (n = 2)("300).

We first consider the condition (r —n — 1)(n — 1) > e for 7 such that ¢ = r — ("3%,?), which
holds for most r. Then also e is given by the first alternative. The condition that the number
of moduli is at least e translates into 7(n — 1) — (n? — 1) > 2dr — 2(";3;1) - (";ﬁlfz), which we
rewrite as

2) (n—2d—1)r>(n2—1)—2("2f;1>—(”5?12)

We determine a lower bound for r, in the interval n < r < ("I'), so d = 2. We find
(n=5r>n?>-3n—-3=Mm+2)(n—->5)+T7.
For an upper bound we distinguish between even and odd n. For odd n = 2m+1 the condition
n—1

(2) is obviously satisfied if d = 5= = m and m > 3. We claim that it is no longer satisfied for

r=("tm) = (3m+1). We determine where on the interval (”+77Z_1) <r < (M) formula (2)

m+1 m+1 m—+1
ceases to hold: 5 . 3
_2r24m(m+1)—2< m ) - ( m)
m m

gives
3m+1 1/3m
< — — =:
(3) r <m )+2(m) 2m(m+1) =: M(2m + 1),

3m—+1
m+1

e, which holds for r — (37:;1) small, then we obtain a condition of the form
(2n —2d —2)r = (2m — 2)r > F(m)

where the right-hand side is indeed less than ( ) If we use instead the second formula for
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with F(m) an explicit expression independent of r, which gives the correct condition for r = (3;:),

and we have already noticed that it is satisfied in that case, if m > 3. The maximal r lies therefore
in the range where we need the first expression.

For even n this method gives no non-smoothability result for n = 4. Let n = 2m. For d =m
we have that the left-hand side of formula (2) is negative, but for n > 8 the formula holds on
the whole interval. For n > 8 we take d = m + 1 and find in a similar way as above

(1) s (g (o) - L arem).

Forn:6weneedd:mandwegetr§2-(2)4—(;)—35:42.
From Proposition 3.1 we get:

Proposition 3.2. Let M(n) for n > 7 be given by the expression in (3) for odd n and in (4)
for even n and set M(6) = 42. For n > 6 the generic L! in uniform position is not smoothable
ifn+2+4 5= <r < M(n).

For d = 2 Theorem 1.8 gives an exact criterion for smoothability: the generic L' is smoothable
if through the Gale transform of the r corresponding points passes a canonical curve of genus
g = r —n. We formulate the condition r > n + 2 + % in terms of g as r > g+ 5+ %.
According to [37]  points determine a canonical curve when r < g+ 5 + %, except for g‘= 4
and g = 6, when r < g+ 5. For low values of n we have, with this correction, non-smoothability
for the following values of 7:

n || 6 | 7 | 8 | 9 | 10
r || {10,12} U [15,42] | {11} U [13,138] | [12,419] | [13,922] | [14,2636] °

For r larger than M (n) the curve L has deformations of positive weight, so the homogeneous
curves are not the most general on the equisingularity stratum. We compute the dimension of
the tangent space.

Proposition 3.3. Forl >0

dim T} > max{o, (n—1) (r - (7:5)) - (" LZI 1)}

Proof. Let ("jﬁ;z) <r < ("t;l*l). Then there are k; = (n+271) — 7 equations of degree
d and possibly ks equations of degree d + 1. Furthermore K,, = O, for v > d. Therefore
(K/O)Y = (Kg11/Oas1)™ & (Kas141/Oat141)*2 = 0 for I > 0. The exact sequence (1) reduces
to

0— Homo(m,(’))l — K; — (KH_l/OH_l)n — Tll — 0.

Here Homp(m, O); = {a € K; | amy C Oj41}. The map K; — (Kl+1/(’)g+1)n is induced by the
Euler vector field, so it is given by a + ([ax1],...,[ax,]), where [az;] denotes the class of ax;
in K;41/0;4+1 and the x; are the generators of m. This induces a map K;/O; — (Kl+1/(’)l+1)n
whose kernel consists of the elements of Homep(m, O); not lying in m; = O;. Therefore

T} = Coker K;/O; — (Ki41/O0p41) "

The dimension of the image is at most r — (”"'ll_l), SO

itz (1) (1) e (-G -1

Proposition 3.4. The general curve on the equisingularity stratum of L' is not smoothable if
r>n+2+4 % forn>6, ifr>18 forn=">5 and r > 30 for n = 4.

O
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Proof. The deformations of positive weight are obtained by deformation of the parametrisation
and are not obstructed. Therefore the equisingularity stratum has dimension dim T;O. We
compare the growth of the dimension with the growth of the Deligne number e. For

n+d-—2 cr< n+d-—1
d—1 = a )
the growth of dim 7%, if 7 increases by 1, is (n — 1)(d — 2) or (n — 1)(d — 1) with the second

alternative holding if (n — 1) (r - (”;ﬁ;%) > (”ﬂ;l) The same condition determines the

growth of the Deligne number, which is 2d + 1 — n or 2d. So if (n — 3)d > n — 1, then dim 7%,
stays with growing r larger or equal than e once it is at least equal to e. -
For n > 6 the bound follows from Proposition 3.2; it can be improved by 1 for n = 8. For
n = 4,5 we need also dim T}r. We give the computation for n = 4. With Proposition 3.3
dimTO1 = 3r — 15, dimTl1 > 3r — 36 and dimT21 > 3r —70. With d = 4 we have for 24 <r <35
that e = 8r — 90. We have equality 8 — 90 = 9r — 121 if r = 31. (]

From this result nothing can be said about smoothability of the homogeneous curve. But the
explicit computations for low values of n show that for some values of r there are no infinites-
imal deformations of negative weight, which proves that for these values the general L} is not
smoothable. For n = 4 this is the case in the intervals [96,105] and [132, 150]. We compute T2,
in general.

Proposition 3.5. For ("gf;z) <r< ("Jrg*l) one has

&mjglZHMX{Q<”_1V”‘”_(T—(TﬁIﬂ)(Wff5-—ﬂ}-
Forr = (”+j_1) equality holds, that is dim T, = (n — 1)("+g_1) —n.

Proof. We use the same notation as in the proof of Proposition 3.3. We have Homp (m,O)_; =0
so the exact sequence (1) becomes

0 K 1 = ker {Of: (Ko/Oo)" = (Kq-1/O0q-1)"} = T, — 0.
The rank of the map Jf is at most
min{dim(Ky/Op)" — dim K_1, dim(Kg—1/Og_1)"'}.

Writing r = ("+d72) + 5 we have dimKy_1/O4_1 = s and k; = ("ﬁ’fl) —r = (”Jrjfz) —s.

d—1
Therefore dim 7, > max{0, (n — 1)r —n — 5(("+3_2) —9)}.
For s = 0 the map Of is zero, so dim T, = (n — 1)r — n. O

Conjecture 3.6. For generic L] equality holds in Proposition 3.3 for dim Tll, [ > 0 and in
Proposition 3.5 for dim7",, with some exceptions for low values of r, where the existence
of smoothings according to Theorem 1.8 forces T, to be non-zero. The generic L” is not
smoothable in the range of Proposition 3.4.

The conjecture is supported by direct computations. For n = 4 the dimension of T! is as
predicted for r up to 70, and that of T, for < 151. For n = 5 we have computed the dimension
of Tt for r < 50 and that of T, for r < 62. As dim 7T, = 0 for 41 < r < 60, the generic L? is
not smoothable for those 7.

Example 3.7. The case n = 6. The general LY, and LY, are not smoothable, and there are
no deformations of negative weight. In both cases dimT! < e. The general L$, is smoothable,
with dim 7! = e = 24. The base space is smooth, but dim7T? = 5. The general L$; is also
smoothable, but with dim 7! = 33 = e+ 1, so dim 7", = 3 which is the minimal value according
to Proposition 3.5. Furthermore dim7? = dim 72, = 1 and a computation shows that the base
space in negative degrees is singular, given by one quadratic equation. The case L, is described
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in [39]. Here dim7T?; = 8 and the dimension of a smoothing component is one more than the
number of moduli. The general curve has 16 smoothing components of dimension 36.

The ideal of Lf is generated by quadrics for 6 < r < 14, but from r» = 15 on one needs also
cubics and for 7 = 21 the ideal is generated by 35 cubics. The general LS with 15 < r < 21 is
not smoothable, but dim 7", is not zero, increasing to 99 for r = 21, as predicted by Conjecture
3.6. For r = 15 a computation shows that all deformations of negative weight are obstructed.
Therefore the base space of the versal deformation is non-reduced. We expect the same to be
true for other r < 21.

On the interval 21 < r < 56 the ideal is, up to r = 42, generated by cubics, from r = 43 also
quartics are needed, and for r = 56 the ideal is generated by 70 quartics. From r = 25 there are
deformations of positive degree, with dim T} = 5(r —24), computed up to 7 = 36. The dimension
of T1, decreases, in accordance with the conjecture: it is 70 for r = 22, 43 for r» = 23, 18 for
r = 24 and zero for 25 < r < 47, to increase afterwards. Only for » = 48 we have been able
to compute the dimension, which indeed turns out to be 18. In the next interval 56 < r < 126
the conjecture predicts that there are no deformations of negative weight for 61 < r < 116. We
computed only the case r = 84, where the size of the syzygy matrix is minimal: the general LS,
has no deformations of negative weight, and is therefore not smoothable.

In [16] Problem 2.57 reads

Do there exist for fixed n > 4 non-smoothable curves L} if r goes to infinity? It
seems unlikely that this is not the case.

The evidence above makes it very unlikely that this is not the case. The problem was already
formulated in [15] without the second sentence, but with the question:

Do there exist smoothable ones?
More precisely, we ask whether there exist for fixed n smoothable L} with Hilbert function

H(l) = min (r, (”I:l)) and large d(n,r). No examples are known to us, in fact not even for
d=3.

3.3. The curve L with r = (";1) +1 is the first where §(L?) = §(L?_,)+3, because L}_; is the
first where the ideal is generated by cubics only and therefore the intersection multiplicity with
a new line in general position is equal to three. It is also possible to construct a curve S™"+1
with §(Smn*1) = §(L"_;) + 2 having smooth branches, where each branch has as tangent line
a line of the L. To achieve this we replace the last line by a parabola in A1 tangent to A™.
If the line in L” is parametrised by (z1,...,2,) = (ait,...,a,t), then the smooth branch of
Snntl s given by (21, .., Tn, Tni1) = (ait, ..., ant,t?). The curve is quasi-homogeneous. Its
tangent cone is not the L)', but has an embedded point at the origin.

The invariants of this singularity extend the pattern for d = 2. One computes that
e=4r—3n—2,dim7T}! =0forl > 0,dim7) = (n—1)(r —n—1) and dimT?; = (r — 2)n, with
r= ("‘2"1) + 1. We conclude that the general such curve is not smoothable for n > 6. For these
curves dim T, is large, but all these deformations should be obstructed.

If we want to add one more line, we have two choices. If we want to increase ¢ with 2, we need
to increase the embedding dimension. To have a singularity better suited to direct computation
(for small n), we keep the embedding dimension constant, and increase § by three each time we
add (in a certain range) a smooth branch in A"*! of the same form (ait, ..., ant,t?). Also these
curves S™"+1 are not smoothable.

The curves S™" 1 are quasi-homogeneous, with variables x;, i = 1,...,n of weight 1 and 2,41
of weight 2. We expect the ideal of S for ("'QH) <r< %(";‘2) to be generated by (”;‘2) +n—r
cubic equations and one equation of degree 4 containing the monomial 22 11+ The (";‘2) +n-—r
cubic equations alone generate the ideal of the union of S™"*1 and the z,,41-axis. The number
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of moduli for both curves is the same. Explicit computations show that this is indeed true for
4<n<T.

Definition 3.8. The curve AS™"+1 C A"*! is the curve with r + 1 branches consisting of the
union of S™"*+1 the curve with r smooth branches tangent to A" C A"+ with the z,, ;-axis.

Explicit computations for n = 6 show that the curves AS%7 and S%7 have no deformations of
negative degree in the range 26 < r < 47. These curves do not deform into curves of a different

type.

3.4. Irreducible curves. We consider Mumford’s construction of non-smoothable curve singu-
larities [26]. Let (¢) C k[t] be the ideal defining the point 0 € Al. Choose integers 1 < n < d and
let V be a k-vector space with (t2¢) ¢ V C (t?) and dim V/(t?*?) = n. Then k + V is the affine
coordinate ring of a curve Cy having a singular point with § = 2d — n — 1. These curves are
parametrised by a Grassmannian G(n,d), but this family is too large too apply Proposition 3.1,
as it in general contains isomorphic curves. We observe that the general C'y is a deformation of
positive weight of the monomial curve Cg,, where V/(t??) has basis (t¢,¢3+1, ... t¥+7=1) and
that every deformation of positive weight is of the form CY .

Moreover, the deformations of positive weight are unobstructed, as we can perturb the
parametrisation arbitrarily with terms of higher weight.

Theorem 3.9. The general equisingular deformation of the curve Cy, is not smoothable, if
(n—6)(d—n-—3)>14.

Proof. As noted, the equisingularity stratum is smooth with as tangent space Ti = EB;>0TZ1.
‘We compute Tll7 using Buchweitz’ formula in Theorem 1.10. The semigroup of the curve Cy,, is
(d,d+1,...,d+n—1)if2n > dand (d,d+1,...,d+n—1,2d+2n—1,...,3d—1) if 2n < d+ 1.
Generators larger than the conductor do not contribute to A;, so

Aj={ie{l,...n}|d+i—1+1¢S}

As the degree of the equations is at least 2d, there are also no positive dimensional V;. Therefore
dim 7} = |4;|—1 and T}! = 0 for [ > d. The condition defining 4; isd+n—1<d+i—1+1<2d
son <i-+1<d+ 1. For fixed i there are d — n values of [ where these conditions are satisfied,
and those satisfy 1 <1 < d — 1. Therefore dim 7} =n(d —n) — (d—1) = (n — 1)(d —n — 1).

To compute ¢ we observe that the generators of w are %7 ceey tdfifﬂ, sot =d—n and
e=20+t—1=>5d— 3n— 3. Therefore the general equisingular deformation is not smoothable
if(n—1)(d-n—-1)>5d—3n—-3,50(n—6)(d—n—1)>2n+2=2(n—6)+ 14. O

Example 3.10. The example of smallest embedding dimension is the curve C7 g of genus g = 24
with semigroup
(17,18,19, 20,21, 22,23, 24, 25).
We cannot use Buchweitz’ criterion to conclude that an irreducible curve with g = § = 24
and conductor ¢ = 34 is not smoothable, because (+>) C Hom(w, Q) and

dim O/ (%) = 44 < 48 = 26.
On the other hand, Buchweitz’ monomial curve (Example 2.5) with semigroup
(13,...,18,20,22,23)

deforms to other irreducible curves with the same 4. In particular, the deformation of the
parametrisation where only xes = t22 + st'? and ze3 = t23 + st?! are deformed, gives a curve
with semigroup (13,14,...,21). The general fibre of the deformation, say the one with s = 1,
can also be seen as deformation of positive weight of the smoothable monomial curve C3 9 with
semigroup (13,14,...,21). Here we have that (n — 6)(d — n — 3) = 3 < 14, but the general
equisingular deformation of the curve C'3 9 is not smoothable.
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Remark 3.11. The curve Cy,y, is always smoothable. For 2n < d + 1 the singularity is determi-
nantal, with equations coming from the matrix

2
Td coo Tdyn—2  Tyynq T2d+42n—-1 .- T3d-2 $3d51
ZTd+1 --- Td4n—1 T2d+2n—1 L2d+2n cee T3d—1 Zg

For 2n > d+1 the curve deforms into an L} which lies on the cone over a rational normal curve
and is therefore smoothable.

Proposition 3.12. Every curve on the equisingularity stratum of Cy q deforms into curve sin-
gularity with only smooth branches; if d < 2n — 1 it deforms into LY} and if d > 2n it deforms

into a curve SN with N = max{n,n + d — (")}

Proof. In the case d > 2n a curve equisingular with C,, 4 can be parametrised as

zip =t"(14+pi(t), d<i<d+n-1
z; =1, 2d4+2m—-1<j<3d—1"

where the polynomials o;(t) contain only powers of ¢ in the range [d 4+ n —i,2d — 1 —i]. The
deformation of the parametrisation

= (4= s)t 1+ i(t), d<i<d+n-—1
zj = (14— 5)tI 2, 2+2n—1<j<3d—1

is d-constant and therefore flat. For s # 0 the curve has smooth branches, each of which
has as tangent line a line through the origin in A” ¢ A?~"*! The embedding dimension is
max{n,n +d — (";1)}

For d < 2n the deformation x; = (¢t — 8)t*~"4(1 + ¢;(t)) for d <i < d+n — 1 is a 6-constant
deformation into L. O

4. GORENSTEIN CURVES

4.1. Buchweitz’ criterion concerns deformations to curves with at most Gorenstein singularities
(see Corollary 2.4), so it does not apply to symmetric semigroups. Based on a observation of
Stohr, Torres gave a construction [41, Scholium 3.5] of Gorenstein non-Weierstrass semigroups.
Let I be a non-Weierstrass semigroup of genus v and let g > 6y + 4. Then the semigroup

I'={2n|nel}u{2g—1-2t|teZ\T}
is a symmetric non-Weierstrass semigroup. We refer to these as semigroups of Stéhr-Torres type.
Example 4.1. The smallest example is the semigroup
S =2(13,...,18,20,22,23) + (149,151, 157,161)

with ¢ = 100. The embedding dimension is 13. There are 66 equations. Many of them can
be given by an incomplete determinantal, the remaining ones are rolling factors. It is possible
to compute the generators of T as O-module. The deformation of lowest weight is of rolling
factors type and changes only the equations of highest weight. We also can determine a de-
formation which covers the deformation of the Buchweitz curve to L{;. Combining these one
finds a deformation to a singularity with reduced tangent cone. Explicitly it is given by the
following partial determinantal, which we write transposed compared with the determinantal for
the Buchweitz curve in Example 2.5, and rolling factors equations expressing the products of
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the variables x149, ..., %161
Toe  T28 T30 T32 T34
Tog T30 T3z T34 36 40
T30 T32 T34 T36
T32 X34 T36 : Z40 T44
T34  X36 : Z40 : Z46
T36 : 40 : Tyq
40 : Tqq T46 : To6(T26 + 526)
T4 T4 : : To6 (w26 + 526)  230(226 + S26)
T46 : : To6(T26 + S26) T2s(T2s + S26)  X32(T26 + S26)
T149 X151 : : Z1s57 T161
T151 : : T157 : :
T157 : 161 :

2 7 2
7149 — (73672826 + 5246) 3265
7
151149 — (35365528%6 + 5246)$28x267
2 7
x151 — (X36T28T 56 + 5246) L3026,
7 2
T1570149 — (T36T28T56 + 5246) T30,
7
T157%151 — (T36T28Tog + S246)T32T30,
7
1617149 — (T36T28T 96 + 5246)T34730,
7
1612151 — (I36$28$26 + 5246)333633307
2 7
i57 — (T36T28%0g + S246)Ta0T28,
7
1612157 — (T36T28Tog + S246) Ta6T26,
2 7
xig1 — (T36T28%9g + S246)Ta6L30-

Retaining only the quadratic part of all these equations with sog = 5946 = 1 gives a homogeneous
singularity, which describes a L%g. We rename the variables: 96425 becomes zp and xq14942k
becomes yi. The singularity is a double cover of the non-smoothable L{; into which Buchweitz’
curve deforms, see Example 2.5. This curve lies on the projection of the cone over the rational
normal curve of degree 10 onto A?: writing 2, = u'°~*v* describes the lines as u'® = v'3. The
double cover is then given by yg = +uvS, y, = +x;, with the same signs. This singularity
L1% has no non-trivial deformations of positive weight, so the fibre of the deformation over
So6 = S24¢ = 1 is isomorphic to it.

Proposition 4.2. The L3 described above is a non-smoothable Gorenstein curve singularity.

Proof. A computer computation shows that 7! is concentrated in degree 0, of dimension 78, the
dimension of the moduli space. (]

The fact that this deformation of lowest degree leads to a non-smoothable singularity, suggests
that the singularity is not smoothable at all. More evidence is given by a computation of the
generators of 7' as O-module, which shows that all the perturbations of the equations lie in the
square of the maximal ideal. We expect this to hold in general.

Conjecture 4.3. The Gorenstein monomial curves of Stohr-Torres type are not smoothable.

4.2. Self-associated point sets. The explicit Gorenstein curve L3 of Proposition 4.2 is a cone
over a well-known type of point set: self-associated point sets [7].

Definition 4.4. A set I' of 2n ordered points in P"~! is self-associated if its Gale transform is
projectively equivalent to I'.
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We consider in general cones L3, over self-associated point sets. We assume that every subset
of 2n — 1 points is in uniform position (this is not the case for the L3} above). In particular
the 2n — 1 points pose independent conditions on quadrics. If the 2n points are self-associated,
then they fail by one to impose independent conditions on quadrics and the L%, is Gorenstein,
see [11, Sect. 7]. The configuration is characterised by the fact that quadrics passing through
any 2n — 1 of the points pass through remaining point. The number of moduli is n(n — 1)/2;
this was classically known, see [11, Cor. 8.4]. Ordered sets of 2n self-associated points can be
parametrised as (I, P) with P € SO(n, k). For computations it is more convenient to parametrise
SO(n, k) using the Cayley transform A — (I + A)~'(I — A) on the set of matrices with I + A
invertible; it induces a birational map between skew-symmetric and special orthogonal matrices.
A general self-dual configuration has a skew normal form (I + 5,1 — S) with S skew-symmetric
[5, Thm. 2.9].

Theorem 4.5. The general Gorenstein Ly, is not smoothable if n > 9.

Proof. Let C' be a Gorenstein L5,. Then the points fail to impose independent conditions
on quadrics but every maximal proper subset imposes independent conditions on quadrics [11,
Sect. 7]. We may also assume that every subset of n points span P"~!. Therefore a subcurve
Copn—1 = L%, ; has 6 = 3n — 3 and as all quadrics vanishing on Cs,_1 also vanish on the
remaining line L we have that L - Ca,—1 = 3. So §(C) = 3n and the Deligne number is
e=pu=0+0—r+1)=3n+(n+1) =4n+ 1. As the family of Gorenstein L3, has dimension
n(n —1)/2, the general such curve is not smoothable if n(n —1)/2 > 4n + 1. O

We can also find this conclusion in another way. Petrakiev observed that for large n the general
self-associated point set is not a hyperplane section of a canonical curve [28, Sect. 4]. The number
of moduli of hyperplane sections of canonical curves of genus g in P9~! is (3g — 3) + (g — 1).
Therefore the general Lg;}Q is not negatively smoothable if (¢ — 1)(g — 2)/2 > 4g — 4, which
is the same bound as the Theorem above. In fact, for such curves negatively smoothable and
smoothable are the same.

Proposition 4.6. A Gorenstein Ly, is always negatively graded.

Proof. We compute in the same way as in Proposition 3.3. We have K; = O; for [ > 3.
Therefore (ker 8f); = (K/O)7 for | > 1. This shows that 7}' = 0 for [ > 1. For [ = 1 we have
dim(K/0O); = dim K5/O3 = 1. Because dim K; = 2n, in order to show that T} = 0 we have to
show that dim{a € K; | am; C O} = n. An element a € K; has the form (a1t1,...,aantan).
By subtracting elements in m; C {a € K; | am; C Oz}, we can achieve that a1 =--- = a, = 0.
There exist a linear form [ € m; such that [ vanishes in the points

Poi1, ooy Payjo1, Payjats oo, Pay,
but not in P4, for 1 < j <mn. Then [ has as element of K5 the form

(0,...,0, ang;l(Payj)ts,;,0...,0)

and this is not an element of Oy if a,4; # 0. Therefore {a € K; | am; C Oz} = my and has
dimension n. O

Theorem 4.7. The general Gorenstein ng__lg is smoothable if g < 8 or g = 10 and not smooth-
able otherwise.

Proof. A Gorenstein Lg;l

_, is negatively smoothable if the corresponding point set I' is a hyper-
plane section of a canonically embedded curve. This is classically known for g < 6. The cases
g =7 and g = 8 are the main results of [28]. The general canonical curve of genus 7 and 8 is a
linear section of a Mukai Grassmannian, and Petrakiev shows that the same holds for the general

I'. For ¢ = 9 the general canonical curve is a codimension 5 linear section of the Lagrangian
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Grassmannian LG(3,6) C P'. The number of moduli of codimension 6 linear sections is 27
[28, Sect. 4], whereas the moduli space of I' has dimension 28. The dimension of a smoothing
component of L§s is 33, and the cone over LG(3,6) is the total space of the versal deformation
in negative degrees, so the smoothing component intersects the equisingularity stratum in a
33 — 6 = 27-dimensional space. Therefore the general L$4 is not smoothable.

For g = 10 the general canonical curve does not lie on a K3 surface [25]. A direct computation
for a random L{g (constructed from the skew normal form) shows that dim7; = 1 and that
this infinitesimal deformation can be extended to a deformation, whose total space is the cone
over a canonically embedded curve.

For g > 11 the result follows from Theorem 4.5. t

5. GENERIC CURVES

The first occurrence of the term generic singularity seems to be in a famous paper by Sch-
lessinger [34]. He says that a singularity is “generic” if it is not the specialisation of any other
singularity X’, where a specialisation is defined as 1-parameter deformation with X the special
fibre and the other fibres all isomorphic to X’. Under such a definition the curve consisting of
an ordinary cusp and 11 lines in general position through the origin in A® of Proposition 2.9 is
“generic”.

Tarrobino [19, 20] defines the term for zero-dimensional singularities using the Hilbert scheme.
A generic singularity is one parametrised by a generic point of a component of the Hilbert scheme
parametrising only irreducible schemes. To give explicit examples Iarrobino and Emsalem [20]
look at almost-generic thick points, meaning that such a point deforms only to other thick points
of the same type (a notion they deliberately leave vague) and the parametrising point lies on a
single component of the Hilbert scheme. They use the term “generic” for such singularities.

This point of view suggests to define a generic (curve) singularity as one parametrised by a
generic point of a component of a base space of a versal deformation, excluding smooth points.
A singularity is “generic” if its base space has only one component, and it has only equisingular
deformations (for space curves not a precise concept either, see [6]). A general non-smoothable
homogeneous L] having deformations of positive weight is “generic”, while the generic singularity
with the same tangent cone is not quasi-homogeneous. The curve of Proposition 2.9 is not
“generic” in this sense.

All our examples of non-smoothable curves are basically based on curves with smooth branches
or on monomial curves. This is not a severe restriction, as monomial curves are in a certain sense
the most singular ones. The ones we encountered deform into curves with smooth branches, see
e.g. Proposition 3.12. We did not find irreducible curves deforming into L} with large d(n,r).
This shows how limited our knowledge is. Nevertheless, based on our examples we offer:

Conjecture 5.1. All branches of generic curve singularities are smooth.
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